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Abstract

This dissertation is about algorithmic and theoretical developments for eigenvalue prob-
lems in numerical linear algebra.

The first part of this dissertation proposes algorithms for two important matrix decom-
positions, the symmetric eigenvalue decomposition and the singular value decomposition.
Recent advances and changes in computational architectures have made it necessary for
basic linear algebra algorithms to be well-adapted for parallel computing. A few decades
ago, an algorithm was considered faster if it required fewer arithmetic operations. This is
not the case anymore, and now it is vital to minimize both arithmetic and communication
when designing algorithms that are well-suited for high performance scientific computing.
Unfortunately, for the above two matrix decompositions, no known algorithm minimizes
communication without needing significantly more arithmetic. The development of such al-
gorithms is the main theme of the first half of the dissertation. Our algorithms have great
potential as the future approach to computing these matrix decompositions.

The second part of this dissertation explores eigenvalue perturbation theory. Besides
being of theoretical interest, perturbation theory is a useful tool that plays important roles
in many applications. For example, it is frequently employed in the stability analysis of
a numerical algorithm, for examining whether a given problem is well-conditioned under
perturbation, or for bounding errors of a computed solution. However, there are a number
of phenomena that still cannot be explained by existing theory. We make contributions by
deriving refined eigenvalue perturbation bounds for Hermitian block tridiagonal matrices
and generalized Hermitian eigenproblems, giving explanations for the perturbation behavior
of a multiple generalized eigenvalue, presenting refined eigenvector perturbation bounds, and
developing new Gerschgorin-type eigenvalue inclusion sets.
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CHAPTER 1

Introduction

This dissertation is about design and perturbation analysis of numerical algorithms for
matrix eigenvalue problems and the singular value decomposition. The most computation-
ally challenging part of many problems in scientific computing is often to solve large-scale
matrix equations, the two most frequently arising of which are linear systems of equations
and eigenvalue problems. The rapid development of computer technology makes possible
simulations and computations of ever larger scale. It is vital that the algorithms are well-
suited for the computing architecture to make full use of the computational power, and that
we understand the underlying theory to ensure the computed quantities are meaningful and
reliable. These two issues are the fundamental motivation for this dissertation work.

For a numerical algorithm to maximize the computational resources, not only does it
need to do as few arithmetic operations as possible, it must be suitable for parallel or
pipelined processing. In particular, on the emerging multicore and heterogeneous computing
systems, communication costs have exceeded arithmetic costs by orders of magnitude, and
the gap is growing exponentially over time. Hence it is vital to minimize both arithmetic
and communication when designing algorithms that are well-suited for high performance
scientific computing.

The asymptotic communication lower bound is analyzed in [9], and algorithms that
attain these asymptotic lower bounds are said to minimize communication. There has
been much progress in the development of such algorithms in numerical linear algebra, and
communication-minimizing implementations are now known for many basic matrix oper-
ations such as matrix multiplications, Cholesky factorization and QR decomposition [9].
However, the reduction in communication cost sometimes comes at the expense of signifi-
cantly more arithmetic. This includes the existing communication-minimizing algorithms for
computing the symmetric eigendecomposition and the singular value decomposition (SVD).
These algorithms also suffer from potential numerical instability.

In the first part of this dissertation we propose algorithms for these two decomposi-
tions that minimize communication while having arithmetic cost within a factor 3 of that
for the most efficient existing algorithms. The essential cost for each of these algorithms
is in performing QR decompositions, of which we require no more than 6 for the symmet-
ric eigenproblem, and 12 for the SVD in IEEE double precision arithmetic. We establish
backward stability of these algorithms under mild assumptions. Our algorithms perform
comparably to conventional algorithms on our preliminary numerical experiments. Their
performance is expected to improve significantly on highly parallel computing architectures
where communication dominates arithmetic. Therefore the algorithms we propose here have
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great potential as future algorithms for the two important matrix decompositions. This is
overall the primary contribution of the dissertation.

We also discuss developments in the dqds algorithm for computing singular values of
bidiagonal matrices. This topic has been under investigation since the discovery of the LR
and QR algorithm in the 1950s and the 60s, and is considered classical numerical linear
algebra which is more or less a matured field. We propose a new deflation strategy to speed
up the process, and implement a Fortran code that often runs significantly faster than the
widely-used LAPACK routine. Moreover, we argue that the new algorithm can be naturally
implemented in a pipelined (parallel) fashion. Therefore by our approach we gain two-fold
speedups compared with the traditional dqds implementation.

The second part of the dissertation explores perturbation bounds in numerical linear
algebra. Perturbation theory is an important tool in numerical analysis, which finds use in
stability analysis, error estimates and algorithm developments. For instance, the stability
proof of the algorithms we develop in Part 1 depends largely on perturbation bounds for
the matrix polar decomposition. Although perturbation theory is a well-studied subject,
there are still a number of phenomena that cannot be explained by existing results. In this
dissertation we attempt to fill in some of these gaps by making contributions to several topics
in eigenvalue perturbation theory. Understanding such phenomena can give us new insights
into unexplained behavior of numerical algorithms, providing directions for improvements.

The subjects that we cover include new perturbation bounds for Hermitian block tridiag-
onal eigenvalue problems and generalized Hermitian definite eigenvalue problems, analysis on
perturbation behavior of a multiple generalized eigenvalue, refined perturbation bounds for
eigenvectors and eigenspaces of Hermitian matrices, and Gerschgorin-type theory for stan-
dard and generalized eigenvalue problems. Among these, perhaps the contribution of most
practical significance is the new bound for Hermitian block tridiagonal matrices, because
Hermitian (block) tridiagonal matrices arise frequently in applications and during computa-
tion, and our theory may lead to an algorithm that computes some eigenvalues accurately
from appropriately chosen submatrices that are much smaller than the original matrix.

The dissertation is organized as follows. Chapter 2 is an overview of the dissertation, in
which we give the mathematical backgrounds and highlight our contributions. In Chapter
3 we describe our recently-proposed algorithm for computing the polar decomposition. The
algorithm minimizes communication and is backward stable, and serves as the fundamental
basis for the two following chapters. Then in Chapter 4 describe our efficient, communication-
minimizing algorithm for the symmetric eigendecomposition. We prove our that algorithm
is backward stable under suitable assumptions. Chapter 5 develops our SVD algorithm,
which is also efficient, communication-minimizing and backward stable. In Chapter 6 we
take a different, more classical approach to computing the SVD, and consider techniques for
speeding up the computation of the singular values of a bidiagonal matrix. This concludes
Part 1, the algorithmic developments.

Chapter 7 starts the study on perturbation theory, in which we derive new perturba-
tion bounds for eigenvalues of Hermitian matrices with block tridiagonal structure. Our
bounds can be arbitrarily tighter than any known bound. In Chapter 8 we extend well-
known eigenvalue perturbation results for standard Hermitian eigenproblems to generalized
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Hermitian eigenproblems. In Chapter 9 we investigate the perturbation behavior of a mul-
tiple generalized eigenvalue, whose peculiar behavior was long observed but remained an
open problem. In Chapter 10 we discuss the perturbation of eigenvectors, and describe an
improvement on the famous Davis-Kahan theory. We also present refined bounds for com-
puted approximate eigenvectors obtained via the Rayleigh-Ritz process. Finally, Chapter 11
discusses Gerschgorin-type theorems, in which we derive eigenvalue inclusion sets that are
inexpensive to compute and applicable to generalized eigenproblems. Chapter 12 concludes
the dissertation by discussing directions for future research.
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CHAPTER 2

Overview and summary of contributions

This chapter gives an overview of this dissertation. We collect mathemati-
cal backgrounds that will be used in the developments in the sequel, moti-
vate our investigation and summarize our contribution of each subsequent
chapter.

2.1. Notations

There is some notation that we use throughout the dissertation, and we collect them
below.

We adopt the Householder convention, in which lowercase letters denote vectors and
uppercase letters denote matrices. To specify matrix coordinates we use MATLAB notation,
in which V (i, j : k) denotes the jth to kth elements of the ith row of V , and V (:, end) is the
last column of V . v(k) denotes the kth element of a vector v. AT denotes the transpose and
A∗ is the Hermitian conjugate of A.

σi(X) denotes the ith singular value of X in descending order of magnitude, unless
otherwise specified at the beginning of each chapter. σmin(X) and σmax(X) denote the
smallest and largest singular values of X respectively.

λi(A) denotes the ith eigenvalue of a square matrix A, where the method of ordering is
specified each chapter as necessary.

Ik is the identity matrix of order k, and we omit subscripts when the size is clear from
the context.

Regarding vector and matrix norms, ‖ · ‖p denotes the matrix or vector p-norm (p =
1, 2,∞) [56, Ch. 2]. For any m-by-n matrix A, it is defined by

(2.1) ‖A‖p = sup
x 6=0

‖Ax‖p
‖x‖p

,

where the vector norm ‖x‖p for any vector x = [x1, x2, . . . , xn]
∗ is defined by

(2.2) ‖x‖p = (|x1|p + |x2|p + · · ·+ |xn|p)
1

p .

An important and frequently used case is when p = 2, which yields the spectral (also
frequently called the 2–) norm ‖A‖2 = σmax(A). ‖ · ‖F denotes the matrix Frobenius norm,

defined by ‖A‖F =
√∑m

i=1

∑n
j=1 |Aij|2, where Aij denotes the (i, j)th element of A. ‖ · ‖

denotes an arbitrary unitarily invariant norm satisfying ‖V AU‖ = ‖A‖ for any unitary
matrices U and V . Such norms include the spectral norm ‖ · ‖2 and the Frobenius norm
‖·‖F . κ2(A) denotes the 2–norm condition number κ2(A) = ‖A‖2‖A−1‖2 = σmax(A)/σmin(A).
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2.2. The symmetric eigendecomposition and the singular value decomposition

An n-by-n real symmetric (or complex Hermitian) matrix A has a full set of eigenvectors
that are orthogonal to each other, and has the eigendecomposition

(2.3) A = V ΛV ∗,

where Λ = diag(λ1, . . . , λn) is a diagonal matrix, whose diagonal elements are called the
eigenvalues. V = [v1, . . . , vn] is a unitary matrix V ∗V = V V ∗ = I, and we can see that
Avi = λivi, so the ith column of V is the eigenvector corresponding to the eigenvalue λi. We
can write (2.3) as the outer-product expansion

(2.4) A =
n∑

i=1

λiviv
∗
i .

We now consider general rectangular matrices A. Any rectangular matrix A ∈ Cm×n

(m ≥ n) has the singular value decomposition (SVD) [56]

(2.5) A = UΣV ∗,

where U ∈ Cm×n = [u1, . . . , un] and V ∈ Cn×n = [v1, . . . , vn] have orthonormal columns and
Σ = diag(σ1, . . . , σn) is real, where σ1 ≥ . . . ≥ σn ≥ 0 are called the singular values of A.
(2.5) has the outer-product experssion

(2.6) A =
n∑

i=1

σiuiv
∗
i .

The vectors ui and vi are called the left and right singular vectors corresponding to σi

respectively. The SVD is a versatile and important decomposition, both practically and
theoretically. For example, the notion of the rank of a matrix is best described using the
singular values, and the low-rank approximation problem of A can be solved via the SVD [56].
Other applications in which the SVD plays a central role include those discussed in [21, 86,
156].

2.2.1. Standard algorithms. The standard algorithms for computing the symmet-
ric eigendecomposition and the SVD are based on first reducing the matrix to condensed
form (tridiagonal form for the eigenproblem and bidiagonal for the SVD) via Householder
transformations.

For the symmetric eigendecomposition, using 2(n − 2) Householder transformations we
introduce zeros in each column except for the tridiagonal entries, as shown below for the
case n = 5.

A =




∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗



HL, HR

→




∗ ∗
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗



HL, HR

→




∗ ∗
∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗



HL, HR

→




∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗ ∗



.

Here HL and HR above the ith arrow indicate the application of left and right multiplication
by a Householder reflector QT

i and Qi respectively. A and the resulting tridiagonal matrix T
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are related by A = QTQT where Q =
∏n−2

i=1 Qi. After we obtain T , we compute the symmet-
ric tridiagonal eigendecomposition T = V ΛV T , for which a number of reliable algorithms
exist, including the symmetric tridiagonal QR [127], divide-and-conquer [63] and bisection
algorithm [56]. Hence we get the eigendecomposition A = (QV )Λ(QV )T , whose eigenvalues
are the diagonals of Λ and the corresponding eigenvectors are the columns of QV .

Similarly, for computing the SVD we first reduce the matrix to bidiagonal form as follows.

A =




∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗



HL

→




∗ ∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗



HR

→




∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗




HL

→




∗ ∗
∗ ∗ ∗
∗ ∗
∗ ∗



HR

→




∗ ∗
∗ ∗
∗ ∗
∗ ∗



HL

→




∗ ∗
∗ ∗
∗ ∗
∗


 ≡ B.

Here HL and HR above the ith arrow indicate the application of left and right multiplication
by Householder reflectors UT

i and Vi respectively. A and the resulting bidiagonal matrix B
are related by A = UTV T where U =

∏n−2
i=1 Ui and V =

∏n−2
i=1 Vi. We then compute the

SVD of the bidiagonal matrix B = UBΣBV
T
B , which can be done in many ways, for example

the QR algorithm, the MRRR algorithm (based on dqds and inverse iteration; its recent
developments are described in Willem’s PhD thesis [166]) and divide-and-conquer [62].
Hence we get the SVD A = (UUB)Σ(VBV )T , whose singular values are the diagonals of Σ
and the left and right singular vectors are the columns of UUB and VBV respectively.

2.3. The polar decomposition

Any rectangular matrix A ∈ Cm×n (m ≥ n) has a polar decomposition [75]

(2.7) A = UpH,

where Up has orthonormal columns U∗
pUp = I and H is Hermitian positive definite. H =

(A∗A)1/2 is always unique and Up is also unique if A has full column rank. In most of this
dissertation we deal with full column-rank matrices.

In particular, the polar decomposition has a close connection to the SVD, for if A = UΣV ∗

is an SVD then A = (UV ∗)(V ΣV ∗) = UpH, where Up = UV ∗. In this dissertation we always
use the subscript p in Up to denote the unitary polar factor, to avoid confusion with the
orthogonal factor U in the SVD.

The unitary polar factor Up has the distinguished property that it is the nearest unitary
matrix to A, that is, ‖A−Up‖ = min{‖A−Q‖ : Q∗Q = I} for any unitarily invariant norm
[75, Ch. 8], and this makes Up an important quantity in many applications. Up also plays a
role in the orthogonal Procrustes problem minQ∗Q=I ‖A−BQ‖F , for which the unitary polar
factor of B∗A is the solution [75, 59].

The Hermitian polar factor H plays a role in the nearest positive semidefinite matrix to
A, in that X = ((A+A∗)/2+H)/2 is the unique minimizer of ‖A−X‖F over all Hermitian
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positive semidefinite matrices [75, p.199]. Other applications of the polar decomposition
include factor analysis and satellite tracking [73, 75].

The most well-known method for computing the unitary polar factor of a nonsingular
matrix A is the Newton iteration

(2.8) Xk+1 =
1

2

(
Xk +X−∗

k

)
, X0 = A.

In practice a scaling technique is used for efficiency if A is ill-conditioned, as described in
Chapter 3. The main cost of (2.8) is clearly in forming the explicit inverse X−∗

k . This is a
potential cause of both numerical instability and high communicaiton cost.

Chapter 3 focuses on the computation of the polar decomposition of square nonsingular
matrices, in which we propose a new algorithm that is based on QR decompositions and ma-
trix multiplications and hence inverse-free unlike (2.8), therefore minimizes communication.
We also prove backward stability of our new algorithm.

Throughout the first part of this dissertation the polar decomposition plays a major
role, being the basis for the algorithms for the symmetric eigendecomposition (discussed in
Chapter 4) and the SVD (Chapter 5).

2.4. Backward stability of an algorithm

Suppose that one wants Y = f(X) and obtains the computed approximation Ŷ . The

forward error is defined by the difference between Y and Ŷ . In many cases, however, numeri-
cally evaluating the forward error of a computed solution is difficult, and performing forward
error analysis of an algorithm is complicated. An alternative approach, called backward error

analysis, is to seek the smallest ∆X such that Ŷ = f(X + ∆X), which asks the smallest

perturbation in the input X such that the computed Ŷ is the exact solution. This process of
backward error analysis has had much success in deepening our understanding of algorithm
behaviors. An algorithm is said to be backward stable if it provides a computed solution that
has small backward error ‖∆X‖F ≃ ǫ‖X‖F , where ǫ here indicates a scalar of order machine
precision. We refer to Higham’s book [74] for much more on stability analysis.

Here we discuss what backward stability means in the context of computing the symmet-
ric eigendecomposition, the SVD and the polar decomposition. For the symmetric eigende-

composition A = V ΛV ∗ ∈ Cn×n, the computed solution V̂ Λ̂V̂ ∗ needs to be equal to a small
perturbation of A, that is,

(2.9) A+∆A = V̂ Λ̂V̂ ∗,

where ‖∆A‖F ≤ ǫ‖A‖F . Regarding the eigenvector matrix V , the best we can hope for is
that it is numerically orthogonal, that is,

(2.10)
‖V ∗V − I‖F√

n
≃ ǫ,

where
√
n here is a normalization factor that accounts for the matrix dimension n. The

computed result V̂ Λ̂V̂ ∗ is a backward stable eigendecomposition of A if (2.9) and (2.10) are
both satisfied.
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Similarly, a computed SVD ÛΣ̂V̂ ∗ of A ∈ Cm×n is said to be backward stable if the
following hold:

(2.11) A+∆A = ÛΣ̂V̂ ∗,
‖V ∗V − I‖F√

m
≃ ǫ,

‖U∗U − I‖F√
n

≃ ǫ.

The computed polar factors Ûp, Ĥ of A = UpH is a backward stable solution if they
satisfy [75, p. 209]

(2.12) A+∆A = ÛpĤ, H +∆H = Ĥ and Û∗
p Ûp = I + ǫ,

where ‖∆A‖F ≤ ǫ‖A‖F and ‖∆H‖F ≤ ǫ‖H‖F .

Contributions in Chapters 3, 4 and 5. A problem with the standard algorithms
for the symmetric eigendecomposition and the SVD as summarized above is that they do
not minimize communication, as analyzed in [8]. In particular, as the matrix size grows
the dominant cost tends to lie in the first phase of the algorithm in which the matrix is
reduced to condensed forms. In [8] a technique is described to reduce communication, which
minimizes the number of words communicated on a shared-memory machine at the expense
of doing a little more arithmetic. However, the algorithm does not minimize the number
of messages, and an extension to parallel, message-passing architectures remains an open
problem.

In Chapters 3, 4 and 5 we propose algorithms that minimize both communication (in the
asymptotic sense, both number of words and messages) and arithmetic (up to a constant
factor). In addition, we prove that all the proposed algorithms are backward stable under
mild assumptions. We propose our polar decomposition algorithm in Chapter 3. Much of
this chapter is based on [120].

We propose an algorithm for the symmetric eigendecomposition in Chapter 4 and for the
SVD in Chapter 5. The fundamental building block for these algorithms is the computation
of the polar decomposition described in Chapter 3.

2.5. The dqds algorithm

In this dissertation we contribute to the computation of the SVD in two different ways.
The first is the material of Chapter 5, the development of an efficient and communication-
minimizing algorithm, as we just summarized. The second direction, which is the focus of
Chapter 6, is to follow and enhance the standard path of reducing the matrix to bidiagonal
form and then computing its SVD. For the second step a standard approach is to first invoke
the dqds (differential quotient difference with shifts) algorithm proposed by Fernando and
Parlett [45], the state-of-the-art algorithm for computing the singular values of a bidiagonal
matrix B.
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Below is a brief description of dqds. For a bidiagonal matrix B, let B(0) := B. dqds
computes a sequence of matrices B(m) for m = 1, 2, . . . , expressed as

(2.13) B(m) =




√
q
(m)
1

√
e
(m)
1√
q
(m)
2

. . .

. . .
√
e
(m)
n−1√
q
(m)
n



.

Below is a pseudocode of the dqds algorithm.

Algorithm 1 The dqds algorithm

Inputs: q
(0)
i = (B(i, i))2 (i = 1, 2, . . . , n); e

(0)
i = (B(i, i+ 1))2 (i = 1, 2, . . . , n− 1)

1: for m = 0, 1, . . . do
2: choose shift s(m)(≥ 0)

3: d
(m+1)
1 = q

(m)
1 − s(m)

4: for i = 1, . . . , n− 1 do

5: q
(m+1)
i = d

(m+1)
i + e

(m)
i

6: e
(m+1)
i = e

(m)
i q

(m)
i+1/q

(m+1)
i

7: d
(m+1)
i+1 = d

(m+1)
i q

(m)
i+1/q

(m+1)
i − s(m)

8: end for
9: q

(m+1)
n = d

(m+1)
n

10: end for

dqds is mathematically equivalent to the Cholesky LR algorithm applied to BTB with
shifts, expressed as

(2.14) (B(m+1))TB(m+1) = B(m)(B(m))T − s(m)I,

where B(m) is the bidiagonal matrix of the form (2.13) obtained after m dqds iterations.
It is a classical result ([165, p. 546], see also [45] and [1] for discussions specific to dqds)

that as long as
√
s(m) is chosen to be smaller than B(m)’s smallest singular value σmin(B

(m))
so that the Cholesky decomposition (2.14) exists, the iterate B(m) converges to a diagonal

matrix of (shifted) singular values, that is, q
(m+1)
i →

√
σi

2 − S asm→∞ for all i, where S =∑∞
m=0 s

(m) is the sum of the previously applied shifts. Moreover, the asymptotic convergence
rate of the off-diagonal elements is described by

(2.15) lim
m→∞

e
(m+1)
i

e
(m)
i

=
σi+1

2 − S

σi
2 − S

< 1 for i = 1, . . . , n− 1.

Therefore, the convergence of e
(m)
i for 1 ≤ i ≤ n− 2 is linear, while the bottom off-diagonal

e
(m)
n−1 converges superlinearly if σ2

n −
∑∞

m=0 s
(m) = 0. In view of this, practical deflation
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strategies, such as that adopted in DLASQ, check if any of the off-diagonal elements, par-
ticularly the bottom one, is small enough to be deflated [2, 132]. For detailed descriptions
and analyses of dqds, see [1, 45, 132].

Choosing an effective shift s(m) is not always a trivial matter. Moreover, computing a
shift before each dqds iteration limits the execution of dqds to sequential implementations.
Specifically, because of the requirement that (2.14) be well-defined, a good shift s(m) can be
estimated only after the whole matrix B(m) is available. This means that if one wishes to
run simultaneous dqds iterations in parallel (more precisely in a pipelined fashion), then one
has to resort to a crude shift or a zero shift, but this significantly retards the convergence of

the bottom off-diagonal element e
(m)
n−1, which means the overall dqds is slow.

In Chapter 6 we propose a solution to this problem by using a new deflation strategy
based on the technique of aggressive early deflation, which we describe next.

2.6. Aggressive early deflation

Aggressive early deflation introduced by Braman, Byers and Mathias in 2002 [16] aims
to deflate eigenvalues long before conventional deflating strategies do so by looking for con-
verged eigenvalues in a k× k deflation window. This is in contrast to conventional deflating
strategies, which typically look only at the bottom subdiagonal element (or two consecutive
subdiagonals as described in [46, 47]). In this section, we briefly review aggressive early
deflation, and discuss its specialization to the symmetric tridiagonal case.

2.6.1. Nonsymmetric case. LetH be an irreducible n×n Hessenberg matrix obtained
after several Hessenberg QR iterations. H can be partitioned as

(2.16) H =




n−k−1 1 k

n−k−1 H11 H12 H13

1 H21 H22 H23

k 0 H32 H33


,

where k ≥ 1 is the window size for aggressive early deflation. To perform aggressive early
deflation one computes a Schur decomposition H33 = V TV ∗ and considers the unitary
transformation

(2.17)



I 0 0
0 1 0
0 0 V



∗ 

H11 H12 H13

H21 H22 H23

0 H32 H33





I 0 0
0 1 0
0 0 V


 =



H11 H12 H13V
H21 H22 H23V

0 t T


 ,

where t is a k × 1 vector, referred to as the spike vector. In practice, many of the trailing
elements of t are negligibly small so that they can be set to zero. If kℓ elements of t are
set to zero, then the corresponding kℓ eigenvalues are effectively deflated. In practice, more
deflatable eigenvalues may be found by recomputing the Schur decomposition with a different
eigenvalue ordering.

The leading (n−kℓ)× (n−kℓ) submatrix of (2.17) is then reduced to a Hessenberg form,
then the process is repeated of applying multiple QR iterations and executing aggressive
early deflation.
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This process of aggressive early deflation often dramatically improves the performance
of the QR algorithm. Kressner [94] shows that the process can be regarded as extracting
converged Ritz vectors by the Krylov-Schur algorithm described by Stewart [144].

Braman et al. [16] shows that |tℓ|, the ℓth element of t, has the expression

(2.18) |tℓ| =
∣∣∏n−1

i=n−k hi+1,i

∣∣
∣∣∣
∏

i 6=ℓ(µi − µℓ)
∣∣∣ |xk,ℓ|

,

where µi (1 ≤ i ≤ k) is the ith diagonal of T and xk,ℓ is the last element of the eigenvector
x corresponding to µℓ. (2.18) partially explains why |tℓ| can be negligibly small even when
none of the subdiagonal elements hi+1,i is.

2.6.2. Symmetric case. Since aggressive early deflation is so effective for the Hessen-
berg QR algorithm, a similar improvement can be expected in the symmetric tridiagonal
case. Here we consider aggressive early deflation applied to the symmetric tridiagonal QR
algorithm. Let A be a symmetric tridiagonal matrix, defined by the diagonal elements ai
and off-diagonals bi, that is,

(2.19) A = tridiag





b1 b2 . bn−2 bn−1

a1 a2 . . an−1 an
b1 b2 . bn−2 bn−1



 .

The off-diagonals bi are assumed to be positive without loss of generality.
Let A2 = V DV T be an eigendecomposition of A’s lower-right k× k submatrix A2, where

the diagonals of D are in decreasing order of magnitude. Then, we have

(2.20)

[
I

V

]T
A

[
I

V

]
=

[
A1 un−kt

T

tuT
n−k D

]
,

where A1 is the upper-left (n− k)× (n− k) submatrix of A, un−k = [0, 0, . . . , 1]T ∈ R(n−k)×1

and the spike vector t = [t1, . . . , tk]
T is given by t = bn−kV (1, :)T . If kℓ elements of t are

smaller than a tolerance τ , for example τ = ǫ‖A‖2, then Weyl’s theorem [127] ensures that
the kℓ corresponding diagonal elements of D approximate the eigenvalues of A with errors
bounded by τ . Hence, we deflate these elements as converged eigenvalues and obtain the
symmetric matrix of size n− kℓ of the form[

A1 un−k t̃
T

t̃uT
n−k D

]
,

where t̃ = [t1, . . . , tk−kℓ ]
T and D̃ = diag(d1, . . . , dk−kℓ). Now, the bottom-right (k− kℓ +1)×

(k− kℓ+1) arrowhead matrix needs to be tridiagonalized before we proceed to the next QR
iteration. This tridiagonalization can be done in O(k2) flops by the algorithms in [123, 169].

Contrary to the nonsymmetric case, in the symmetric case there is no need to consider
another eigendecomposition of A2 with a different eigenvalue ordering, because it does not
change the number of deflatable eigenvalues. The QR algorithm is known to be backward
stable, although it can be forward unstable as shown by Parlett and Le [131]. In the
symmetric case the backward stability of the QR algorithm implies the computed eigenvalues
are correct to ǫ‖A‖2, so they are accurate in the absolute sense. For bidiagonal matrices the
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dqds algorithm computes singular values with high relative accuracy, so in our algorithm
development in Chapter 6 we ensure relative accuracy is maintained when aggressive early
deflation is incorporated into dqds.

We give a separate treatment of aggressive early deflation for the symmetric tridiagonal
QR algorithm in Chapter 7, in which we show that many elements of t are negligible if A is
in the asymptotic, nearly-diagonal form.

Contributions in Chapter 6. In Chapter 6 we discuss new deflation strategies for
dqds based on aggressive early deflation. We take full advantage of the bidiagonal structure
to efficiently carry out the process. Moreover, we address the parallelizability issue of dqds
raised at the end of Section 2.5. Specifically, we show that when equipped with aggressive
early deflation, dqds can mainly use zero shifts without sacrificing the overall speed. There-
fore a parallel, pipelined implementation of dqds becomes possible, which can further speed
up the execution time significantly. In addition, the new deflation strategy in itself speeds
up the dqds iteration, which we demonstrate by showing that our sequential Fortran codes
run faster than the latest LAPACK code. This chapter is based on [119].
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Eigenvalue perturbation theory

2.7. Hermitian eigenproblems

2.7.1. Max-min and Cauchy interlacing theorems. For a Hermitian matrix A, the
ith largest eigenvalue λi(A) has the Courant-Fischer max-min and min-max characterizations
given in the following theorem.

Theorem 2.1 (Max-min and min-max characterizations).

λi(A) = max
dim(S)=i

min
x∈S,‖x‖2=1

xTAx

= min
dim(S)=n−i+1

max
x∈S,‖x‖2=1

xTAx.

For a proof, see for example [56, Ch. 8] and [80, p. 179].
Using the max-min characterization we can prove Cauchy’s interlacing theorem [80,

p. 186], whose statement is as follows.
Let A1 be a matrix obtained by deleting the kth rows and columns from A. Then A1 is

Hermitian, and denote its ith largest eigenvalue by λi(A1). Then we have

Theorem 2.2 (Cauchy’s interlacing theorem).

(2.21) λ1(A) ≥ λ1(A1) ≥ λ2(A) ≥ · · · ≥ λn−1(A1) ≥ λn(A).

See [80, p.186] for a proof. The result can be naturally extended to the case where more
than one columns and rows are deleted, see [127, Sec. 10.1].

2.7.2. Weyl’s theorem. From the max-min characterization also follows Weyl’s theo-
rem, which bounds the difference between the ith eigenvalue of two Hermitian matrices.

Theorem 2.3 (Weyl’s theorem). Let the eigenvalues of the Hermitian matrices A and

A + E be λ1 ≥ λ2 ≥ · · · ≥ λn and λ̃1 ≥ λ̃2 ≥ · · · ≥ λ̃n respectively. Then |λi − λ̃i| ≤ ‖E‖2
for i = 1, . . . , n.

Weyl’s theorem is a simple and beautiful result that gives a uniform bound for all the
perturbed eigenvalues. It is sharp in the sense that for any Hermitian A, there exists E such

that |λi − λ̃i| = ‖E‖2 is attained for all i.
When the matrix has certain structures, however, the Weyl bound can be a severe over-

estimate. We next discuss bounds that can be much tighter under certain circumstances.

2.7.3. Quadratic eigenvalue perturbation bounds. There exists a quadratic bound
for block-partitioned matrices undergoing off-diagonal perturbation [109, 127] that relates
the eigenvalues of

(2.22) A =

[
A1 E∗

E A2

]
and Ã =

[
A1 0
0 A2

]
,

by

|λi(A)− λi(Ã)| ≤ ‖E‖22/δi(2.23)

≤ ‖E‖22/δ.(2.24)
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Here, λi(X) denotes the ith smallest eigenvalue of a Hermitian matrix X. δi measures the

“gap” between the spectra of A1 and A2, defined by δi ≡ minj |λi(Ã) − λj(A2)| if λi(Ã) ∈
λ(A1) and δi ≡ minj |λi(Ã) − λj(A1)| if λi(Ã) ∈ λ(A2), and δ = mini δi = mini,j |λi(A1) −
λj(A2)|. Here λ(Ai) denotes the spectra (set of eigenvalues) of Ai. (2.24) is of use if some

information on Ã is available, so that a lower bound of δ or δi is known.
In a relatively recent paper [97] Li and Li give an elegant improvement to the bound,

proving that

|λi(A)− λi(Ã)| ≤
2‖E‖22

δi +
√
δ2i + 4‖E‖22

(2.25)

≤ 2‖E‖22
δ +

√
δ2 + 4‖E‖22

.(2.26)

These bounds can be shown to be always sharper than both the Weyl bound and the qua-
dratic bounds (2.23), (2.24).

When the perturbation matrix E is small, the above quadratic bounds are often much
tighter than linear bounds, such as the bound obtained by Weyl’s theorem. Such bounds
are of interest for example in the context of the Rayleigh-Ritz process, see Section 2.10.2.

The above quadratic bounds suggest that for highly structured Hermitian matrices under-
going structured perturbation, the eigenvalue perturbation can be shown to be much smaller
than the generic Weyl bound. In Chapter 7 we push this observation one step further and
consider blockwise perturbation of a Hermitian block tridiagonal matrix. We derive bounds
that are much tighter than any of the above bounds under certain conditions, roughly that
the spectra of the diagonal blocks are well-separated. This chapter is based on [116].

2.8. Generalized eigenvalue problems

Eigenvalue problems of the form Ax = λBx for general square matrices A,B are called
generalized eigenvalue problems (GEP). A pair (λ, x) with x 6= 0 such that Ax = λBx is
called an eigenpair of the generalized eigenproblem, and we denote the problem by the pair
(A,B), called a matrix pair. When B is nonsingular the eigenvalues are those of the matrix
B−1A. If Bx = 0 and Ax 6= 0 we say (A,B) has an infinite eigenvalue with eigenvector x.
If there exists x such that Ax = Bx = 0 then we say the pair (A,B) is singular. In this
dissertation we consider only regular pairs (not singular) unless otherwise stated.

An important special case is when A and B are Hermitian and B is positive definite, in
which case the pair (A,B) is called a Hermitian definite pair. This case has many connections
with the standard Hermitian eigenvalue problem. For example, a Hermitian definite pair is
known to have real eigenvalues [56, Ch. 8], and there exists a nonsingular W such that
W ∗AW = Λ is a diagonal matrix of eigenvalues and W ∗BW = I [56, Sec.8.7]. The ith
column of W−1 is the eigenvector of the Hermitian definite pair corresponding to the ith
eigenvalue, which is ith diagonal of Λ.

In this dissertation when we treat Hermitian definite pairs, we deal only with the case
where B is positive definite. This type of problem appears in practice most often, and is
frequently simply called a generalized Hermitian eigenvalue problem [6, Ch.5]. Note that in
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the literature a matrix pair is often called Hermitian definite if αA+ βB is positive definite
for some scalars α and β [146, pp.281]. When αA+βB is positive definite, we can reduce the
problem to the positive definite case A− θ(αA+ βB), noting that this pair has eigenvalues
θi = λi/(β + αλi).

To illustrate the strong connection between Hermitian eigenproblems and generalized
Hermitian eigenproblems, we now review that the max-min and Cauchy interlacing theorems
for Hermitian eigenproblems can be extended to Hermitian definite pairs.

2.8.1. Max-min and Cauchy interlacing theorems for generalized Hermitian
eigenvalue problems. Here we denote the eigenvalues of an n-by-n Hermitian definite pair
(A,B) by

λ1 ≥ λ2 ≥ · · · ≥ λn.

The min-max principle [14, 127, 146] is often stated for the standard Hermitian eigenvalue
case B = I, but it can be easily extended to generalized Hermitian definite pairs. Namely,

(2.27) λj = min
Sn−j+1

max
x∈Sn−j+1

x∗Ax

x∗Bx
, λj = max

Sj
min
x∈Sj

x∗Ax

x∗Bx
,

where Sj denotes a j-dimensional subspace of Cn. To see this, denoting by B1/2 the unique
Hermitian positive definite square root of B [75, Ch. 6], let Qj be a N -by-j matrix whose
columns form a B-orthonormal basis of Sj. Then there exists Q⊥

j such that [Qj Q
⊥
j ] is square

B-orthonormal, so that

[Qj Q
⊥
j ]

HA[Qj Q
⊥
j ] =

(
A11 A12

A21 A22

)
, [Qj Q

⊥
j ]

HB[Qj Q
⊥
j ] = IN ,

where A11 is j-by-j. Note that the eigenvalues of the pair (A,B) are equal to those of the
Hermitian matrix [QjQ

⊥
j ]

HA[QjQ
⊥
j ]. Then by the standard max-min principle we have

λj ≥ λmin(A11) = min
x∈span{Qj}

x∗Ax

x∗Bx
= min

x∈Sj

x∗Ax

x∗Bx
.

Since this inequality holds for any Sj, and equality is attained when Sj spans the B-
orthonormal eigenvectors corresponding to the j largest eigenvectors of A−λB, the max-min
principle is proved.

In the same way, we can get the min-max principle in (2.27). In particular, (2.27) gives

λ1 = max
x

x∗Ax

x∗Bx
, λn = min

x

x∗Ax

x∗Bx
.

The Cauchy interlacing property [127] can also be extended to Hermitian definite pairs.
Let A1 and B1 be obtained by deleting the kth rows and columns from both A and B,
respectively. Then A1 and B1 are still Hermitian and B1 is still positive definite. Denote the
eigenvalues of (A1, B1) by

µ1 ≥ µ2 ≥ · · · ≥ µn−1.

Then by (2.27) and the same argument as that in the proof for the standard case [80, p.186],
one can prove that

(2.28) λ1 ≥ µ1 ≥ λ2 ≥ · · · ≥ λj ≥ µj ≥ λj+1 ≥ · · · ≥ µn−1 ≥ λn.
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Following the this path of extending results for standard Hermitian eigenvalue problems
to Hermitian definite pairs, in Chapter 8 we derive eigenvalue perturbation bounds for Her-
mitian definite pairs. In particular, we derive Weyl-type linear bounds for the generic case
and quadratic bounds for the block-diagonal case. This chapter is based on [104, 113].

2.9. Eigenvalue first-order expansion

2.9.1. Simple eigenvalue. Let A and E be n-by-n Hermitian matrices. Denote by
λi(t) the ith eigenvalue of A + tE, and define the vector-valued function x(t) such that
(A+ tE)x(t) = λi(t)x(t) where ‖x(t)‖2 = 1 for some t ∈ [0, 1]. If λi(t) is simple, then

(2.29)
∂λi(t)

∂t
= x(t)∗Ex(t).

Analogously, for the non-Hermitian case, let λ(t) be a simple eigenvalue of a non-
Hermitian matrix A with left and right normalized eigenvectors y(t)∗ and x(t). Then

(2.30)
∂λ(t)

∂t
=

y(t)∗Ex(t)

y(t)∗x(t)
,

so 1/|y(t)∗x(t)| can be considered the condition number of λ(t). One way to derive (2.30) is
to use Gerschgorin’s theorem together with a diagonal similarity transformation, see [146,
p. 183]. Another approach is to differentiate (A + tE)x(t) = λ(t)x(t) with respect to t and
left-multiply y(t)∗ [56, p. 323]

For a generalized eigenvalue problem Ax = λBx, let (x, λ) be a simple eigenpair such
that there exist nonsingular matrices X = (x,X2) and Y = (y, Y2) that satisfy

(2.31) Y ∗AX =

[
λ 0
0 JA

]
, Y ∗BX =

[
1 0
0 JB

]
,

where the pair (JA, JB) does not have an eigenvalue equal to λ. Then the perturbed pair
(A + tE,B + tE) has an eigenpair (λ(t), x(t)) such that (A + tE)x(t) = λ(t)(B + tF )x(t)
with λ(0) = λ and

(2.32)
∂λ(t)

∂t

∣∣∣∣
t=0

=
y∗(E − λF )x

y∗Bx
.

2.9.2. Multiple eigenvalue. The above results have a natural extension to a multiple
eigenvalue. For an n-by-nmatrix pair (A,B), suppose that λ0 is a nondefective finite multiple
eigenvalue of multiplicity r (we discuss the infinite and defective cases later in Section 9.6.3),
so that there exist nonsingular matrices X = (X1, X2) and Y = (Y1, Y2) with X1, Y1 ∈ Cn×r

that satisfy

(2.33) Y ∗AX =

[
λ0Ir 0
0 JA

]
, Y ∗BX =

[
Ir 0
0 JB

]
.

Here the spectrum of the pair (JA, JB) does not contain λ0. Then, the pair (A+ ǫE,B+ ǫF )

has eigenvalues λ̃1, λ̃2, . . . , λ̃r admitting the first order expansion [95, 112]

(2.34) λ̃i = λ0 + λi(Y
∗
1 (E − λ0F )X1)ǫ+ o(ǫ), i = 1, 2, . . . , r.
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In Chapter 9 we deal with perturbation of a multiple eigenvalue of a Hermitian definite
pair, which exhibits an interesting behavior. In particular, it is observed by Stewart and
Sun [146, p. 300] that a generalized multiple eigenvalue generally split into r simple eigenval-
ues when perturbation is applied, each of which having different sensitivities (unlike in the
standard Hermitian case). This has remained an open problem. We explain this phenome-
non in two ways. We first derive r different perturbation bounds for a multiple eigenvalue of
multiplicity r when a Hermitian definite pair (A,B) is perturbed to (A+E,B+F ). We then
analyze the condition numbers, defined based on (2.34), and show that they take different
values when B 6= I. This chapter is based on [114, 117].

2.10. Perturbation of eigenvectors

The CS decomposition [124, 141] is a fundamental basis for eigenvector perturbation
theory.

Theorem 2.4. For any unitary matrix Q and its 2-by-2 partition Q =

[
Q11 Q12

Q21 Q22

]
where

Q11 ∈ Ck×ℓ, there exist U1 ∈ Ck×k, U2 ∈ C(n−k)×(n−k), V1 ∈ Cℓ×ℓ and V2 ∈ C(n−ℓ)×(n−ℓ) such
that

(2.35)

[
U1 0
0 U2

]∗ [
Q11 Q12

Q21 Q22

] [
V1 0
0 V2

]
=




I 0
C −S

0 I
0 I

S C
I 0



.

Here C = diag(cos θ1, . . . , cos θp) and S = diag(sin θ1, . . . , sin θp) for 0 ≤ θ1 ≤ · · · ≤ θp, in
which p = min{k, n− k, ℓ, n− ℓ}.

Now note that any product of two unitary matricesW and V is also unitary: (W ∗V )∗(W ∗V ) =

I. When the CS decomposition is applied to Q := W ∗V =
[
W ∗

1

W ∗
2

]
[V1 V2] where W1 ∈ Cn×k

and V1 ∈ Cn×ℓ, the nonnegative quantities 0 ≤ θ1 ≤ · · · ≤ θp are called the canonical angles
between W1 and V1. We see from (2.35) that the nonzero angles match those between W2

and V2.
An important consequence of the CS decomposition is that the norms of the diagonal

matrix of canonical angles are equal to those of the (inner) products of the subspaces. For
example, we have

(2.36) ‖W ∗
2 V1‖ = ‖ sin∠(V1,W1)‖.

Here sin∠(V1,W1) denotes a diagonal matrix whose singular values are the tangents of the
canonical angles between the matrices V1 and W1 with orthonormal columns.

2.10.1. Davis-Kahan sin θ and tan θ theorems. The tan θ and sin θ theorems are
two of the four main results in the classical and celebrated paper by Davis and Kahan [29].
They are a useful tool for examining the quality of an approximate eigenspace.
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The statement of the tan θ theorem is as follows. Let A be an n-by-n Hermitian matrix,
and let X = [X1 X2] where X1 ∈ Cn×k be an exact unitary eigenvector matrix of A so that
X∗AX = diag(Λ1,Λ2) is diagonal. Also let Q1 ∈ Cn×k have orthogonal columns Q∗

1Q1 = Ik,
and define the residual matrix

(2.37) R = AQ1 −Q1A1, where A1 = Q∗
1AQ1.

The eigenvalues of A1 are called the Ritz values with respect to Q1. Suppose that the Ritz
values λ(A1) lie entirely above (or below) λ(Λ2), the exact eigenvalues corresponding to X2.
Specifically, suppose that there exists δ > 0 such that λ(A1) lies entirely in [β, α] while λ(Λ2)
lies entirely in [α+ δ,∞), or in (−∞, β − δ]. Then, the tan θ theorem gives an upper bound
for the tangents of the canonical angles between Q1 and X1,

(2.38) ‖ tan∠(Q1, X1)‖ ≤
‖R‖
δ

,

where ‖ · ‖ denotes any unitarily invariant norm. tan∠(Q1, X1) is a diagonal matrix whose
singular values are the tangents of the k canonical angles.

The sin θ theorem, on the other hand, asserts the same bound, but in terms of the sine
instead of tangent:

(2.39) ‖ sin∠(Q1, X1)‖ ≤
‖R‖
δ

.

We discuss some aspects on the derivation. The proofs of the Davis-Kahan theory are
centered around the following fact [146, p. 251].

Lemma 2.1. Let A and B be square matrices such that 1/‖A−1‖ − ‖B‖ = δ > 0. Let C
satisfies

AX −XB = C.

Then we must have ‖X‖ ≤ ‖C‖
δ
.

Proving this is simply done by ‖C‖ ≥ ‖AX‖ − ‖BX‖ ≥ (σmin(A)− ‖B‖)‖X‖ = δ‖X‖.
We now present a proof of the sin θ theorem because it is short and the technique is the

basis for much of the discussion in Chapter 10. In the equation R = AQ1 − Q1M , right-
multiply X∗

2 and use the fact AX2 = X2Λ2 to get Λ2X
∗
2Q1 − X∗

2Q1M = X∗
2R. Now use

Lemma 2.1 with A := Λ2 − sI and B := M − sI for an appropriate scalar s, along with the
fact ‖X∗

2Q1‖ = ‖ sin∠(Q1, X1)‖ by (2.36), to get the sin θ theorem (2.39).
An important practical use of the tan θ and sin θ theorems is to assess the quality of an

approximation to the partial eigenpairs (Λ1, X1) of a large Hermitian matrix A obtained by
the Rayleigh-Ritz process, see next subsection.

Let us now compare the tan θ (2.38) and sin θ (2.39) theorems. The (2.38) is clearly
sharper than (2.39), because tan θ ≥ sin θ for any 0 ≤ θ < π

2
. In particular, for the

spectral norm, when ‖R‖2 > δ (2.39) is useless but (2.38) still provides nontrivial information.
However, the sin θ theorem holds more generally than the tan θ theorem in two respects.
First, the bound (2.39) holds with A1 replaced with any k-by-k Hermitian matrix M (the
choice affects δ) and R replaced with AQ1 − Q1M . The tan θ theorem takes M = Q∗

1AQ1,
which is a special but important choice because it arises naturally in practice as described
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above, and it is optimal in the sense that it minimizes ‖R‖ for any unitarily invariant norm
[145, p.252].

Second, and more importantly for the discussion in Chapter 10, the hypothesis on the
situation of the spectra of A1 and Λ2 is less restrictive in the sin θ theorem, allowing the Ritz
values λ(A1) to lie on both sides of the exact eigenvalues λ(Λ2) corresponding to X2, or vise
versa. Specifically, in addition to the situation described above, the bound (2.39) holds also
in either of the two cases:

(a) λ(Λ2) lies in [a, b] and λ(A1) lies in the union of (−∞, a− δ] and [b+ δ,∞).
(b) λ(A1) lies in [a, b] and λ(Λ2) lies in the union of (−∞, a− δ] and [b+ δ,∞).

We note that in the literature these two cases have not been treated separately. In particular,
as discussed above, the original tan θ theorem imposes the Ritz values λ(A1) to lie entirely
above (or below) the eigenvalues λ(Λ2), allowing neither of the two cases.

We note that for the sin θ thoerem, the requirement on the spectrums can be further
relaxed so that δ is defined by the nearest distance between the nearest eigenvalues of A1

and Λ2, at the expense of a slightly larger constant π/2. This is discussed in [15], [14,
p. 212].

The first part of Chapter 10 discusses eigenvector perturbation analyses based on the
Davis-Kahan theorems. There we show that the tan θ theorem holds under more relaxed
conditions. Specifically, we show that the condition on the spectra in the tan θ theorem can
be relaxed, in that the bound (2.38) still holds true in case (a) above, but not in case (b).
This work is based on [118].

2.10.2. The Rayleigh-Ritz process and theorems of Saad and Knyazev. For a
Hermitian matrix A that is large (and sparse) enough to make it infeasible to compute its
complete eigendecomposition, we must be content with computing a portion of its eigenpairs.
The standard way of doing this is to form a k-dimensional subspace where k ≪ n, repre-
sented by a n-by-k matrix Q1 with orthonormal columns, which approximately contains the
desired eigenvectors, and then extract approximate eigenpairs (called the Ritz pairs) from
it by means of the Rayleigh-Ritz process. The Rayleigh-Ritz process computes the eigende-

composition of a k-by-k Hermitian matrix Q∗
1AQ1 = Y Λ̂Y ∗, from which the Ritz values are

taken as the diagonals of Λ̂ and the Ritz vectors as the columns of X̂ = Q1Y . The Ritz pairs

(λ̂, x̂) thus obtained satisfy

• x̂ ∈ span(Q1),

• Ax̂− λ̂x̂ ⊥ Q1.

A natural question is to ask how accurate the Ritz pairs are as an approximation to
the exact eigenpairs. The accuracy of Ritz values can be bounded by observing that for a
unitary matrix [Q1 Q2],

(2.40) [Q1 Q2]
∗A[Q1 Q2] =

[
Q∗

1AQ1 Q∗
1AQ2

Q∗
2AQ1 Q∗

2AQ2

]
,

and that for any unitarily invariant norm

(2.41) ‖Q∗
2AQ1‖ = ‖Q∗

2AQ1Y ‖ = ‖Q∗
2(AX̂ − X̂Λ)‖ = ‖Q∗

2R‖ = ‖R‖,
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where R = AX̂ − X̂Λ is the residual. Here we used the facts Q∗
2Q1 = 0 and Q∗

1R = 0, which
follows from the second property of Ritz pairs mentioned above. From these facts, combined
with Weyl’s theorem, we conclude that the eigenvalues of Q∗

1AQ1 match some of those of A

to ‖R‖2. For individual Ritz values, the corresponding residual norm ‖Ax̂− λ̂x̂‖2 is a bound
for the distance to the closest exact eigenvalue. Moreover, by using one of the quadratic
perturbation bounds summarized above in Section 2.7.3 one can often get more accurate
bounds for the difference between the eigenvalues of Q∗

1AQ1 and A, see [97, 109, 127].
Now we turn to the accuracy of the Ritz vectors. Letting A1 = Q∗

1AQ1 in (2.40) we can
invoke the Davis-Kahan tan θ (2.38) or sin θ (2.39) theorem to measure the nearness between
the whole subspace Q1 and a set of eigenvectors X1, provided that some gap information on
the spectra of A1 and Λ2 is available.

Now we consider comparing individual Ritz vector (or a set of some Ritz vectors) and
eigenvector(s). As in the Davis-Kahan theory, we bound the angle between approximate and
exact eigenvectors x̂ and x. Saad [134] proves the following theorem.

Theorem 2.5. Let A be a Hermitian matrix and let (λ, x) be any of its eigenpairs. Let

(λ̂, x̂) be a Ritz pair obtained from the subspace span(Q1), such that λ̂ is the closest Ritz
value to λ. Suppose δ > 0, where δ is the distance between λ and the set of Ritz values other

than λ̂. Then

sin∠(x, x̂) ≤ sin∠(x,Q1)

√
1 +
‖R‖22
δ2

,

where R = AX̂ − X̂Λ, so that (2.41) holds.

We note that sin∠(x, x̂) ≤ sin∠(x,Q1) because x ∈ span(Q1), so the above theorem

claims that the Ritz vector is optimal up to a constant

√
1 +

‖R‖2
2

δ2
. This does not mean,

however, that performing the Rayleigh-Ritz process is always a reliable way to extract ap-
proximate eigenpairs from a subspace; care is needed especially when computing interior
eigenpairs, such as using the Harmonic Rayleigh-Ritz process. For more on this issue see,
for example, [48, 111, 137, 145].

We note that in [143, 145] Stewart presents a generalization of Saad’s theorem to the
non-Hermitian case.

In [90, Thm. 4.3] Knyazev derives a generalization of Saad’s result to the subspace case,
in which x, x̂ are replaced with sets of eigenvectors and Ritz vectors. Knyazev gives the
bound for linear operators, but here we specialize to matrices.

Theorem 2.6. Let A be a Hermitian matrix. Let (Λ̂1, X̂1) be a set of k1 (< k) Ritz pairs
obtained from the k-dimensional subspace span(Q1). Also let (Λ1, X1) be a set of k1 exact
eigenpairs, whose eigenvalues lie in the interval [λ−d, λ+d] for some λ and d > 0. Suppose

that δ = min |diag(Λ̂2) − λ| − d > 0, where Λ̂2 are the Ritz values corresponding to X̂2, the

orthogonal complement of X̂1. Then

sin∠(X1, X̂1) ≤ sin∠(X1, Q1)

√
1 +
‖R‖22
δ2

.
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In the second half of Chapter 10 we derive new bounds for the quality of computed ap-
proximate eigenvectors obtained via the Rayleigh-Ritz process that can be much tighter than
the bounds by Saad and Knyazev in a situation that arises naturally in large-scale eigenvalue
problems. We also consider extensions to the singular value decomposition, deriving anal-
ogous results in the context of projection methods (called Petrov-Galerkin) for computing
some of the singular triplets. Chapter 10 also introduces what we call the cos θ theorem,
which asserts the distance instead of nearness between two subspaces. We discuss how we
might use the the cos θ theorem to efficiently execute an inexact Rayleigh-Ritz process.

2.11. Gerschgorin’s theorem

Gerschgorin’s theorem [53] defines in the complex plane a set including all the eigenvalues
for any given square matrix. It is a very well known result and a useful tool that finds use
in estimating eigenvalues and perturbation analysis.

Theorem 2.7 (Gerschgorin’s theorem). All the eigenvalues of an n× n complex matrix
A are contained in Γ(A) ≡ ⋃n

i=1 Γi(A), where Γi(A) is A’s ith Gerschgorin disk defined by

Γi(A) ≡
{
z ∈ C : |z − aii| ≤

∑

j 6=i

|aij|
}
.

Γ(A) is called the Gerschgorin set ofA. Note that it is a union of n disks, each of which can
be computed by O(n) arithmetic operations. Γ(A) is a useful tool for inexpensively bounding
eigenvalues. Owing to its simple expression, it is applied in a variety of applications. We
already mentioned some uses of it above, and will discuss more in the following chapters.

The main contribution of Chapter 11 is that we present a Gerschgorin-type set applicable
to generalized eigenvalue problems. Such extensions have been considered in the literature
but their usage has been limited, due to the use of non-standard metric or high computational
complexity. We derive a set that is simple and as inexpensive to compute as Γ(A) for standard
eigenproblems. This is based on [115].

We also present a new eigenvalue inclusion region for standard eigenproblems that is
sharper than both Γ(A) and the set called Brauer’s ovals of Cassini. The computational
cost of the new set is generally expensive but becomes lower for highly sparse matrices.
Furthermore, unlike many extensions of Γ(A), our set is a union of n sets, just like the
original Γ(A).
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Part 1

Algorithms for matrix decompositions
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CHAPTER 3

Communication minimizing algorithm for the polar decomposition

In this chapter, we consider the computation of the unitary polar factor
Up of the polar decomposition A = UpH (recall Section 2.3) of A ∈ Cm×n

(m ≥ n), where Up ∈ Cm×n is a unitary matrix U∗
pUp = I and H ∈ Cn×n is

a unique Hermitian positive semidefinite matrix.
We first review the scaled Newton iteration, currently the most widely

used method for computing the polar decomposition. We then discuss the
Halley iteration, and introduce a dynamically weighted Halley (DWH) it-
eration. We prove that the new method is globally and asymptotically
cubically convergent. For matrices with condition number no greater than
1016, the DWH method needs at most six iterations for convergence with
the tolerance 10−16. The Halley iteration can be implemented using QR de-
compositions and matrix multiplications, without explicit matrix inversions
unlike the scaled Newton iteration. We prove that our QR-based algorithm
QDWH is backward stabile provided that column pivoting and row sorting
(or pivoting) are used for computing the QR decomposition.

Introduction. We discuss algorithms for computing the polar decomposition. We will
primarily discuss computing the unitary polar factor Up, because once once the computed

unitary polar factor Ûp = limk→∞Xk is obtained, we compute Ĥ [75, Sec. 8.8] by

(3.1) Ĥ =
1

2
(Û∗

pA+ (Û∗
pA)

∗).

The unitary polar factor Up in the polar decomposition A = UpH can be sensitive to
perturbation depending on the smallest two singular values of A [58, 75]. By contrast, H is
known to be always well-conditioned, in that the Hermitian polar factors of A and A+∆A
differ by no more than

√
2‖∆A‖F in Frobenius norm. As we shall see, this property plays

an important role in the backward stability proof of our new algorithms we develop.
The most popular method for computing the polar factor of a square nonsingular matrix

is the scaled Newton (SN) method [75, p. 202]. Recently, Byers and Xu [20] presented a
suboptimal scaling strategy for the Newton method. They showed that the convergence
to within a tolerance of 10−16 can be reached in at most nine iterations for matrices with
condition number no greater than 1016. Furthermore, they claim that Newton’s method with
suboptimal scaling is backward stable, provided that the matrix inverses are computed in
a mixed forward-backward stable way. We note that there is a recent note [88] to indicate
some incompleteness of rounding error analysis presented in [20].
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Successful as Newton’s method is, it requires explicit matrix inversion at each iteration.
Besides the potential numerical stability issue in finite precision arithmetic, explicit matrix
inversion is also expensive in communication costs. On the emerging multicore and hetero-
geneous computing systems, communication costs have exceeded arithmetic costs by orders
of magnitude, and the gap is growing exponentially over time [9, 61, 138]. The goal of
this chapter is to investigate numerical methods for computing the polar decomposition to
minimize the communication costs by using communication friendly matrix operations such
as the QR decomposition (without pivoting) [34].

In fact, inverse free methods for computing the polar decomposition have been studied
in [26, 19]. A QR decomposition-based implementation of a variant of the SN method is
investigated. Unfortunately, the numerical instability of such an inverse free method has
been independently discovered by both studies.

We first propose a dynamically weighted Halley (DWH) method for computing the polar
decomposition. We prove that the DWH method converges globally with asymptotically cu-
bic rate. We show that in exact arithmetic, for matrices with condition number κ2(A) ≤ 1016,
no more than six iterations are needed for convergence with the tolerance 10−16. We then
discuss an implementation of the DWH method based on the QR decomposition. Extensive
numerical tests indicate that the QR-based DWH (QDWH) method is backward stable. The
arithmetic cost of the QDWH method is about two to three times that of the SN method,
depending on the specific implementation one uses. However, the communication cost of the
QDWH method is significantly lower than that of the SN method. The QDWH method is
an attractive alternative method for the emerging multicore and heterogeneous computing
architectures.

We primarily deal with the polar decomposition of square and nonsingular matrices. The
QDWH method is readily applicable to rectangular and singular matrices, whereas the SN
method needs to initially use a rank-revealing QR factorization to enable its applicability to
more general matrices [75, p. 196].

The rest of this chapter is organized as follows. In Section 3.1, we review Newton’s method
and its variants. In Section 3.2, we study Halley’s iteration and derive a dynamical weighting
scheme. A global convergence proof of the new method is given. We also show that the cubic
convergence makes acceptable a looser convergence criterion than that for the SN iteration.
Section 3.3 discusses implementation issues, in which we show how the DWH method can
be computed based on the matrix QR decompositions. Numerical examples are shown
in Section 3.5. In Section 3.4 we prove that our QR-based algotirhm is backward stable,
provided that pivoting is used in computing the QR decompositions. In Section 3.6, we give a
detailed solution for the max-min problem that arises in the derivation of the DWH method.
In Section we describe our original motivation for studying the polar decomposition, an
orthogonal Procrustes problem arising from the subspace alignment process in first-principles
molecular dynamics simulations of electronic structure calculations [4, 44, 66, 67]. We
include this section because this application of the polar decomposition seems not to be
stated explicitly in the literature.

Throughout this and the next two chapters, ǫ denotes a matrix or scalar whose norm is
a small multiple of the machine epsilon. Whether a specific ǫ represents a matrix or a scalar
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should be clear from the context. Following [127, p. 111] we allow ǫ to take diffent values in
different appearances, so in particular we shall freely use identities such as ǫ+ ǫ = ǫ. Unless

otherwise stated, Â denotes a computed version of A.

3.1. Newton-type methods

3.1.1. Scaled Newton iteration. The most well-known method for computing the
unitary polar factor of a nonsingular matrix A is the Newton iteration

(3.2) Xk+1 =
1

2

(
Xk +X−∗

k

)
, X0 = A.

It can be shown that the iterates Xk converge quadratically to the polar factor Up of A and
that all singular values σi(Xk) → 1 as k → ∞ [75, p. 202]. However, the initial phase of
convergence is slow when A has a singular value that has large relative distance from 1, that
is, when a singular value σ exists such that max(|1− σ|/σ, |1− σ|/1)≫ 1. In order to speed
up the initial phase, we can apply the SN iteration

(3.3) Xk+1 =
1

2

(
ζkXk + (ζkXk)

−∗) , X0 = A,

where ζk is a scaling factor. The frequently used (1,∞)–norm scaling and Frobenius norm
scaling are known to work well in practice [73, 75]. The rigorous convergence theory is

established for the so-called optimal scaling ζoptk = (σmin(Xk)σmax(Xk))
−1/2 [73]. However,

it is not a practical scaling since it is too expensive to compute σmin(Xk) and σmax(Xk) at
every iteration. Recently, Byers and Xu [20] proposed the following suboptimal scaling:

(3.4) ζ0 = 1/
√

αβ, ζ1 =

√
2
√

αβ/(α + β) , ζk = 1/
√

ρ(ζk−1) for k = 2, 3, . . . ,

where α = ‖A‖2, β = ‖A−1‖−1
2 and ρ(ζ) = (ζ + ζ−1)/2. It is called a suboptimal scaling

since at the kth iteration, it minimizes the width of the interval containing all the singular
values of the kth iterate Xk.

Theorem 3.1 (see [20]). The iterates Xk generated by the SN iteration (3.3) with the
suboptimal scaling (3.4) converge quadratically to the unitary polar factor Up of A. Moreover,
convergence to within a tolerance 10−16 is reached within nine iterations if κ2(A) ≤ 1016.

The following is a pseudocode for the scaled Newton iteration with BX scaling.

Scaled Newton method:

1: X0 = A and X−1 + I.
2: ζ0 = 1/

√
αβ and k = 0

3: repeat
4: Xk+1 = (ζkXk + (ζkXk)

−∗)/2
5: if k = 0 then
6: ζ1 =

√
2
√
αβ/(α + β)

7: else
8: ζk+1 =

√
2/(ζk + 1/ζk)

9: end if
10: k = k + 1
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11: until convergence
12: U = Xk

In practice, it is sufficient to use some rough estimates α̂ and β̂ of α and β. For example,

one may take α̂ = ‖A‖F and β̂ = 1/‖A−1‖F . It is shown that, for any estimates α̂ and β̂

such that 0 < β̂ ≤ ‖A−1‖−1
2 ≤ ‖A‖2 ≤ α̂ and α̂/β̂ < 1016, the iteration converges within

nine iterations [20]. It is also known experimentally that the SN iteration with Higham’s
(1,∞)−scaling [73] needs about the same number of iterations.

It is claimed in [89, 20] that the SN iteration is backward stable provided that the
inverse X−1

k is computed in a mixed forward-backward stable way. For example, one can
use a bidiagonal reduction-based matrix inverse algorithm as presented in [20]. In that case,
the arithmetic cost of each iteration increases to 6n3 instead of 2n3 when the inverse is
computed using the LU factorization with partial pivoting. We note that inversion based on
QR factorization without column pivoting does not guarantee backward stability of the SN
iteration (see [89]).

3.1.2. Newton iteration variant. The Newton variant (NV) iteration is

(3.5) Yk+1 = 2Yk (I + Y ∗
k Yk)

−1 , Y0 = A.

It can be shown that Yk = X−∗
k for k ≥ 1, whereXk is generated by the Newton iteration (3.2)

[78], [75, p. 202]. Note that iteration (3.5) is applicable to singular and rectangular matrices.
To speed up the convergence, we can use a scaled version of iteration (3.5). Substituting
ηkYk into Yk in (3.5) yields the scaled Newton variant (SNV) iteration

(3.6) Yk+1 = 2ηkYk

(
I + η2kY

∗
k Yk

)−1
, Y0 = A,

where ηk is the scaling factor. A proper choice of ηk is the one such that Y0 = X0 and
Yk = X−∗

k for k ≥ 1, where Xk is generated by the SN iteration (3.3). It implies that η0 = ζ0
and ηk = 1/ζk.

Since Y −1
k is not computed in the SNV iteration (3.6), the (1,∞)–norm scaling or Frobe-

nius norm scaling is not applicable. How to efficiently scale the SNV iteration (3.6) is listed
as Problem 8.26 in [75, p. 219]. One solution to the problem is to use the suboptimal scaling
(3.4), which yields the following iteration for the scaling of the SNV iteration (3.6):

(3.7) η0 = 1/
√

αβ, η1 =

√
α + β

2
√
αβ

, ηk =
√
ρ(ηk−1) for k = 2, 3, . . . .

From the connection with the Newton iteration, it follows from Theorem 3.1 that Yk →
U−∗
p = Up as k →∞.
The SN iteration with the suboptimal scaling (3.4) and the SNV iteration with the

scaling (3.7) are mathematically equivalent, provided that the same scalars α and β are used.
However, the practical implementation of the SN iteration involves explicit matrix inverses.
This is usually done by means of the LU factorization with partial pivoting. Pivoting makes
necessarily a large amount of data communication and slows down the total computation
time [9, 138]. As pointed out in [75, p. 219], the SNV iteration (3.6) can be implemented
using a QR decomposition (without column pivoting). Computing a QR decomposition
can be done in a communication friendly way with great performance on modern multicore
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and heterogeneous systems [68]. Therefore, the QR-based SNV method is an attractive
alternative. Unfortunately, as shown in Section 3.5, the SNV iteration (3.6) is not stable
for ill-conditioned matrices, even with the QR decomposition-based implementation. The
instability had also been independently reported in early studies [26, 19]. In the next section,
we will exploit an alternative iteration to develop an inverse free method.

3.2. Halley’s method and dynamically weighted Halley

Halley’s iteration for computing the polar factor of a nonsingular matrix A is

(3.8) Xk+1 = Xk(3I +X∗
kXk)(I + 3X∗

kXk)
−1, X0 = A.

It is a member of the Padé family of iterations [87]. Such iterations frequently arise in linear
algebra applications, including iterations for matrix sign functions [75, Ch.5] and moment
matching for model order reduction [49, 50]. It is proven that Xk converges globally and
that the convergence rate is cubic [51, 52]. However, the initial steps of convergence can still
be slow when A has a singular value that has large relative distance from 1. For example,
consider the 2× 2 matrix

(3.9) A = X0 =

[
1

x0

]
, x0 = 10−10.

The polar factor of A is the 2× 2 identity matrix. The kth iterate Xk is given by

Xk =

[
1

xk

]
, xk =

xk−1(3 + x2
k−1)

1 + 3x2
k−1

.

After one Halley’s iteration, x1 ≈ 3 × 10−10. It takes 24 iterations for the iterate Xk

to converge to the polar factor within IEEE double precision machine precision, namely,
‖X24 − I‖2 ≤ ǫM = 2.2× 10−16.

To accelerate the convergence of Halley’s iteration (3.8), let us consider the following
DWH iteration:

(3.10) Xk+1 = Xk(akI + bkX
∗
kXk)(I + ckX

∗
kXk)

−1, X0 = A/α,

where α = ‖A‖2 and scalars ak, bk, and ck are nonnegative weighting parameters. We choose
these weighting parameters suboptimally1 in the sense that it maximizes ℓk+1 such that the
interval [ℓk+1, 1] contains all the singular values of Xk+1. Specifically, let Xk = UΣkV

∗ be
the SVD of Xk and ℓk be such that2

(3.11) [σmin(Xk), σmax(Xk)] ⊆ [ℓk, 1] ⊂ (0, 1]

1The term “suboptimal” follows that of the suboptimal scaling (3.4) for the SN iteration, which minimizes
bk+1 such that [1, bk+1] contains all the singular values of Xk+1.
2In (3.11) one can assume a more general interval [ℓ̂k, L] for any L > 0, but setting L ≡ 1 causes no loss

of generality since the simple scaling ak−1 ← ak−1/L, bk−1 ← bk−1/L maps the interval [ℓ̂k, L] containing

[σmin(Xk), σmax(Xk)] to [ℓ̂k/L, 1] ≡ [ℓk, 1].
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with initial σmin(X0) = β/α ≡ ℓ0 and β = 1/‖A−1‖2. Then one step of the DWH iteration
(3.10) yields

Xk+1 = Xk(akI + bkX
∗
kXk)(I + ckX

∗
kXk)

−1

= UΣkV
∗(akI + bkV Σ2

kV
∗)(I + ckV Σ2

kV
∗)−1

= UΣk(akI + bkΣ
2
k)(I + ckΣ

2
k)

−1V ∗ ≡ UΣk+1V
∗.

Hence the singular values σi(Xk+1) of Xk+1 are given by

(3.12) σi(Xk+1) = gk(σi(Xk)),

where gk is a rational function defined as

gk(x) = x
ak + bkx

2

1 + ckx2
.

By (3.11) and (3.12), we have

(3.13) [σmin(Xk+1), σmax(Xk+1)] ⊆
[
min

ℓk≤x≤1
gk(x), max

ℓk≤x≤1
gk(x)

]
.

Since the closeness of the iterate Xk+1 to the polar factor can be measured by the maximum
distance between singular values σi(Xk+1) and 1, a suboptimal choice of the triplet (ak, bk, ck)
should make the function gk be bounded

(3.14) 0 < gk(x) ≤ 1 for ℓk ≤ x ≤ 1

and attain the max-min

(3.15) max
ak,bk,ck

{
min

ℓk≤x≤1
gk(x)

}
.

Once these parameters ak, bk, and ck are found to satisfy (3.14) and (3.15), all singular values
of Xk+1 satisfy

(3.16) [σmin(Xk+1), σmax(Xk+1)] ⊆ [ℓk+1, 1] ⊂ (0, 1],

where ℓk+1 = minℓk≤x≤1 gk(x).
Let us now consider how to solve the optimization problem (3.14) and (3.15). To satisfy

gk(x) > 0, we can impose

(3.17) ak, bk, ck > 0

and

(3.18) gk(1) = 1.

These conditions ensure that the function gk(x) is positive and continuously differentiable
for x > 0 and has a fixed point at 1. Note that (3.18) implies ck = ak + bk − 1. By the
assumptions (3.17) and (3.18), the optimization problem (3.14) and (3.15) can be stated as
follows.
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The bounded max-min problem: find ak, bk > 0 such that ck = ak+bk−1 >
0,

(3.19) 0 < gk(x) ≤ 1 for ℓk ≤ x ≤ 1,

and

(3.20) max
ak,bk>0

{
min

ℓk≤x≤1
gk(x)

}

is attained.

In Section 3.6, we show that the solution of the optimization problem (3.19) and (3.20)
is given by

(3.21) ak = h(ℓk), bk = (ak − 1)2/4,

where

(3.22) h(ℓ) =
√
1 + d+

1

2

√
8− 4d+

8(2− ℓ2)

ℓ2
√
1 + d

, d =
3

√
4(1− ℓ2)

ℓ4
.

Similar to the SN iteration (3.3) with the suboptimal scaling (3.4), we see that the weighting
parameters ak, bk and ck = ak + bk − 1 of the DWH iteration (3.10) can be generated by
simple scalar iterations in which the initial value ℓ0 depends on the extreme singular values
of the original matrix A.

In summary, we derive the DWH iteration (3.10) for computing the polar factor of A,
where the weighting parameters ak and bk are generated by the scalar iterations (3.21), ck is
defined by ck = ak + bk − 1, and

(3.23) ℓ0 =
β

α
, ℓk =

ℓk−1(ak−1 + bk−1ℓ
2
k−1)

1 + ck−1ℓ2k−1

for k = 1, 2, . . . ,

where α = ‖A‖2 and β = 1/‖A−1‖2.
Before we prove the global convergence of the DWH iteration (3.10), let us recall the

2× 2 matrix A defined as (3.9). The kth DWH iterate Xk is given by

Xk =

[
1

xk

]
, xk =

xk−1(ak + bkx
2
k−1)

1 + ckx2
k−1

.

Since α = 1 and ℓ0 = 10−10, by (3.21), we have a0 ≃ 1.17 × 107, b0 ≃ 3.42 × 1013, and
c0 ≃ 3.42 × 1013. After one iteration, x0 is mapped to x1 ≃ 1.17 × 10−3, which is much
closer to the target value 1 than the first iterate computed by Halley’s iteration (3.8). In
fact, it takes only five DWH iterations to approximate the polar factor within the machine
precision ‖X5 − I‖2 ≤ ǫM. It is a factor of five times faster than the Halley iteration. To
explain the fast convergence of the DWH iteration, the plots of Figure 3.2.1 show the typical
mapping functions gk from the singular values of Xk to that of Xk+1 by the Halley iteration
(3.8) and the DWH iteration (3.10). We can see that the singular values of Xk are mapped
much closer to 1 by the DWH iteration than the Halley iteration.

It is worth noting that the DWH plot in Figure 3.2.1 exhibits an equioscillation behavior
on [ℓ, 0]. This behavior is always observed for any ℓ ∈ (0, 1), and we can explain this from
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Figure 3.2.1. The mapping functions g(σ) = σ(3 + σ2)/(1 + 3σ2) of the Halley iteration (left)
and gk(σ) = σ(ak + bkσ

2)/(1 + ckσ
2) of the DWH iteration (right).

the point of view of approximation theory [154]. Specifically, since the goal is to map the
singular values to 1, a natural approach is to let gk(x) be as close as possible to the function
that maps all values on x ∈ [ℓ, 1] to the constant value 1. Then it is known that the best
rational approximation to a given continuous function must equioscillate [154, 162]. In this
sense DWH can be regarded as a powerful rational approximation for the constant function
on [ℓ, 1] under the constraint f(0) = 0.

Theorem 3.2. For a nonsingular A, the iterates Xk generated by the DWH iteration
(3.10) converge to the polar factor Up of A. The asymptotic convergence factor is cubic.

Proof. We first prove the convergence of the iterates Xk. This is equivalent to showing
that the singular values σi(Xk) → 1 as k → ∞ for all 1 ≤ i ≤ n. By (3.16), we have
[σmin(Xk), σmax(Xk)] ⊆ [ℓk, 1]. Hence it suffices to prove ℓk → 1 as k →∞.

Using (3.21), (3.23), and ck = ak + bk − 1, we derive

1

ℓk+1

− 1 = F (ak, ℓk)

(
1

ℓk
− 1

)
,

where

F (a, ℓ) =
((a− 1)ℓ− 2)2

4a+ (a− 1)2ℓ2
.

Note that F (ak, ℓk) ≥ 0 since ak > 0. All we need to show is that there is a positive
constant δ < 1 such that F (ak, ℓk) ≤ δ for all k. In fact, we have 3 ≤ a ≤ 2+ℓ

ℓ
(see (3.64) in

Section 3.6), and on this interval F (a, ℓ) is a decreasing function of a:

∂F

∂a
=

4(1 + ℓ)(ℓ2(a− 1)2 − 4)

(ℓ2 + a2ℓ2 + 2a(2− ℓ2))2
≤ 0 on 3 ≤ a ≤ 2 + ℓ

ℓ
.

Therefore, we have

F (ak, ℓk) ≤ F (3, ℓk) =
(3− 1)2ℓ2k − 4(3− 1)ℓk + 4

(3− 1)2ℓ2k + 4 · 3 =
(1− ℓk)

2

ℓ2k + 3
≤ 1

3
= δ.

This completes the proof of the global convergence of the DWH iteration.



3.2. HALLEY-TYPE METHODS 31

Now we consider the asymptotic rate of convergence. By the above argument,

|1− ℓk+1| =
∣∣∣∣F (ak, ℓk)

(
1

ℓk
− 1

)
ℓk+1

∣∣∣∣ ≤
∣∣∣∣
ℓk+1(1− ℓk)

2

ℓ2k + 3

(
1

ℓk
− 1

)∣∣∣∣ =
ℓk+1 |1− ℓk|3
ℓk(ℓ2k + 3)

.

By the fact that ℓk → 1, we conclude that the DWH is asymptotically cubically convergent.
�

Remark 1. It is shown in Section 3.6 that ak satisfies

3 ≤ ak ≤
2 + ℓk
ℓk

for k ≥ 0,

where 0 < ℓk ≤ 1. Note that as ℓk → 1, (ak, bk, ck) → (3, 1, 3). These are the weighting
parameters of the Halley iteration (3.8).

Remark 2. For simplicity of exposition, we used the exact extreme singular values of
the original matrix A in the analysis, namely, α = σmax(A), β = σmin(A), and ℓ0 = β/α =

1/κ2(A). In fact, estimates α̂ and β̂ of α and β are sufficient as long as the inclusion property

[σmin(A/α̂), σmax(A/α̂)] ⊆ [ℓ̂0, 1] holds, where ℓ̂0 = β̂/α̂.

Remark 3. In [52], Gander has observed the slow convergence with respect to small
singular values in Halley’s iteration. As a remedy and generalization to rectangle and rank-
deficient matrices, he proposed the following weighting parameters:

(3.24) ak =
2τ − 3

τ − 2
, bk =

1

τ − 2
, ck =

τ

τ − 2
,

where τ is a prescribed parameter. When τ = 3, it is the Halley iteration. It is proved that,
for any τ > 2, the resulting method converges globally and quadratically [96]. In practice,
Gander [52] suggests taking τ = 2 + ǫM/δ for δ > 10ǫM and τ = 2.1 for ǫM < δ ≤ 10ǫM,
where ǫM is the machine epsilon and δ is the convergence tolerance. This stems from the
observation that taking τ close to 2 results in both speed-up and instability. We here set the
tolerance δ small enough, in which case τ = 2.1. Note that Gander’s iteration switches from
iteration (3.10) with static weighting parameter (3.24) to the standard Halley iteration (3.8)
after a certain number of iterations. To find the appropriate switching strategy, it is noticed
that about s = − log(ℓ0) steps are needed for the smallest singular value to increase to the
size of 1, where ℓ0 = β/α = σmin(X0). Therefore, the switching is done after s iterations
using τ = 2.1. Unfortunately, the convergence of Gander’s iteration can still be slow. For
the 2× 2 matrix in (3.9), Gander’s iteration needs 14 iterations to converge. In Section 3.5,
we see that as many as 20 iterations are needed for some cases.

To derive a stopping criterion for the DWH iteration (3.10), we note that, once conver-
gence sets in, ℓk ≃ 1 so that (ak, bk, ck) ≃ (3, 1, 3). Therefore, we will just need to consider
a proper stopping criterion for Halley’s iteration (3.8). We note that in the SN iteration
with Higham’s (1,∞)–norm scaling, switching to the unscaled Newton iteration is recom-
mended [75, 89]. As for the DWH iteration, this switching is not necessary because we have
(ak, bk, ck)→ (3, 1, 3). This is also true for the SN iteration with suboptimal scaling, which
guarantees the scaling factor ζk → 1.

We first have the following lemma.
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Lemma 3.1. For Halley’s iteration (3.8), if ‖Xk−1 − U‖2 = ‖I − Σk−1‖2 = ǫ ≪ 1, then
up to the first order in ǫ,

‖Xk−1 − U‖ = (1 +O(ǫ2))‖Xk −Xk−1‖.

Proof. Writing Xk−1 = UΣk−1V we have

Xk −Xk−1 = Xk−1(3I +X∗
k−1Xk−1)(I + 3X∗

k−1Xk−1)
−1 −Xk−1

= 2Xk−1(I −X∗
k−1Xk−1)(I + 3X∗

k−1Xk−1)
−1

= 2U(I − Σ2
k−1)Σk−1(I + 3Σ2

k−1)
−1V ∗.(3.25)

Taking an unitarily invariant norm and using the inequality ‖AB‖ ≤ ‖A‖ · ‖B‖2, we get

‖Xk −Xk−1‖ ≤ 2‖U(I − Σk−1)V
∗‖ · ‖Σk−1(I + Σk−1)(I + 3Σ2

k−1)
−1‖2

= 2‖Xk−1 − U‖ · ‖Σk−1(I + Σk−1)(I + 3Σ2
k−1)

−1‖2
≡ 2‖Xk−1 − U‖ · ‖f(Σk−1)‖2,(3.26)

where f(x) = x(1 + x)/(1 + 3x2) is a continuouse and differentiable function. It is easy
to see that f(x) is increasing on (0, 1) and decreasing on (1,∞). It attains the maximum
1/2 at x = 1. Hence we can write f(1 − ǫ) = 1/2 − O(ǫ2) for ǫ ≪ 1. Consequently, we
have ‖f(Σk−1)‖2 = maxi |f(σi)| = 1/2 − O(ǫ2). By (3.26), it follows that ‖Xk − Xk−1‖ ≤
(1−O(ǫ2))‖Xk−1 − U‖.

We can prove ‖Xk −Xk−1‖ ≥ (1 − O(ǫ2))‖Xk−1 − U‖ similarly by noticing from (3.25)
that Xk−1−U = 1

2
(Xk−Xk−1)(V (I +Σk−1)Σk−1(I +3Σ2

k−1)
−1V ∗)−1 and using 1/f(1+ ǫ) =

2 +O(ǫ2). �

Now, by the identity U(Σk−1 − I)V ∗ = Xk−1 − U , we have

‖Xk − U‖ = ‖U(Σk−1(3I + Σ2
k−1)(I + 3Σ2

k−1)
−1 − I)V ∗‖

= ‖U(Σk−1 − I)3(I + 3Σ2
k−1)

−1V ∗‖
≤ ‖Xk−1 − U‖3 · ‖(I + 3X∗

k−1Xk−1)
−1‖2,

where we used the inequality ‖AB‖ ≤ ‖A‖·‖B‖2 again. When close to convergence, ‖Xk−1−
U‖2 ≪ 1. Hence, by Lemma 3.1, we have

‖Xk − U‖ . ‖Xk −Xk−1‖3 · ‖(I + 3X∗
k−1Xk−1)

−1‖2.
This suggests that we accept Xk when

(3.27) ‖Xk −Xk−1‖F ≤
(

ǫM
‖(I + 3X∗

k−1Xk−1)−1‖2

)1/3

.

Close to convergence X∗
k−1Xk−1 ≃ I, the test (3.27) is effectively

(3.28) ‖Xk −Xk−1‖F ≤ (4ǫM)
1/3 .

We recall that for quadratically convergent methods such as the SN method (3.3) and
its variant (3.6), the following stopping criterion is suggested [75, p. 208]:

(3.29) ‖Xk −Xk−1‖F ≤ (2ǫM)
1/2 .
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In [20], it is noted that theoretically the SN iteration with the suboptimal scaling con-
verges in at most nine steps for any matrix of condition number less than 1016. It is based
on the bound ‖Xk − U‖2 ≤ bk − 1, where bk can be obtained by a simple scalar iteration.
Consequently, the first k satisfying |1− bk| < 10−16 provides an upper bound on the number
of iteration counts.

We can derive a similar result for the DWH iteration (3.10). By the interval (3.16) that
bounds the singular values of the iterate Xk, we have

‖Xk − U‖2 = |1− σmin(Xk)| ≤ |1− ℓk|.

Hence, by finding the first k such that |1− ℓk| < 10−16, we obtain the number of iterations
needed for the DWH iteration to convergence. Specifically, by using the scalar recursion
(3.23) with ℓ0 = 1/κ2(A), we have the following upper bounds for the number of DWH
iterations:

κ2(A) 101 102 105 108 1010 1012 1016

SN, SNV 5 6 7 8 8 9 9
DWH 3 4 5 5 5 5 6

The result suggests that the DWH iteration converges within at most six steps for any matrix
with condition number κ2(A) ≤ 1016. The number of DWH iterations is about one-third
fewer than the number of SN iterations (3.3) with the suboptimal scaling (3.4).

3.3. QR-based implementations

In this section, we discuss an implementation of the DWH iteration (3.10) using the
QR decomposition. The QR-based implementation is more desirable than those involving
explicit inverses for enhancing parallelizability. Numerical examples in Section 3.5 suggest
that it also improves the numerical stability.

First we have the following basic result, given in [75, p. 219] and based on the results in
[171].

Theorem 3.3. Let

[
ηX
I

]
=

[
Q1

Q2

]
R be a QR decomposition of

[
ηX
I

]
, where X,Q1 ∈

Cm×n and Q2, R ∈ Cn×n. Then

(3.30) Q1Q
∗
2 = ηX(I + η2X∗X)−1.

Proof. By the polar decomposition

(3.31)

[
ηX
I

]
= ŨH̃,
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we have H̃2 = I+η2X∗X and H̃ = (I+η2X∗X)1/2. Note that

[
Q1

Q2

]
and Ũ span the column

space of

[
ηX
I

]
and that they both have orthonormal columns. Hence it follows that

(3.32)

[
Q1

Q2

]
= ŨW

for some orthogonal matrix W . By (3.31) and (3.32), we have
[
Q1

Q2

]
=

[
ηX
I

]
(I + η2X∗X)−1/2W.

The identity (3.30) can now be verified by a straightforward calculation. �

By Theorem 3.3, we immediately derive that the SNV iteration (3.6) is mathemati-
cally equivalent to the following iteration, referred to as a QR-based scaled Newton variant
(QSNV):

(3.33)





[
ηkXk

I

]
=

[
Q1

Q2

]
R,

Xk+1 = 2Q1Q
∗
2,

with the initial X0 = A, where the scaling factor ηk is defined as (3.7). The following is a
pseudocode of the QSNV iteration:

QSNV algorithm:

1: X0 = A
2: η0 = 1/

√
αβ and k = 0

3: repeat

4: compute QR decomposition

[
ηkXk

I

]
=

[
Q1

Q2

]
R

5: Xk+1 = 2Q1Q
∗
2

6: if k = 0 then
7: η1 =

√
(α + β)/(2

√
αβ)

8: else
9: ηk+1 =

√
(ηk + 1/ηk)/2

10: end if
11: k = k + 1
12: until convergence
13: Up = Xk

Now we consider the DWH iteration (3.10). Iteration (3.10) can be equivalently written
as

(3.34) Xk+1 =
bk
ck
Xk +

(
ak −

bk
ck

)
Xk(I + ckX

∗
kXk)

−1, X0 = A/α,
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where the weighting triplet (ak, bk, ck) is defined as (3.21). By Theorem 3.3, iteration (3.34)
can be written using the QR decomposition as follows, referred to as the QR-based dynam-
ically weighted Halley (QDWH) iteration:

(3.35)





[ √
ckXk

I

]
=

[
Q1

Q2

]
R,

Xk+1 =
bk
ck
Xk +

1√
ck

(
ak −

bk
ck

)
Q1Q

∗
2.

The following is a pseudocode of the QDWH iteration:

QDWH algorithm:

1: X0 = A/α, ℓ0 = β/α
2: k = 0
3: repeat
4: ak = h(ℓk), bk = (ak − 1)2/4, ck = ak + bk − 1

5: compute QR decomposition

[ √
ckXk

I

]
=

[
Q1

Q2

]
R

6: Xk+1 = (bk/ck)Xk + (1/
√
ck) (ak − bk/ck)Q1Q

∗
2

7: ℓk+1 = ℓk(ak + bkℓ
2
k)/(1 + ckℓ

2
k)

8: k = k + 1
9: until convergence

10: Up = Xk

For the practical implementations of the QSNV and QDWH methods, we only need

estimates α̂ and β̂ of α and β satisfying 0 < β̂ ≤ σmin(A) ≤ σmax(A) ≤ α̂. We can simply
use α̂ = ‖A‖F . An estimate of β = σmin(A) is a nontrivial task [25, 69, 71]. For the SN

method, the estimate β̂ = 1/‖A−1‖F is suggested in [20]. However, it is not practical for
the QSNV and QDWH methods since A−1 is not calculated explicitly. By the inequality
‖A‖1/

√
n ≤ ‖A‖2 ≤

√
n‖A‖1, we have β = σmin(A) = ‖A−1‖−1

2 ≥ (
√
n‖A−1‖1)−1. Therefore,

we may use the lower bound of β as an estimate, i.e.,

(3.36) β̂ = (γ
√
n)−1,

where γ is the LAPACK 1-norm estimate of A−1 [74, Chap. 15]. In Section 3.5, we will

examine the effect of the estimate β̂ on the convergence of the QDWH iteration. The

numerical examples suggest that it is harmless to use a rough estimate β̂ as far as ℓ̂0 = β̂/α̂ is
a lower bound of σmin(X0). We note that QDWH and Gander’s algorithm use the normalized
initial matrix X0 = A/α, whereas SN and QSNV use X0 = A. However, the scalars α and
β need to be provided in all these methods.

To end this section, let us consider the arithmetic cost of the QDWH method. Note that
the QSNV and QDWH iterations share the same computational kernel, namely,

(a) compute [
ηX

I
] = [

Q1

Q2
]R, and

(b) form X̂ = Q1Q
∗
2.
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A straightforward implementation is to first compute the QR decomposition of the 2n × n
matrix by a dense QR decomposition using the LAPACK routine DGEQRF [3]. The cost
is 10

3
n3 flops. Then we form Q1 and Q2 explicitly by using DORGQR. Its cost is 10

3
n3 flops.

Finally, we compute the product Q1Q
∗
2 by the matrix-matrix multiplication routine DGEMM

in BLAS with the cost 2n3 flops. In summary, the arithmetic cost of each QDHW iteration
is 26

3
n3 flops. Since it generally takes at most six iterations to converge, the total cost of the

QDWH method is at most 52n3 flops.
In contrast, the cost of each SN iteration is 2n3 flops if the matrix inversion is computed

by LU factorization-based routines DGETRF and DGETRI in LAPACK. Together with the fact
that it generally needs at most nine steps to converge, the total cost of the SN method is
at most 18n3 flops. Therefore, the cost of the QDWH method is about three times more
than that of the SN method. If the matrix inversion in the SN iteration is calculated using a
bidiagonal reduction-based algorithm for backward stability [20], then it increases the cost
to 6n3 flops per iteration. This makes the total cost up to 54n3 flops. In this case, the costs
of the SN and QDWH methods are about the same.

We note that it is possible to reduce the cost of the QDWH method by exploiting the
diagonal block in the QR decomposition step. We can first compute the QR decomposition of
ηX and then carefully reduce the augmented matrix into a triangular form by using Givens
rotations. The cost per QDWH iteration is reduced to (16/3)n3 flops. Thus the cost of six
iterations of QDWH iterations is thereby bounded by 32n3 flops.

3.4. Backward stability proof

Recall in Theorems 4.1 and 5.1 that the crucial assumption for QDWH-eig and QDWH-
SVD to be backward stable is that QDWH computes the polar decomposition in a backward
stable manner. Here we develop backward stability analyses of algorithms for computing
the polar decomposition. We first present a sufficient condition for the computed polar
decomposition to be backward stable. We then show that QDWH satisfies the condition
provided that row/column pivoting is used in computing the QR decompositions.

3.4.1. Sufficient condition for an algorithm to be backward stable. Throughout
this section we define f(A) by f(A) = Uf(Σ)V ∗, where A = UΣV ∗ is an SVD with Σ =
diag(σi) and f(Σ) = diag(f(σi)). Note that f(A) does not depend on the particular choice
of A’s SVD.

The unitary polar factors of f(X) and X are identical for any rectangular X. We begin
with a lemma that gives a sufficient condition for the unitary polar factor of a computed
f(X) to provide a backward stable polar decomposition of X.

Lemma 3.2. Let X be an m-by-n (m ≥ n) matrix, and let Ŷ be a computed approximation

to Y = f(X). Suppose that Ŷ is computed in a mixed backward-forward manner, so that

(3.37) Ŷ = f(X̃) + ǫ‖Ŷ ‖2, where X̃ = X + ǫ‖X‖2.
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Let m = σmin(X̃),M = σmax(X̃). Suppose further that m > 0, and that the function f(x)
satisfies

(3.38)
f(x)

maxm≤x≤M f(x)
≥ x

dM
for all x ∈ [m,M ],

where d ≥ 1 is a modest constant3. Then the unitary polar factor Up of Ŷ = UpHŶ provides
a backward stable polar decomposition for X, that is,

(3.39) X − UpĤ = ǫ‖X‖2, where Ĥ =
1

2
((U∗

pX) + (U∗
pX)∗).

In addition, Ĥ approximates the exact Hermitian polar factor H of X to relative accuracy
ǫ:

(3.40) Ĥ = H + ǫ‖H‖2.

proof. We first consider the square case m = n. Let X̃ = ŨΣ̃Ṽ ∗ be an SVD where

Σ̃ = diag(σ̃i), so that f(X̃) = Ũf(Σ̃)Ṽ ∗. Also let H̃ = Ṽ Σ̃Ṽ ∗ be the Hermitian polar factor

of X̃.
It is known [75, p. 200],[14, p. 215] that the Hermitian polar factor is well-conditioned:

the Hermitian polar factor of A+∆A differs from A by at most
√
2‖∆A‖F in the Frobenius

norm. Hence by f(X̃) = Ŷ + ǫ‖Ŷ ‖2 we must have HŶ = f(H̃) + ǫ‖Ŷ ‖24, where f(H̃) =

Ṽ f(Σ̃)Ṽ ∗ is the exact Hermitian polar factor of f(X̃). Hence we have

Ŷ = UpHŶ = Upf(H̃) + ǫ‖Ŷ ‖2 = UpṼ f(Σ̃)Ṽ ∗ + ǫ‖Ŷ ‖2.

Together with Ŷ = Ũf(Σ̃)Ṽ ∗+ ǫ‖Ŷ ‖2 and ‖Ŷ ‖2 = ‖f(Σ̃)‖2+ ǫ‖Ŷ ‖2 = (1+ ǫ)‖f(Σ̃)‖2 we get

(3.41) Ũf(Σ̃)Ṽ ∗ = UpṼ f(Σ̃)Ṽ ∗ + ǫ‖f(Σ̃)‖2.

Now we right-multiply (3.41) by Ṽ f(Σ̃)−1Σ̃Ṽ ∗ = Ṽ diag(σ̃1/f(σ̃1), . . . , σ̃n/f(σ̃n))Ṽ
∗. In doing

so we note that

‖Ṽ f(Σ̃)−1Σ̃Ṽ ∗‖2 = max
i

σ̃i

f(σ̃i)

≤ max
m≤x≤M

x

f(x)
(because σ̃i ∈ [m,M ])

≤ dM

maxm≤x≤M f(x)
(by (3.38))

≤ dM

maxi f(σ̃i)
=

dmaxi σ̃i

maxi f(σ̃i)
=

d‖X̃‖2
‖f(Σ̃)‖2

.

3The condition (3.38) for the case x = M forces d ≥ 1.
4This ǫ‖Ŷ ‖2 can be magnified by a factor≃ log n (not

√
2n as in a general case) when converting the Frobenius

norm to ths spectral norm [14, p. 321]. We regard low-degree polynomials of n as modest constants, so we
used ǫ log n = ǫ.
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Since in our convention dǫ = ǫ, we therefore get

(3.42) ŨΣ̃Ṽ ∗ = UpṼ Σ̃Ṽ ∗ + ǫ‖X̃‖2.
Left-multiplying (3.42) by U∗

p and using ‖X̃‖2 = (1 + ǫ)‖X‖2, X̃ = ŨΣ̃Ṽ ∗ and H̃ = Ṽ Σ̃Ṽ ∗

we get

(3.43) U∗
p X̃ = H̃ + ǫ‖X‖2.

Therefore we conclude that the backward error of the polar decomposition of X is

X − UpĤ = X − Up ·
1

2
(U∗

pX + (U∗
pX)∗)

=
1

2
(X − UpXUp)

=
1

2
Up(U

∗
pX −XUp)

=
1

2
Up

(
(H̃ + ǫ‖X‖2)− (H̃ + ǫ‖X‖2)∗

)

= ǫ‖X‖2,

where we used (3.43) to get the fourth equality and H̃ = H̃∗ for the last equality. This
proves (3.39).

To get (3.40), first note that since H̃ is the (well-conditioned) Hermitian polar factor

of X̃ = X + ǫ‖X‖2, we must have H = H̃ + ǫ‖X‖2. Combining this with (3.43) and

Ĥ = 1
2
((U∗

pX) + (U∗
pX)∗) we conclude that

Ĥ −H =
1

2
((U∗

pX) + (U∗
pX)∗)−H

=
1

2

(
(H̃ + ǫ‖X‖2) + (H̃ + ǫ‖X‖2)∗

)
− (H̃ + ǫ‖X‖2)

= ǫ‖X‖2 = ǫ‖H‖2.
Finally, consider the rectangular case m > n. In this case we can make the same argument as

above by appending m−n columns of zeros to the right of X, X̃ and Ŷ (e.g., replace X with

[X 0m,m−n]). Note that in this case we havem = σn(X̃) and the exact Hermitian polar factors

H, H̃, f(H), f(H̃) take the form
[

H 0n,m−n

0m−n,n 0m−n,m−n

]
, and Ĥ takes the form

[
Ĥn,n E∗

E 0m−n,m−n

]
.

Here E is an (m−n)-by-n matrix with ‖E‖2 = ǫ‖H‖2, which is an innocuous artifact of the
analysis that does not appear in actual computation that involves no m-by-m matrices. �

The requirement (3.38) on f(x) warrants further remark. The condition ensures that an
initially large singular value σi(X) ≃ ‖X‖2 must stay large in the relative sense through the

mapping f , that is, f(σi(X)) ≃ ‖f(X)‖2. If, on the contrary, d̃ = σi(X)
‖X‖2 ·

‖f(X)‖2
f(σi(X))

≫ 1 for

some i then then the backward error bound (or the ǫ‖X̃‖2 term in (3.42)) increases by a

factor d̃. A qualitative explanation is that if f(σi(X))≪ maxj f(σj(X)) then the accuracy of

the singular vector corresponding to σi(X) is lost by a factor ‖f(X)‖2
f(σi(X))

, because such singular
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vectors are obscured by the presence of the singular vectors corresponding to the singular
values equal (and close) to ‖f(X)‖2.

A simple example illustrates the effect of such “unstable mappings” of singular values.
Let µ = 10−10 and let A = Udiag(1,

√
µ, µ)V T where U, V are randomly generated unitary

matrices. We have the polar factors Up = UV T and H = 1
2
(UT

p A + (UT
p A)

T ). Now let
f(x) be a function that maps f(1) = µ, f(

√
µ) = µ and f(µ) = 1, which is an unstable

mapping because (3.38) holds only for d ≥ 1/µ = 1010. In MATLAB we compute the

SVD f(A) + E = ŨΣ̃Ṽ T where ‖E‖2 = ǫ ≃ 1.1 × 10−16, then form Ũp = Ũ Ṽ T and H̃ =
1
2
(ŨT

p A+(ŨT
p A)

T ). Then we had ‖A− ŨpH̃‖2/‖A‖2 ≃ ‖H−H̃‖2/‖H‖2 ≃ 10−6, which shows
a large backward error due to the unstable mapping. Contrarily, for a stable mapping f(x)
such that f(1) = 1, f(

√
µ) = 10−1 and f(µ) = 0.01 so that (3.38) holds with d = 1, running

the same process for 105 randomly generated U, V and E we always had small backward

errors ‖A− ŨpH̃‖2/‖A‖2 ≃ ‖H − H̃‖2/‖H‖2 ≤ 2.1 · 10−15.
As we shall see below, such an unstable mapping of singular values does not happen in

the QDWH or the scaled Newton iterations (which are backward stable), but does happen
in the unstable algorithm QSNV mentioned in [120]. To illustrate the idea, we show in

Figures 3.4.1, 3.4.2 and 3.4.3 plots of f(x)
maxm≤x≤M f(x)

= f(x)
‖f(x)‖∞ and x

M
for the three methods:

the QDWH iteration (left), the scaled Newton iteration (middle), and the (unstable) QSNV
iteration (right). The plots show the case when κ2(X) = 20 and optimal scaling/weighting

parameters are used. Observe that f(x)
‖f(x)‖∞ lies above x

M
in the left two plots (indicating

(3.38) holds with d = 1), but not in the right plot. In fact, below we see that for QSNV we

have f(x)
‖f(x)‖∞/ x

M
≃ 2/

√
κ2(X) for x ≃M , so (3.38) holds only with d ≥ 1

2

√
κ2(X).
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Figure 3.4.1. QDWH itera-
tion. This is a “stable” map-
ping because (3.38) holds with
d = 1.
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Figure 3.4.2. Scaled Newton
iteration. This is a “stable”
mapping because (3.38) holds
with d = 1.
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Figure 3.4.3. QSNV itera-
tion. This is an “unstable”
mapping because (3.38) holds

only for d & 2/
√
κ2(X).

We also note that although (3.40) shows the computed Hermitian polar factor Ĥ approx-

imates the exact H to working accuracy, Ĥ is not guaranteed to be positive semidefinite.

However, since eigenvalues of Hermitian matrices are well-conditioned (3.40) implies that Ĥ
can be indefinite only if A (and hence H) is ill-conditioned, and the negative eigenvalues (if
any) are of size ǫ‖A‖2 in absolute value.

Now we state the main result of this section.
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Theorem 3.4. Let A be a rectangular matrix. Consider an iteration Xk for k = 0, 1, . . .
for computing its unitary polar factor, expressed (in exact arithmetic) as Xk+1 = fk(Xk) =
Ufk(Σ)V

∗ and X0 = A/α for a positive constant α. Suppose that for k = 0, . . . , the computed

X̂k and the function fk satisfy the two conditions

• X̂k+1 is computed from X̂k in a mixed backward-forward manner, so that

(3.44) X̂k+1 = fk(X̃k) + ǫ‖X̂k+1‖2 where X̃ = X̂k + ǫ‖X̂k‖2.
Here for notational convenience we let X̂0 = X0.
• The function fk(x) satisfies

(3.45)
fk(x)

maxmk≤x≤Mk
fk(x)

≥ x

dMk

on [mk,Mk],

where mk = σmin(X̃k),Mk = σmax(X̃k) and d is a modest constant.

Finally, suppose that mink→∞Xk = Ûp is unitary to working accuracy, hence Û∗
p Ûp =

I + ǫ. Then Ûp is a backward stable unitary polar factor of A, that is,

(3.46) A− ÛpĤ = ǫ‖A‖2,
where Ĥ = 1

2
(Û∗

pA + (Û∗
pA)

∗). In addition, Ĥ is a forward stable Hermitian polar factor of
A:

Ĥ −H = ǫ‖H‖2.

proof. Let X̂j = Up,jHj be the exact polar decomposition for j = 0, 1, . . .. We first

show that for any given k, the unitary polar factor Up,k of X̂k gives a backward stable polar

decomposition for any X̂j for j = 0, . . . , k, that is,

(3.47) X̂j − Up,kĤj = ǫ‖X̂j‖2 and ‖Hj − Ĥj‖2 = ǫ‖Hj‖2 for j = 0, 1, . . . , k,

where Ĥj =
1
2
((U∗

p,kX̂j) + (U∗
p,kX̂j)

∗).
Showing (3.47) for the case j = k is trivial. The case j = k − 1 follows immediately

from using Lemma 3.2 (substituting X̂k−1 into X and X̂k into Ŷ ) and the assumptions
(3.44),(3.45).

Next we consider j = k − 2. Since (3.47) holds for j = k − 1 we have

X̂k−1 = Up,kĤk−1 + ǫ‖X̂k−1‖2 = Up,kHk−1 + ǫ‖X̂k−1‖2.
By the assumption (3.44) for the case k := k − 2 we also have

X̂k−1 = fk−2(X̂k−2 + ǫ‖X̂k−2‖2) + ǫ‖X̂k−1‖2,
so it follows that

Up,kHk−1 = fk−2(X̂k−2 + ǫ‖X̂k−2‖2) + ǫ‖X̂k−1‖2.
Since Up,kHk−1 is a polar decomposition, this means that Up,k is the unitary polar factor of

a perturbed version of fk−2(X̂k−2), satisfying the mixed backward-forward error model as in

(3.37). Hence we can invoke Lemma 3.2 by letting Ŷ := Up,kHk−1 and X := X̂k−2, which
shows (3.47) is satisfied for j = k − 2.
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By repeating the same argument we can prove (3.47) for j = k − 3, k − 4, . . . , 0. In

particular, letting k →∞ and j = 0 in (3.47), together with X̂0 = X0 = A/α, yields

(3.48) A− UpĤ = ǫ‖A‖2, and ‖H − Ĥ‖2 = ǫ‖H‖2,
where Up is the unitary polar factor of Ûp = limk→∞ X̂k and Ĥ = 1

2
(U∗

pA+ (U∗
pA)

∗).

The only gap between (3.48) and (3.46) is that Ûp is not exactly unitary in (3.46). To

prove (3.46), note that Û∗
p Ûp = I + ǫ implies Ûp = Up + ǫ, because the unitary polar factor

Up is the nearest unitary matrix to Ûp. Hence we get

A− Ûp ·
1

2
(Û∗

pA+ (Û∗
pA)

∗)

≤
(
A− Up ·

1

2
(U∗

pA+ (U∗
pA)

∗)

)
+

1

2

(
Up · (U∗

pA+ (U∗
pA)

∗)− Ûp · (Û∗
pA+ (Û∗

pA)
∗)
)

=ǫ‖A‖2 +
1

2

(
Up · (U∗

pA+ (U∗
pA)

∗)− (Up + ǫ) · ((Up + ǫ)∗A+ ((Up + ǫ)∗A)∗)
)

=ǫ‖A‖2,
which is (3.46).

Finally, we use the second equation in (3.47) letting j = 0, k →∞, which, together with

X̂0 = A/α and Ûp = Up + ǫ, yields

Ĥ −H =
1

2
(Û∗

pA+ (Û∗
pA)

∗)−H

≤ 1

2

(
Û∗
pA+ (Û∗

pA)
∗)− (U∗

pA+ (U∗
pA)

∗
)
+

1

2
(U∗

pA+ (U∗
pA)

∗)−H

= ǫ‖A‖2 + (Ĥ −H)

= ǫ‖A‖2 + ǫ‖H‖2 = ǫ‖H‖2.
�

3.4.2. QDWH with row/column pivoting is backward stable. Using Theorem 3.4
we prove that the QDWH algorithm is backward stable, provided that the QR decompositions
are computed with row and column pivoting.

For what follows it helps to note that (in exact arithmetic) the QDWH iteration preserves
the singular vectors while mapping all the singular values to 1 at a (sub)optimal rate, that
is, if X0 = A/α = UΣ0V

∗ is the SVD, then Xk = UΣkV
∗ where Σk = fk−1(Σk−1) =

fk−1(fk−2(. . . f0(Σ0)) where fk(x) maps each singular value by the rational function fk(x) =

xak+bkx
2

1+ckx2 . We have Σk → I as k →∞.

In view of Theorem 3.4, it suffices to prove the two conditions (3.44) and (3.45) are
satisfied throughout the QDWH iterations. We treat these separately.

3.4.2.1. Proving mixed forward-backward stability of QDWH iteration. The goal of this
subsection is to prove the first condition (3.44) is satisfied in QDWH. Here we express a

general QDWH iteration as Y = f(X) where f(x) = xa+bx2

1+cx2 , and we shall show that the

computed value Ŷ satisfies the mixed forward-backward stable error model (3.37). Assume



3.4. BACKWARD STABILITY PROOF 42

without loss of generality that ‖X̂‖2 = 1 (which is necessarily true if α = ‖A‖2 in (3.35)).
Since f(1) = 1 we have ‖Y ‖2 = 1, and hence our goal is to show

(3.49) Ŷ = f(X̂) + ǫ where X̂ = X + ǫ.

We use the following result concerning the row-wise stability of a Householder QR fac-
torization with column/row pivoting.

Theorem 3.5. [74, Sec.19.4] Let Q̂, R̂ be the computed QR factors of A obtained via the
Householder QR algorithm with row and column pivoting. Then

(A+∆A)Π = Q̂R̂,

where Π is a permutation matrix and ‖∆A(i, :)‖2 ≤ dǫ‖A(i, :)‖2 for all i for a modest constant
d ≥ 15. .

We use this theorem to prove (3.49). If the QR factorization of

[ √
cX
I

]
in (3.35) is

computed with column and row pivoting, then by Theorem 3.5 the computed Q̂1, Q̂2, and

R̂ satisfy

(3.50)

([ √
cX
I

]
+∆X

)
Π =

[ √
c(X + ǫ)
I + ǫ1

]
Π =

[
Q̂1

Q̂2

]
R̂,

where we used ‖X‖2 = 1. Here ǫ1 is of order ǫ, but unlike ǫ takes a fixed value in all
appearances. Since Π · Π∗ = I, (3.50) is equivalent to

[ √
c(X + ǫ)
I + ǫ1

]
=

[
Q̂1

Q̂2

]
R̂Π∗.

It follows that

[
Q̂1

Q̂2

]
+

[
ǫ11
ǫ21

]
(ǫ11, ǫ21 account for the loss of orthogonality caused by rounding

error in forming Q̂1 and Q̂2) is the exact orthogonal factor of

[√
c(X + ǫ)
I + ǫ1

]
:=

[√
cX̂

I + ǫ1

]
.

Therefore, the computed product fl(Q̂1Q̂
∗
2) satisfies ([19], proof given in Section 3.4.4) Using

Proposition 3.1 in Section 3.6 we have

(Q̂1 + ǫ11)(Q̂2 + ǫ21)
∗ =
√
cX̂((I + ǫ1)

∗(I + ǫ1) + cX̂∗X̂)−1(I + ǫ1)
∗,

and so
Q̂1Q̂

∗
2 =
√
cX̂((I + ǫ1)

∗(I + ǫ1) + cX̂∗X̂)−1(I + ǫ1)
∗ − Q̂1ǫ

∗
21 − ǫ11Q̂

∗
2,

Since −Q̂1ǫ
∗
21 − ǫ11Q̂

∗
2 = ǫ, accounting for the multiplication rounding error we get

(3.51) fl(Q̂1Q̂
∗
2) =

√
cX̂((I + ǫ1)

∗(I + ǫ1) + cX̂∗X̂)−1(I + ǫ1)
∗ + ǫ.

Therefore we get

Ŷ =
b

c
X +

√
cX̂((I + ǫ1)

∗(I + ǫ1) + cX̂∗X̂)−1(I + ǫ1)
∗ + ǫ,

5d here can be bounded by
√
m(1 +

√
2)n−1, which grows exponentially with n, so d becomes very large for

moderately large m. However experiments show d is usually much smaller in practice.
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where the last term ǫ here includes the rounding error caused by performing the addition
(we used the fact that the norms of both terms in the addition are bounded by 1). Note that

((I + ǫ1)
∗(I + ǫ1) + cX̂∗X̂)−1 =

(
(I + (ǫ1 + ǫ∗1 + ǫ∗1ǫ1)(I + cX̂∗X̂)−1)(I + cX̂∗X̂)

)−1

= (I + cX̂∗X̂)−1(I + (ǫ1 + ǫ∗1 + ǫ∗1ǫ1)(I + cX̂∗X̂)−1)−1.

Note that ‖(I + cX̂∗X̂)−1‖2 ≤ 1 because the singular values of I + cX̂∗X̂ are all larger

than 1. Hence ‖(ǫ1 + ǫ∗1 + ǫ∗1ǫ1)(I + cX̂∗X̂)−1‖2 = ǫ, so the above equation can be written

(I + cX̂∗X̂)−1 + ǫ. Therefore we get

Ŷ =
b

c
X +

(
a− b

c

)
X̂(I + cX̂∗X̂)−1(I + ǫ1) + ǫ.

Since ‖
(
a− b

c

)
X̂(I+ cX̂∗X̂)−1‖2 ≤ 1+ ǫ (which follows from f(x) ≤ 1 and f ′(1) ≤ 1), c ≥ b

(which follows from c = a+ b− 1 and a ≥ 3) and X = X̂ + ǫ, we conclude that

Ŷ =
b

c
X̂ +

(
a− b

c

)
X̂(I + cX̂∗X̂)−1 + ǫ.

Since we have b
c
X̂+

(
a− b

c

)
X̂(I+ cX̂∗X̂)−1 = X̂(aI+ bX̂∗X̂)(I+ cX̂∗X̂)−1, we have proved

that

Ŷ = X̂(aI + bX̂∗X̂)(I + cX̂∗X̂)−1 + ǫ,

which is (3.49). �
3.4.2.2. Proving (3.45). First note that Section 3.6 shows f(x) generally takes one local

maximum and local minimum on [0, 1], and is monotonically increasing on [0,∞), see Figure
3.4.4.

We separately consider the two cases ‖A‖2/α ≥ 1 and ‖A‖2/α < 1. When ‖A‖2/α ≥ 1,
we have ‖Xk‖2 = fk−1(fk−2(. . . f0(‖A‖2/α)) ≥ 1, because f ′(x) ≥ 0 on [0,∞]. Hence (3.45)
is satisfied if

f(x)

x
≥ f(M)

dM
on [0,M ],

where M ≥ 1. This holds with d = 1, because basic algebra shows the function f(x)/x =
a+bx2

1+cx2 is decreasing on [1,∞). Hence QDWH is backward stable in this case.
Next, when ‖A‖2/α < 1, we have ‖Xk‖2 ≥ ‖X0‖2 = ‖A‖2/α for all k ≥ 0. This is

because f(x) ≥ x on [0, 1]. To see this, note that

f(x)− x =
ax+ bx3

1 + cx2
− x =

(a− 1)x+ (b− c)x3

1 + cx2
.

Using b = (a− 1)2/4 and c = a+ b− 1, we have

(a− 1)x+ (b− c)x3 = (a− 1)x+ (1− a)x3 = (a− 1)x(1− x2) ≥ 0.

Using f(x) ≤ 1 on [0, 1] we see that (3.45) is satisfied if

f(x)

x
≥ 1

dM
on [0,M ],
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where M ≥ ‖A‖2/α. Since f(x) ≥ x on [0, 1] this holds for d = 1/M . 1/M ≤ α/‖A‖2 is
modest unless α is a severe overestimate of ‖A‖2. Since we can inexpensively get an upper
bound ‖A‖F ≤

√
n‖A‖2, it follows that QDWH is always backward stable.

Note that the above analysis does not involve ℓ0, suggesting the estimate of σmin(X0)
plays no role on the backward stability of QDWH. Of course, it plays a fundamental role on
the convergence speed.

�

For clarity, Figure 3.4.4 plots the functions y = f(x) and y = x for the case ℓ = 0.1,
which shows a typical behavior of f(x).
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Figure 3.4.4. Plots when ℓ = 0.1. Verify that x ≤ f(x) ≤ 1 on [0, 1].

The results of the two subsection combined with Theorem 3.4 prove that QDWH with
column and row pivoting is backward stable.

Remark: In practice, even without pivoting QDWH exhibits excellent backward sta-
bility. This is the case even when the computed QR decomposition has terrible row-wise
backward stability, as seen in the following example. Let

A =

[
1 1√
2
√
3

]
diag(10−15, 1).

We have κ2(A) ≃ 1.2 × 1016. Letting α = 2, the computed QR decomposition in the first

QDWH iteration

[ √
c0X0

I

]
≃
[
Q̂1

Q̂2

]
R̂ satisfies

‖Q̂1R̂−
√
c0X0‖F/‖

√
c0X0‖F = 2× 10−16,

but the row-wise backward error of the second block is

‖Q̂2R̂− I‖F = 1.3× 10−5.
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Hence the row-wise backward stability of the first QR factorization is terrible. However, the

computed matrices Ûp, Ĥ after 6 QDWH iterations satisfy

‖A− ÛpĤ‖F/‖A‖F = 4.9× 10−16,

so QDWH performed in a backward stable manner.
Whether or not we can prove backward stability of QDWH without pivoting is an open

problem.

3.4.3. Backward stability of other polar decomposition algorithms. The anal-
ysis of Theorem 3.4 is general enough to let us investigate backward stability of other polar
decomposition algorithms. Here we use the theorem to show that the scaled Newton iteration
is backward stable provided that matrix inverses are computed in a mixed backward-forward
stable manner. The backward stability has been studied in [20, 89], and through very com-
plicated analyses [89] proves its backward stability when Higham’s (1,∞)–scaling [73] is
used. [20] derives the backward stability through much simpler arguments, but [88] indi-
cates some incompleteness of the analysis. We believe our proof here is much simpler than
that of both [89] and [20].

We also give an explanation of why QSNV (3.33), which is mathematically equivalent to
the scaled Newton iteration, fails to be backward stable.

3.4.3.1. The scaled Newton iteration is backward stable. As is well known, the scaled
Newton iteration is an effective method for computing the unitary polar factor of a square
nonsingular matrix [75]. The iteration is expressed as

(3.52) Xk+1 =
1

2

(
ζkXk + (ζkXk)

−∗) , X0 = A,

where ζk > 0 is a scaling factor, practical and effective choices of which are Higham’s (1,∞)–
norm scaling [73] and the suboptimal scaling in [20]. Experimentally, it has numerical
backward stability comparable to that of QDWH.

We shall show that we can establish backward stability of the scaled Newton iteration
by using Theorem 3.4, because if inverses are computed in a mixed backward-forward stable
manner then showing the first in Theorem 3.4 is simple, and the second condition follows by
the fact 1

2
(x + x−1) ≥ x, when (nearly) optimal scaling is used. Below we explain these in

more detail.
Proving (3.44). If the computed inverse Ẑ = fl(X−1) is mixed backward-forward stable

then we can write Ẑ = (X + ǫ‖X‖2)−1 + ǫ‖Ẑ‖2 ≡ X̃−1 + ǫ‖Ẑ‖2. Therefore the computed

version Ŷ of Y = 1
2
(ζX + (ζX)−∗) satisfies

Ŷ =
1

2

(
ζX + Ẑ/ζ

)
+ ǫmax{‖ζX‖2, ‖Ẑ/ζ‖2}

=
1

2

(
ζX + (X̃−∗ + ǫ‖Ẑ‖2)/ζ

)
+ ǫmax{‖ζX‖2, ‖Ẑ/ζ‖2}

=
1

2

(
ζ(X̃ + ǫ‖X‖2) + (X̃−∗ + ǫ‖Ẑ‖2)/ζ

)
+ ǫmax{‖ζX‖2, ‖Ẑ/ζ‖2}

=
1

2

(
ζX̃ + (ζX̃)−∗

)
+ ǫmax{‖ζX‖2, ‖Ẑ/ζ‖2}.
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This implies ‖Ŷ ‖2 ≥ 1
2
max{‖ζX̃‖2, ‖X̃−1/ζ‖2} ≃ 1

2
max{‖ζX‖2, ‖Ẑ/ζ‖2}, so we conclude

that Ŷ = 1
2

(
ζX̂ + (ζX̂)−∗

)
+ ǫ‖Ŷ ‖2. Hence the iteration (3.3) is computed in a mixed

backward-forward stable manner.
Proving (3.45). In the above notation, the second condition (3.45) is g(ζx)

maxm≤x≤M g(ζx)
≥

x
cM

on [m,M ], where g(x) = 1
2
(x + x−1), m = σmin(X̂) and M = σmax(X̂). Note that

maxm≤x≤M g(x) = max(g(ζm), g(ζM)), because the function g(ζx) can take its maximum
on a closed positive interval only at the endpoints. Hence we need to show

(3.53)
g(ζx)

max(g(ζm), g(ζM))
≥ x

cM
on [m,M ],

for a modest constant c. We consider the cases g(ζm) ≤ g(ζM) (which happens when
ζ ≥ ζopt, where ζopt is the optimal scaling parameter which satisfies ‖ζoptX‖2 = ‖(ζoptX)−1‖2)
and g(ζm) < g(ζM) separately.

In the first case, the condition (3.53) becomes g(ζx)
g(ζM)

≥ x
cM

on [m,M ]. This is equivalent
to

(3.54)
g(ζx)

ζx
≥ 1

d
· g(ζM)

ζM
on [m,M ].

(3.54) holds with d = 1, because g(ζx)
ζx

= 1
2
(1+ (ζx)−2) is a decreasing function on (0,M ] and

equality holds when x = M .
In the second case, similar arguments show the inequality is equivalent to the condition

g(ζx)
ζx
≥ g(ζm)

cζM
on [m,M ]. At x = M the function g(ζx)

ζx
takes its minimium

g(ζM)

ζM
=

(
g(ζM)

g(ζm)

)
· g(ζm)

ζM
,

so g(ζx)
ζx
≥ g(ζm)

dζM
holds with d = g(m)

g(M)
. Hence backward stability can be lost only if g(M) ≪

g(m), which happens when 1
m
≫ M , which means ζ ≪ ζopt. Since ζ is generally obtained

by estimating ζopt = 1/
√

σmin(X)σmax(X), it follows that backward stability is maintained
unless σmin(X) and/or σmax(X) are severely overestimated. In practice using ‖X‖F ensures
σmax(X) is not overestimated by more than a factor

√
n, so we conclude that the scaled

Newton iteration is backward stable provided that the estimate of σmin(X) is not a terrible
overestimate.

3.4.3.2. The QSNV iteration is not backward stable. We observed in Chapter 3 that
the QSNV algorithm, although mathematically equivalent to scaled Newton iteration, is
not backward stable. We can explain this instability by showing that d in (3.45) must be
extremely large when κ2(A)≫ 1. In the QSNV iteration we have f(x) = 2ηx(1+η2x2)−1. For

simplicity suppose that the optimal scaling factor η = 1/
√

σmin(X)σmax(X) is chosen. (3.45)
at x = σmax(X) becomes ‖f(X)‖2/f(σmax(Xk)) ≤ 1

d
. Since ‖Xk+1‖2 ≤ max0≤x≤∞ f(x) =

1 and f(σmax(Xk)) = f(κ2(X)) . 2/
√

κ2(X), it follows that we need d ≥
√
κ2(X)/2.

Therefore even if the optimal scaling factor is chosen, QSNV violates the second condition
by a large factor for ill-conditioned matrices. We note that the loss of backward stability by a
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factor
√

κ2(A) accurately reflects the backward stability observed in numerical experiments
in Section 3.5.

3.4.4. Proof of (3.51). We first prove the following result, which is basically a copy of
Proposition 1 in [19]:

Proposition 3.1. Suppose B =

[
B1

B2

]
∈ Cm×n has full column rank, where B1 ∈

C(m−n)×n and B2 ∈ Cn×n. Also suppose

B = V

[
R̄
0

]
=

[
V1

V2

]
R̄

is a decomposition such that V ∗V = Im, V1 ∈ C(m−n)×n, V2 ∈ Cn×n and R ∈ Cn×n. Then,

(3.55) V1 = B1(B
∗B)−1/2W, V2 = B2(B

∗B)−1/2W, R̄ = W ∗(B∗B)1/2.

for some unitary matrix W .

Proof. (B∗B)1/2 is nonsingular because B has full column rank, so B has the decom-
position

B = QR =

[
B1(B

∗B)−1/2

B2(B
∗B)−1/2

]
(B∗B)1/2,

where Q ∈ Cm×n has orthonormal columns. By setting B = QR = V

[
R̄
0

]
we have

V ∗Q =

[
R̄R−1

0

]
.

Since V is unitary, we have

(V ∗Q)∗(V ∗Q) = I = (R̄R−1)∗R̄R−1,

so R̄R−1 is also unitary. Hence by letting R̄R−1 = W ∗, we get

B =

[
B1(B

∗B)−1/2

B2(B
∗B)−1/2

]
R

=

[
B1(B

∗B)−1/2W
B2(B

∗B)−1/2W

]
W ∗R =

[
V1

V2

]
R̄,

which is (3.55). �

Now, to prove (3.51), recall that

[
Q̂1

Q̂2

]
+

[
∆1

∆2

]
is the exact orthogonal factor of the QR

factorization of

[√
ckYk

I + Z

]
, where ‖∆1‖2, ‖∆2‖2 ≤ dǫ. Using Proposition 3.1 we have

(Q̂1 +∆1)(Q̂2 +∆2)
∗ =
√
ckYk((I + Z)∗(I + Z) + ckY

∗
k Yk)

−1(I + Z)∗.

Hence

Q̂1Q̂
∗
2 =
√
ckYk((I + Z)∗(I + Z) + ckY

∗
k Yk)

−1(I + Z)∗ − Q̂1∆
∗
2 −∆1Q̂

∗
2,
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from which (3.51) follows by letting ∆′ = −Q̂1∆
∗
2 − ∆1Q̂

∗
2 and observing ‖∆′‖2 ≤ ‖∆2‖ +

‖∆1‖2 ≤ dǫ, and accounting for the multiplication rounding error Z0.

3.5. Numerical examples

This section shows several numerical experiments to demonstrate the numerical behaviors
of the QDWH method. All numerical experiments were performed in MATLAB 7.4.0 and
run on a PC with Intelr CoreTM 2 Duo processor. The machine epsilon is ǫM ≃ 2.2 ×
10−16. The stopping criterion (3.28) is used for the cubically convergent methods, namely,
Halley, Gander, DWH, and QDWH iterations. For the quadratically convergent Newton-
type methods, namely, SN, NV, SNV, and QSNV iterations, the stopping criterion (3.29)
is applied. Since A−1 is computed explicitly in the SN iteration, the estimates of extreme

singular values are α̂ = ‖A‖F and β̂ = 1/‖A−1‖F . Otherwise, we use the estimates α̂ = ‖A‖F
and β̂ as in (3.36).

The accuracy of the computed polar decomposition is tested by the residual norm res =

‖A − ÛĤ‖F/‖A‖F , where Û is the computed polar factor of A and Ĥ is the computed

Hermitian factor given by Ĥ = 1
2
(Û∗A+(Û∗A)∗). Recalling (2.12), we measure the backward

error by the residual norm res = ‖A− ÛĤ‖F/‖A‖F and say the solution is backward stable
if it is smaller than cǫM for a moderate constant c. We note that the analysis in Section 3.4

shows that H − Ĥ, the error in H, is also small if the residual is small and Ûp is numerically
orthogonal.

Example 1. This example shows the effectiveness of the dynamical weighting in terms of
the number of iterations. Let A be 20×20 diagonal matrices such that the diagonal elements
form a geometric series with a11 = 1/κ and ann = 1. The condition numbers of the matrices
A are κ = 10, 102, 105, . . . , 1020. The reason for picking a diagonal matrix is to minimize the
effects of rounding errors. The following data show the iteration counts and residual norms
of three variants of Halley’s method.

κ 10 102 105 1010 1015 1020

Halley (3.8) 5 7 14 24 35 45
iter Gander (3.24) 6 7 9 14 18 24

DWH (3.10) 4 4 5 5 6 6

Halley (3.8) 4.7e-16 5.4e-16 2.4e-16 1.1e-16 1.0e-16 1.1e-16
res Gander (3.24) 7.6e-16 7.5e-16 8.0e-16 7.4e-16 8.0e-16 6.4e-16

DWH (3.10) 4.9e-16 3.8e-16 3.1e-16 5.7e-16 6.6e-16 5.4e-16

From the above table, we see that Gander’s iteration is faster than Halley’s iteration but
still increases substantially with the increase of the condition numbers. The DWH iteration
converges the fastest, all within six steps as predicted in Section 3.2.

Example 2. The purpose of this example is to show that three variants of the Newton
iteration are numerically unstable. Consider the simple 3 × 3 matrix A = UΣV T , where
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Σ = diag{108, 1, 10−8},

U =




sin θ 0 cos θ
0 1 0

− cos θ 0 sin θ


 and V =




sin θ cos θ 0
− cos θ sin θ 0

0 0 1


 , θ = π/3.

The following table shows that three variants of Newton’s iteration, namely, the NV iteration
(3.5), SNV iteration (3.6), and QSNV iteration (3.33), are numerically unstable. The QR-
based implementation in the QSNV iteration improves the backward stability, but it is still
not numerically backward stable to machine precision.

SN NV SNV QSNV DWH QDWH
iter 9 31 9 9 6 6
res 1.1e-16 4.9e-3 5.1e-3 1.1e-9 3.1e-11 3.3e-16

The instability of the SNV method, including QSNV, has been observed in previous studies
[26, 19]. This numerical observation led us to give up QSNV and turn to the study of a
Halley-type iteration. We note that, from the last column of the previous table, the QDWH
method performed in a backward stable manner to machine precision.

Example 3. The purpose of this example is to compare the SN and QDWH meth-
ods on numerical stability and convergence rate. The bidiagonal reduction-based matrix
inversion method is used in the SN method to guarantee the numerical backward stabil-
ity. We construct three groups of 20 × 20 test matrices using the MATLAB function
gallery(′randsvd′, 20, kappa), where the condition number kappa is set to be 102, 108,
and 1015, respectively. The following table shows the minimum and maximum numbers of
iterations and residual norms from 100 test runs.

κ2(A) 102 108 1015

min max min max min max
iter QDWH 4 5 5 5 6 6

SN 6 6 8 8 9 9

res QDWH 4.2e-16 7.8e-16 4.7e-16 8.1e-16 2.8e-16 7.1e-16
SN 4.3e-16 6.5e-16 5.8e-16 9.5e-16 3.4e-16 1.2e-15

We observe that both SN and QDWH methods exhibit excellent numerical stability. The
QDWH method needs about two-thirds as many iterations as the SN method does, as dis-
cussed in Section 3.2. We have also tested many other types of matrices such as extremely
ill-conditioned Hilbert matrices. In all our experiments, the QDWHmethod converged within
six iterations and performed in a backward stable manner.

Example 4. In this example, we examine the sufficiency of the QDWH stopping criterion
(3.28), which is looser than the one used for SN and QSNV. We generated 100 test matrices
as in Example 3, where the condition number kappa is set to be 108. The following table

shows the values ‖Xk −Xk−1‖F , the corresponding residual norms ‖A− ÛĤ‖F/‖A‖F , and
the distance from orthogonality ‖X∗

kXk − I‖F at the iterations k = 4, 5, 6.
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k 4 5 6
min max min max min max

‖Xk −Xk−1‖F 4.2e-2 6.1e-2 1.7e-7 5.1e-7 1.5e-15 2.4e-15
res 6.6e-8 2.2e-7 4.7e-16 8.1e-16 4.8e-16 7.8e-16

‖X∗

kXk − I‖F 3.6e-7 1.0e-6 1.9e-15 3.0e-15 2.0e-15 3.2e-15

As we can see, when the QDWH stops at k = 5 after satisfying the stopping criterion (3.28),
the residual norms and the distance from orthogonality are at the order of 10−15 or smaller.
Therefore, the stopping criterion (3.28) is a reliable and realistic stopping criterion.

Example 5. In this example, we investigate the impact of estimates α̂ and β̂ of α =
σmax(A) and β = σmin(A) on the convergence of the QDWH method. Since ‖A‖F/

√
n ≤

‖A‖2 ≤ ‖A‖F , α̂ = ‖A‖F is a safe and reliable choice (see Remark 2). Let us focus on the

effect of the estimate β̂. Let A ∈ R20×20 be generated by using randsvd as in Example 3
with κ2(A) = 108. The following table shows the number of QDWH iterations and residual

errors for different estimates β̂.

β̂/β 10−9 10−6 10−3 1 103 106 109

iter 6 6 6 5 12 18 24
res 5.8e-16 6.2e-16 7.3e-16 5.8e-16 6.1e-16 8.2e-16 9.3e-16

These results suggest that a severely overestimated β̂ slows down the convergence substan-

tially but that an underestimated β̂ is essentially harmless on the convergence rate and
numerical stability. We further performed many tests for other types of matrices and drew

the same conclusion. Hence, in practice, it is important to make sure that β̂ ≤ σmin(A) if
possible. This observation has led us to use the estimate in (3.36). Why such crude estimates
of σmax(A) and σmin(A) work so well is a topic of future study.

3.6. Solving the max-min problem

The reader can skip this section without loss of continuity.
In this section, we consider an analytic solution of the optimization problem (3.19) and

(3.20). In [121], Nie describes a scheme to reformulate the problem as a standard semidefinite
programming (SDP) problem so that we can solve it by using an SDP software such as
SeDuMi [148].

Let us restate the optimization problem (3.19) and (3.20) as follows:

Let

g(x; a, b) =
x(a+ bx2)

1 + (a+ b− 1)x2
,

where (a, b) ∈ D = {(a, b) | a > 0, b > 0 and a + b > 1}. Let ℓ be a
prescribed constant and 0 < ℓ ≤ 1. Find (a∗, b∗) ∈ D such that

(3.56) 0 < g(x; a∗, b∗) ≤ 1 for ℓ ≤ x ≤ 1,
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and (a∗, b∗) attains the max-min

(3.57) max
(a,b)∈D

{
min
ℓ≤x≤1

g(x; a, b)

}
.

We first consider the case 0 < ℓ < 1 and treat the case ℓ = 1 at the end.

3.6.1. Partition of D. First we note that g(x; a, b) is a continuously differentiable odd
function of x. The first and second partial derivatives of g(x; a, b) with respect to x are

(3.58) ∂xg(x; a, b) =
b(a+ b− 1)x4 − (a(a+ b− 1)− 3b)x2 + a

(1 + (a+ b− 1)x2)2

and

(3.59) ∂xxg(x; a, b) =
2(a− 1)(a+ b)x((a+ b− 1)x2 − 3)

(1 + (a+ b− 1)x2)3
.

The derivative of g(x; a, b) with respect to a is given by

(3.60) ∂ag(x; a, b) =
x(1− x2)(1 + bx2)

(1 + (a+ b− 1)x2)2
.

It is easy to see that g(x; a, b) is a strictly increasing function of a on 0 < x < 1.
By some basic algebra manipulation, we derive the following lemma.

Lemma 3.3. Consider the domain (a, b) ∈ D. If a > Γ ≡ 1
2
(1 − b +

√
1 + 34b+ b2),

then g(x; a, b) has two real positive critical points 0 < xm(a, b) < xM(a, b). If a = Γ, then
g(x; a, b) has one critical point 0 < xm(a, b). If a < Γ, then g(x; a, b) has no real critical
points. Furthermore, xm(a, b) > 1 if and only if 1 < a < 3 and a < b + 2, and xM(a, b) > 1
if and only if 1 < a < 3 or a > b+ 2.

In view of Lemma 3.3, we partition D into the following four domains:

• DI = {(a, b) | a > b+ 2}.
• DII = {(a, b) | Γ ≤ a ≤ b+ 2, b ≥ 1}.
• DIII = {(a, b) | 1− b < a < Γ}.
• DIV = {(a, b) | Γ ≤ a ≤ b+ 2, b < 1}.

These four domains are illustrated by Figure 3.6.1.

3.6.2. Exclusion of DI, DIII, and DIV. We show that domains DI, DIII, and DIV can
be immediately excluded for further considerations since, when (a, b) are in these domains,
either the condition (3.56) is violated or there is no maximum value satisfying (3.57).

When (a, b) ∈ DI, g(x; a, b) has the critical points xm(a, b) < 1 and xM(a, b) > 1. By
(3.58), we have ∂xg(1; a, b) < 0. Noting that g(1; a, b) = 1, there must be an x such that
ℓ < x ≤ 1 and g(x; a, b) > 1. This violates the constraint (3.56). Hence, domain DI is
excluded from further consideration.

When (a, b) ∈ DIII, g(x; a, b) has no critical point. By (3.58), we have ∂xg(x; a, b) >
0 for x ∈ [0, 1], so g(x; a, b) is strictly increasing on [0, 1]. In addition, g(0; a, b) = 0,
and g(1; a, b) = 1. The condition (3.56) is satisfied. However, it follows from (3.60) that
h(a, b) = minℓ≤x≤1 g(x; a, b) is a strictly increasing function of a. Since DIII is right-end open



3.6. SOLVING THE MAX-MIN PROBLEM 52

0 1 2 3 4
0

1

2

3

I

a

IV

a = 1
2 (1 − b +

√
1 + 34b + b2)

II

III

b

a = 1 − b

a = b + 2

Figure 3.6.1. Partition of domain D.

with respect to a, i.e., the boundary curve a = Γ is not included, h(a, b) will not have a
maximum on DIII.

6 Hence the domain DIII can be removed from consideration.
Finally, when (a, b) ∈ DIV, the critical points xm(a, b), xM(a, b) > 1. Similar to the discus-

sion of domain DIII, we can show that ∂xg(x; a, b) > 0 on x ∈ [0, 1] and that g(0; a, b) = 0 and
g(1; a, b) = 1. Hence, the condition (3.56) is satisfied. By (3.60), h(a, b) = minl≤x≤1 g(x; a, b)
is a strictly increasing function of a. Since DIV includes the boundary line a = b + 2,
h(a, b) has the maximum (with respect to a) only on the boundary line a = b + 2. On the
boundary line, g(x; b + 2, b) is an increasing function of b since ∂bg(x; b + 2, b) > 0. Hence,
H(b) = minℓ≤x≤1 g(x; b + 2, b) is a strictly increasing function of b. However, DIV does not
include the point (a, b) = (3, 1); therefore, H(b) has no maximum. Consequently, domain
DIV can be removed from consideration.

3.6.3. Searching on domain DII. Let us focus on domain DII. When (a, b) ∈ DII, the
critical points satisfy xm(a, b), xM(a, b) ≤ 1. (We define xM(a, b) = xm(a, b) when a = Γ.)
By (3.59), we have ∂xxg(x; a, b) ≤ 0 at x = xm(a, b) and ∂xxg(x; a, b) ≥ 0 at x = xM(a, b),
where both equalities hold only when a = Γ. Therefore, we have the following lemma.

Lemma 3.4. When (a, b) ∈ DII and a > Γ, g(x; a, b) has the local maximum at xm(a, b)
and the local minimum at xM(a, b). When (a, b) ∈ DII and a = Γ, g(x; a, b) is monotonically
increasing on [0, 1].

3.6.3.1. Further partition of DII. To find the subregion D0
II of DII in which (3.56) is

satisfied, let us further divide domain DII into two subdomains:

• Da
II = {(a, b) | (a, b) ∈ DII and xm(a, b) < ℓ}.

• Db
II = {(a, b) | (a, b) ∈ DII and xm(a, b) ≥ ℓ}.

6Here we are using a basic result from calculus that says a strictly increasing function f(x) has no maximum
value on a right-open interval.
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When (a, b) ∈ Da
II, by Lemma 3.4, we know that g(x; a, b) does not have a local maximum

on [ℓ, 1]. Since a differentiable function on a closed interval takes its maximum at either the
endpoints or the local maximum, we have maxℓ≤x≤1 g(x; a, b) = max{g(ℓ; a, b), g(1; a, b)}.
Noting that g(1; a, b) = 1, we have the following lemma.

Lemma 3.5. For (a, b) ∈ Da
II, g(ℓ; a, b) ≤ 1 is the necessary and sufficient condition to

meet (3.56).

We now show that the condition g(ℓ; a, b) ≤ 1 is violated for (a, b) in a subset of Da
II.

Consider the case g(ℓ; a, b) = 1. It implies that a = bℓ + 1 + 1/ℓ ≡ a1(b). Let us further
partition Da

II into two subdomains:

• Da,1
II = {(a, b) | (a, b) ∈ Da

II and a ≤ a1(b)}.
• Da,2

II = {(a, b) | (a, b) ∈ Da
II and a > a1(b)}.

When (a, b) ∈ Da,1
II , by (3.60), g(ℓ; a, b) is a strictly increasing function of a. Since

g(ℓ; a1(b), b) = 1, it follows that, for any ∆a ≥ 0, we have g(ℓ; a1(b) − ∆a, b) ≤ 1. Using
Lemma 3.5 and noting that any point in Da,1

II can be written as (a1(b) − ∆a, b) for some

∆a ≥ 0, it follows that, for (a, b) ∈ Da,1
II , the condition (3.56) is met.

When (a, b) ∈ Da,2
II , we have g(ℓ; a, b) > 1, and so (3.56) is violated since g(ℓ; a1(b) +

∆a, b) > 1 for any ∆a > 0. Therefore, Da,2
II is excluded from further consideration.

Next consider (a, b) ∈ Db
II. By Lemma 3.4, g(x; a, b) is increasing on [ℓ, xm(a, b)], de-

creasing on [xm(a, b), xM(a, b)], and increasing on [xM(a, b), 1]. Therefore, it follows that
maxℓ≤x≤1 g(x(a, b); a, b) = max{g(xm(a, b); a, b), g(1; a, b)}. Noting that g(1; a, b) = 1, we
have the following result.

Lemma 3.6. For (a, b) ∈ Db
II, g(xm(a, b); a, b) ≤ 1 is the necessary and sufficient condition

to meet (3.56).

We show that the condition g(xm(a, b); a, b) ≤ 1 is violated for (a, b) in a subset of Db
II.

Consider the case g(xm(a, b); a, b) = 1, which implies a = 2
√
b+ 1 ≡ a2(b), which we get by

solving g(xm(a, b); a, b) = 1 and ∂xg(xm(a, b); a, b) = 0 for a. Let us first partition Db
II into

two subdomains:

• Db,1
II = {(a, b) | (a, b) ∈ Db

II and a ≤ a2(b)}.
• Db,2

II = {(a, b) | (a, b) ∈ Db
II and a > a2(b)}.

By the same argument as the one we used to exclude domain Da,2
II , we can show that

(3.56) is satisfied when (a, b) ∈ Db,1
II and is violated when (a, b) ∈ Db,2

II . Therefore, Db,2
II is

excluded.
3.6.3.2. Characterization of D0

II
. By the above arguments we conclude that, only when

(a, b) ∈ D0
II = Da,1

II

⋃Db,1
II , the condition (3.56) is satisfied. We next identify the boundary

of D0
II. We first note that the line a = b + 2 cannot be the boundary of D0

II since on the
line, ∂xg(1; b + 2, b) = 0 and ∂xxg(1; b + 2, b) > 0, there exists x such that ℓ < x ≤ 1 and
g(x; a, b) > 1, which violates the the condition (3.56). Consequently, the boundary of D0

II

consists of the following:

• a = Γ and
• a = a1(b) and xm(a, b) < ℓ or
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Figure 3.6.2. Shaded region is D0
II for ℓ = 0.4.

• a = a2(b) and xm(a, b) ≥ ℓ.

Basic algebra shows that a1(b) > Γ and a2(b) > Γ on b ≥ 1, so a = Γ is the left-side boundary
of D0

II. To determine the right-side boundary, we note that a1(b) is the tangent line of the

curve a2(b) at (â, b̂) ≡ (2+ℓ
ℓ
, 1
ℓ2
). This also means that xm(â, b̂) = ℓ. Furthermore, through

basic algebra manipulation, we can verify that

(i) d
db
xm(a1(b), b) < 0 on b > 1/ℓ2,

(ii) d
db
xm(a2(b), b) < 0 on b ≥ 1.

From the above facts, we conclude that the right-side boundary with respect to a of D0
II is

a = a2(b) for 1 ≤ b ≤ b̂ and a = a1(b) for b̂ > b. Using (3.60), we see that any point on the
left of this boundary satisfies (3.56), so we conclude that

(3.61) D0
II = {(a, b) | (Γ ≤ a ≤ a2(b) and 1 ≤ b ≤ b̂) and (Γ ≤ a ≤ a1(b) and b > b̂)}.

The shaded region in Figure 3.6.2 illustrates the region D0
II for the case ℓ = 0.4.

3.6.3.3. Optimal solution on boundary of D0

II
. Now we need to consider only the region

D0
II, defined in (3.61). Recall that h(a, b) = minℓ≤x≤1 g(x; a, b) is a strictly increasing func-

tion of a. Hence, for a fixed b, h(a, b) can be maximized at only the right-side boundary.
Therefore, the optimal solution will occur on the right-side boundary of D0

II, i.e., on the

curve a = a2(b) for b ∈ [1, b̂] or the line a = a1(b) for b ∈ (̂b,∞).

In fact, the line a = a1(b) for b ∈ (̂b,∞) is removed from consideration. This is because
∂bg(x; a1(b), b) < 0 on ℓ < x < 1 and minℓ≤x≤1 g (x; a1(b), b) is a strictly decreasing function

of b and does not reach its maximum on the left-open interval b ∈ (̂b,∞).

Now let us consider the curve a = a2(b) for b ∈ [1, b̂]. Rewriting a = a2(b) = 2
√
b + 1 as

a function of a, we have

(3.62) b2(a) = (a− 1)2/4, 3 ≤ a ≤ â.
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By Lemma 3.4 and the fact that xm(a, b) ≥ ℓ on the curve a = a2(b), we know that
g(x; a, b2(a)) is increasing on x ∈ [ℓ, xm(a, b)], decreasing on x ∈ [xm(a, b), xM(a, b)], and
increasing again on x ∈ [xM(a, b), 1]. It follows that

(3.63) min
ℓ≤x≤1

g(x; a, b2(a)) = min{s1(a), s2(a)},

where

s1(a) ≡ g(ℓ; a, b2(a)) =
ℓ(4a+ (a− 1)2ℓ2)

4 + (a+ 3)(a− 1)ℓ2
,

s2(a) ≡ g(xM(a, b); a, b2(a)) =
4a3/2

(a+ 3)
√
(a+ 3)(a− 1)

.

The following lemma is readily verified.

Lemma 3.7. s1(a) is increasing and s2(a) is decreasing on a ∈ [3, â]. Furthermore,
s1(3) ≤ s2(3), and s1(â) ≥ s2(â).

Lemma 3.7 implies that there exists a∗ ∈ [3, â] such that

(3.64) s1(a∗) = s2(a∗).

Solving (3.64) for a∗ yields a∗ = h(ℓ), where h(ℓ) is as defined in (3.22). Note that Lemma
3.7 also implies that minℓ≤x≤1 g(x; a, b2(a)) is increasing on a ∈ [3, a∗] and decreasing on
a ∈ [a∗, â] with respect to a. Therefore, minℓ≤x≤1 g(x; a, b2(a)) is maximized at a = a∗.

By (3.62), the optimal value of b is given by b∗ =
1
4
(a∗− 1)2. (a∗, b∗) attains the max-min

in (3.57), and the value is given by

g(ℓ; a∗, b∗) = max
a,b∈D
{ min
ℓ≤x≤1

g(x; a, b)} = ℓ(a∗ + b∗ℓ
2)

1 + (a∗ + b∗ − 1)ℓ2
.

The max-min value g(ℓ; a∗, b∗) is used to update ℓ in (3.23). Finally, we note that if ℓ = 1,
the solution gives a∗ = 3 and b∗ = 1. In this case, the DWH iteration (3.10) and the Halley
iteration (3.8) coincide.

3.6.4. Proofs of d
db
xm(a1(b), b) < 0 on b ≥ 1 and d

db
xm(a2(b), b) < 0 on b ≥ 1. First

we prove d
db
xm(a1(b), b) < 0 on b ≥ 1, which is easier. Solving ∂xg(x; a2(b), b) = 0 for x yields

x = 1√
b
,
√

1+2
√
b

2
√
b+b

. Since xm(a2(b), b) ≤ xM(a2(b), b) it follows that xm(a2(b), b) =
1√
b
, hence

d
db
xm(a2(b), b) < 0.

We next prove d
db
xm(a2(b), b) < 0 on b ≥ 1. Solving ∂xg(x; a2(b), b) = 0 for x yields

xm(a1(b), b) =
4β√

2bℓ(1 + bℓ(1 + ℓ))t(b, ℓ)
,

where α = 1+ℓ+bℓ+bℓ3+b2ℓ3+b2ℓ4, β = bℓ2
(
1 + ℓ + bℓ2

)
(1+bℓ(1+ℓ)) and t(b, ℓ) = α−

√
α2 − 4β.

Note that

α2 − 4β = (1 + ℓ)(1 + bℓ)
(
1 + bℓ2

) (
1 + ℓ + bℓ− 6bℓ2 + bℓ3 + b2ℓ3 + b2ℓ4

)
> 0,
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because

1 + ℓ + bℓ− 6bℓ2 + bℓ3 + b2ℓ3 + b2ℓ4

=ℓ3(1 + ℓ)b2 + ℓ(1− 6ℓ + ℓ2)b + ℓ + 1

=ℓ3(1 + ℓ)

(
b +

(1− 6ℓ + ℓ2)

2ℓ2(1 + ℓ)

)2

− (1− 6ℓ + ℓ2)2

4ℓ(1 + ℓ)
+ ℓ + 1

>ℓ3(1 + ℓ)

(
1

ℓ2
+

(1− 6ℓ + ℓ2)

2ℓ2(1 + ℓ)

)2

− (1− 6ℓ + ℓ2)2

4ℓ(1 + ℓ)
+ ℓ + 1

=2(ℓ− 2 + 1/ℓ) = 2(
√
ℓ− 1/

√
ℓ)2 > 0,

where we used b >
1

ℓ2
,

(1− 6ℓ + ℓ2)

2ℓ2(1 + ℓ)
≥ 1

ℓ2
to get the first inequality and 0 < ℓ < 1 to get the last.

Therefore,

d

db
xm(a1(b), b)

=
−2
√

2ℓ
(
1 + ℓ + bℓ2

)
(t1 + t2 + t3)(

α−
√
α2 − 4β

)2 ,

where

t1 = ℓ + ℓ3 + 2bℓ3 + 2bℓ4,

t2 = ℓ2(1 + ℓ + bℓ + bℓ3 + b2ℓ3 + b2ℓ4 +
√
α2 − 4β),

t3 =
ℓ(1 + ℓ)√
α2 − 4β

(
1 + (−2 + b)ℓ + (1− 3b)ℓ2 + 3(−1 + b)bℓ3 +

(
b− 6b2

)
ℓ4 + b2(3 + 2b)ℓ5 + 2b3ℓ6

)
.

Since t1 and t2 are clearly positive, it follows that to prove d
dbxm(a1(b), b) < 0 it suffices to show

t3 > 0, that is,

1 + (−2 + b)ℓ + (1− 3b)ℓ2 + 3(−1 + b)bℓ3 +
(
b− 6b2

)
ℓ4 + b2(3 + 2b)ℓ5 + 2b3ℓ6 > 0.

We can show this by using 0 < ℓ < 1 and b > 1
ℓ2

as follows.

1 + (−2 + b)ℓ + (1− 3b)ℓ2 + 3(−1 + b)bℓ3 +
(
b− 6b2

)
ℓ4 + b2(3 + 2b)ℓ5 + 2b3ℓ6

>(1− 2ℓ + ℓ2) + bℓ− 3bℓ2 − 3bℓ3 + 5b2ℓ3 + bℓ4 − 4b2ℓ4 + 3b2ℓ5

>(1− ℓ)2 + 3b(bℓ2 − 1)ℓ3 + 4(1− ℓ)b2ℓ3 + bℓ(1 + ℓ3 − 3ℓ + bℓ2)

>(1− ℓ)2 + 4(1− ℓ)b2ℓ3 + bℓ(1− ℓ)2(2 + ℓ) > 0. �

3.7. Application in molecular dynamics simulations

The power of recent supercomputers has enabled Molecular dynamcis (MD) simulations
of order nanoseconds with O(103) atoms. At each time step of the MD simulation, one needs
to compute an approximate electronic ground state by solving the Kohn-Sham equation
with relatively high accuracy [42]. Solving the Kohn-Sham equation is often done by the
Self-Consistent Field (SCF) iterations (e.g., [108]).

Here we discuss a strategy for obtaining a trial wavefunction via an extrapolation scheme
for accelerating the SCF convergence in the MD simulation, first introduced in [4]. Such
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obtained trial wavefunctions often speed up the SCF convergence, thereby significantly en-
hancing the computational speed. Here, the process called subspace alignment must be per-
formed before the extrapolation can be applied. The conventional method for both processes
involves computing a matrix inverse, which is a potential source of numerical instability, and
also computationally demanding because pivoting, which is often required when computing
matrix inverses, causes high communication cost, which has exceeded arithmetic cost by
orders of magnitude [61, 9, 138].

In MD simulation, at each time step t we solve the Kohn-Sham equation

(3.65) H(ρ(Φ(t)), t)Φ(t) = Φ(t)Λ(t),

where H(ρ, t) ∈ CN×N is the discretized Hamiltonian using plane-wave discretization, Φ(t) is
N -by-m (N ≫ m, N is the number of basis functions and m is the number of electrons)and
represents the wavefunction at time step t, and ρ(Φ) = diag(

∑
i fiφiφ

∗
i ) is the charge density,

where fi is a certain weight function.
The KS equation (3.65) is a nonlinear eigenvalue problem in which the source of non-

linearity is in the eigenvector dependency of the Hamiltonian, and we are interested in
computing the m smallest eigenpairs. One common method for solving (3.65) is by means
of the Self-Consistent Field (SCF) iterations, in which we first fix the Hamiltonian H(ρin, t),
compute the linear eigenvalue problem

H(ρ, t)Φ = ΦΛ(t),

and then compare ρin and ρout = diag(
∑m

i=0 fiφiφ
∗
i ), where Φ = [φ1 φ2 . . . φm].

Suppose we have computed Φ(t) and Φ(t− 1), the electronic ground state wavefunctions
at the current and previous time steps, respectively. The simplest choice of trial wavefunction

Φ̂ for the next time step Φ(t+ 1) is to use Φ(t). To get a better trial wavefunction, in [4] a

linear extrapolation technique is proposed, which computes Φ̂ by

(3.66) Φ̂ = 2Φ(t)− Φ(t− 1).

However, a direct application of (3.66) does not work because Φ(t) is frequently a discon-
tinuous function of t, for the following three possible reasons. First, if there exist multiple
eigenvalues in the Kohn-Sham equation, arbitrary rotations may be formed in the wave-
functions corresponding to those states. Second, one might be computing only the subspace
spanned by the eigenvectors rather than the each eigenvector in the Kohn-Sham energy min-
imization, since the Kohn-Sham energy is unitarily invariant, i.e., E(Φ) = E(ΦQ) for any
unitary matrix Q. Finally, Φ(t) becomes discontinuous also when Kohn-Sham eigenstates
cross the Fermi level [4].

To overcome this difficulty, one needs to apply a unitary transformation (such as “rota-
tion”) U to bring back Φ(t) to the same “manifold” as Φ(t− 1). We do this by solving the
orthogonal Procrustes problem

(3.67) min
UHU=I

‖Φ(t− 1)− Φ(t)U‖F .

The solution U to this problem is known to be the unitary polar factor of the matrix
Φ(t)TΦ(t− 1).
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After solving (3.67), we perform the linear extrapolation

(3.68) Φ̂ = 2Φ(t)U − Φ(t− 1).

In this way, the the subspaces span{Φ(t−1)} and span{Φ(t)} are “aligned”. The process
is called subspace-alignment [4].
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CHAPTER 4

Efficient, communication minimizing algorithm for the symmetric
eigenvalue problem

In this chapter, we propose a new algorithm QDWH-eig for computing
the symmetric eigenvalue decomposition. QDWH-eig minimizes commu-
nication in the asymptotic sense while simultaneously having arithmetic
operation costs within a factor 3 of that for the most efficient existing algo-
rithms. The essential cost for each of the two algorithms is in performing
QR decompositions, of which we require no more than 6 for matrices of the
original size. We establish backward stability of the algorithms under mild
assumptions. Compared with similar known communication-minimizing al-
gorithms based on spectral divide-and-conquer, QDWH-eig is highly prefer-
able in terms of both speed and stability. In our preliminary numerical ex-
periments using a sequential machine with 4 cores, QDWH-eig required the
same order of runtime as the best available standard algorithms. Their per-
formance is expected to improve substantially on highly parallel computing
architectures where communication dominates arithmetic.

Introduction. Our focus in this chapter is to devise an algorithm for the symmetric
eigendecomposition that minimize both communication (asymptotically, that is, in the big-
Oh sense) and arithmetic (up to a small constant factor compared with the best available
algorithm, < 3 in our algorithm).

Some recent progress has been made towards devising communication-minimizing algo-
rithms for the symmetric eigendecomposition and the singular value decomposition. Ballard,
Demmel and Dumitriu [8] propose a family of spectral divide-and-conquer algorithms, which
we call BDD, that are applicable to eigenproblems and the SVD. BDD requires only QR
decompositions and matrix multiplications, so it minimizes communication, both bandwidth
and latency costs, on two-level sequential machines and parallel machines (up to polylog
factors). It is argued in [8] that BDD converges in at most about − log2 ǫ = 53 iterations,
so the overall algorithm minimizes communication in the asymptotic, big-Ω sense. However,
BDD generally needs significantly more arithmetic than conventional algorithms, and it loses
backward stability when an eigenvalue exists close to a splitting point. See Sections 4.1.4,
4.1.5 and 5.1.4 for details.

As discussed in Chapter 2, conventional algorithms for the symmetric eigenproblem and
the SVD initially reduce the matrix to condensed form (tridiagonal or bidiagonal), after
which specialized and efficient algorithms are used to complete the decomposition. Such
algorithms minimize arithmetic costs, at least up to a small constant. However, unfortunately
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there is no known way of performing the initial reduction with minimal communication. An
implementation that minimizes the bandwidth cost is given in [9], but it does not minimize
the latency cost.

In this chapter we derive a new algorithm QDWH-eig for computing the symmetric
eigendecomposition that asymptotically minimize communication while at the same time
minimizing arithmetic cost up to small (< 3 for the eigenproblem and < 2 for the SVD)
constant factors. Ours is the first algorithm to attain both minimization properties. In
addition, we prove that the algoritm is backward stable. The assumption we make to prove
the backward stability of QDWH-eig is that the polar decompositions computed by QDWH
are backward stable.

The tool underlying QDWH-eig is the QDWH algorithm for the polar decomposition,
proposed in the previous chapter. The key fact is that the positive and negative invariant
subspaces of a Hermitian matrix can be efficiently computed via the unitary polar factor.
This observation leads to our spectral divide-and-conquer algorithm QDWH-eig. For a Her-
mitian matrix A ∈ Cn×n, the dominant cost of QDWH-eig is in performing six or fewer QR
decompositions of 2n-by-n matrices. QDWH-eig generally converges in much fewer iterations
than BDD and other spectral divide-and-conquer algorithms proposed in the literature.

We note that by requiring smaller number of iterations QDWH-eig also reduces com-
munication cost, so it is cheaper than BDD also in communication, although in the big-Ω
argument this effect is absorbed as a constant.

We perform numerical experiments with QDWH-eig on a sequential machine using a
small number of processors, and employing the conventional LAPACK-implemented QR de-
composition algorithm that does not minimize communication. Even under such conditions,
the performance of QDWH-eig is comparable to that of the standard algorithms in terms of
both speed and backward stability. On massively parallel computing architectures we expect
the communication-optimality of QDWH-eig will improve the performance significantly.

This chapter is organized as follows. In Section 4.1 we develop the algorithm QDWH-
eig. We then establish its backward stability in Section 4.1.4. In Section 4.1.5 we compare
QDWH-eig with other algorithms for symmetric eigenproblems. Section 4.2 addresses prac-
tical implementation issues and techniques to further enhance the efficiency. Numerical
experiments are shown in Section 4.3.

We develop algorithms for complex matrices A ∈ Cm×n, but note that if A is real then
all the operations can be carried out by using only real arithmetic.

4.1. Algorithm QDWH-eig

Throughout the section A denotes a symmetric (or Hermitian) matrix. For simplicity we
always call the eigendecomposition A = V ΛV ∗ the symmetric eigendecomposition, whether
A is real symmetric or complex Hermitian. This section develops QDWH-eig, our QR-based
symmetric eigendecomposition algorithm. QDWH-eig is based on a spectral divide-and-
conquer idea, which is to compute invariant subspaces corresponding to eigenvalues lying in
certain intervals.

4.1.1. Computing invariant subspace via the polar decomposition. The goal
here is to compute an invariant subspace of A corresponding to the positive (or negative)
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eigenvalues. Suppose that A has eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λk > 0 > λk+1 ≥ · · · ≥
λn (for simplicity we assume A is nonsingular; the singular case is discussed in Section
4.2.3). The first step is to realize the connection between the polar decomposition and the
eigendecomposition of symmetric matrices. Let A = UpH be the polar decomposition and let

A = [V1 V2]

[
Λ+

Λ−

]
[V1 V2]

∗ be an eigendecomposition where diag(Λ+) = {λ1, . . . , λk} are

the positive eigenvalues. Then, Up and V are related by Up = [V1 V2]

[
Ik
−In−k

]
[V1 V2]

∗,

because

(4.1) UpH =

(
[V1 V2]

[
Ik
−In−k

]
[V1 V2]

∗
)
·
(
[V1 V2]

[
Λ+

|Λ−|

]
[V1 V2]

∗
)
.

An alternative way to understand (4.1) is to note that the polar decomposition A = UpH
and matrix sign decomposition [75, Ch. 5] A = (A(A2)−1/2) · (A2)1/2 are equivalent when A
is symmetric. We prefer to regard (4.1) as a polar decomposition because, as we shall see, it
lets us derive an SVD algorithm in a unified fashion.

Suppose we have computed Up in (4.1) using the QDWH algorithm. Note that

Up + I = [V1 V2]

[
Ik 0
0 −In−k

]
[V1 V2]

∗ + I = [V1 V2]

[
2Ik 0
0 0

]
[V1 V2]

∗,

so the symmetric matrix C = 1
2
(Up + I) = V1V

∗
1 is an orthogonal projector onto span(V1),

which is the invariant subspace that we want. Hence we can compute span(V1) by computing
an orthogonal basis for the column space of C. One way of doing this is to perform QR with
pivoting, as is suggested in [170, 171]. However, pivoting is expensive in communication
cost.

We advocate using subspace iteration [127, Ch. 14] with r = round(‖C‖2F ) vectors (since
the eigenvalues of C are either 0 or 1, in exact arithmetic r is the precise rank of C). Subspace
iteration converges with the convergence factor |λr+1|/|λk| for the kth eigenvalue [145], so
λr = 1 and λr+1 = 0 means a single iteration of subspace iteration yields the desired subspace
span(V1). In practice sometimes more than one iteration is needed for subspace iteration

with Ĉ to converge, and we terminate subspace iteration and accept the computed matrices

V̂1 and its orthogonal complement V̂2 (which we get as the orthogonal complement of V̂1 via
accumulating the Householder reflectors) once the conditions

(4.2) ĈV̂1 = V̂1 + ǫ and ĈV̂2 = ǫ

are satisfied. Recall that ǫ denotes a matrix (or scalar) of order machine epsilon, whose
values differ in different appearances. We provide more details of a practical implementation
of subspace iteration in Section 4.2.2.

We then have a matrix V̂ = [V̂1 V̂2] such that V̂ ∗AV̂ =
[
A1 E∗

E A2

]
. E is the backward error

of the spectral divide-and-conquer, which is acceptable if ‖E‖2/‖A‖2 = ǫ.

4.1.2. Algorithm. The entire eigendecomposition can be computed by repeatedly ap-
plying the spectral divide-and-conquer algorithm on the submatrices V ∗

1 AV1 and V ∗
2 AV2.

Algorithm 2 gives a pseudocode for QDWH-eig.
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Algorithm 2 QDWH-eig: computes an eigendecomposition of a symmetric (Hermitian)
matrix A

1: Choose σ, estimate of the median of eig(A)
2: Compute polar factor Up of A− σI = UpH by the QDWH algorithm
3: Compute V1 ∈ Cn×k such that 1

2
(Up + I) = V1V

∗
1 via subspace iteration, then form a

unitary matrix V = [V1 V2]
4: Compute A1 = V ∗

1 AV1 and A2 = V ∗
2 AV2

5: Repeat steps 1–4 with A := A1, A2 until A is diagonalized

Algorithm 2 introduces a shift σ, designed to make A − σI have similar numbers of
positive and negative eigenvalues so that the sizes of A1 and A2 are about the same. σ is

the splitting point that separate the subspaces V̂1 and V̂2. To keep the exposition simple, we
defer the discussion of practical implementation issues such as the choice of σ to Section 4.2.

We note that, as mentioned in [8], spectral divide-and-conquer type algorithms such as
QDWH-eig for symmetric eigendecompositions deal effectively with multiple (or clusters of)
eigenvalues. This is because if a diagonal block Aj has all its eigenvalues lying in [λ0−ǫ, λ0+ǫ],
then Aj must be nearly diagonal, Aj = λ0I + ǫ. Upon detecting such a submatrix Aj, in
QDWH-eig we stop performing spectral divide-and-conquer on Aj and return the value of
the (nearly) multiple eigenvalue λ0, its multiplicity, along with its corresponding invariant
subspace Vj which is orthogonal to working accuracy.

4.1.3. Communication/arithmetic cost. As we saw above, QDWH-eig uses the same
computational kernels as the eigendecomposition algorithm BDD in [8], namely QR de-
compositions and matrix multiplications. Hence, just like BDD, QDWH-eig asymptotically
minimizes communication, both bandwidth and latency costs.

As for arithmetic cost, assuming that a good splitting point σ is always taken (this
assumption is nontrivial but outside the scope of this dissertation), one spectral divide-and-
conquer results in two submatrices of size ≃ n/2. Since the arithmetic cost scales cubically
with the matrix size, the overall arithmetic cost is approximately

∑∞
i=0(2

−i)3β = 8
7
β flops

along the critical path (noting that further divide-and-conquer of A1, A2 can be done in
parallel), where β is the number of flops needed for one run of spectral divide-and-conquer
for a n-by-n matrix. In Section 4.2.5 we examine the flop counts in detail and we show that
8
7
β = 26n3.

4.1.4. Backward stability proof. Here we establish the backward stability of QDWH-
eig. For notational simplicity we let A← A− σI, so that A has both negative and positive
eigenvalues.

We prove that QDWH-eig is backward stable, provided that the polar decomposition
A = UpH computed at step 2 of QDWH-eig is backward stable. Specifically, our assumption

is that the computed factors Ûp, Ĥ satisfy

(4.3) A = ÛpĤ + ǫ‖A‖2, Û∗
p Ûp − I = ǫ.



4.1. QDWH-EIG 63

Theorem 4.1. Suppose that the polar decompositions computed by QDWH within QDWH-
eig are backward stable so that (4.3) holds. Then QDWH-eig computes the symmetric eigen-
decomposition in a backward stable manner.

proof. It suffices to prove that one recursion of steps 1-4 of Algorithm 2 computes
an invariant subspace of A in a backward stable manner, that is, ‖E‖2 = ǫ‖A‖2 where E

contains the off-diagonal blocks of V̂ ∗AV̂ . We note that V̂ ∗V̂ = I + ǫ, because V̂ = [V̂1 V̂2]
computed by the Householder QR decomposition is always unitary to working accuracy [56].

Together with the subspace iteration stopping criterion (4.2) and Ĉ = 1
2
(Ûp + I) we have

1

2
(Ûp + I)[V̂1 V̂2] = [V̂1 0] + ǫ,

so right-multiplying 2V̂ ∗ we get

Ûp = 2[V̂1 0][V̂1 V̂2]
∗ − I + ǫ

= [V̂1 − V̂2][V̂1 V̂2]
∗ + ǫ

= V̂

[
Ik
−In−k

]
V̂ ∗ + ǫ.(4.4)

Using (4.3) and (4.4) we get

A =

(
V̂

[
Ik
−In−k

]
V̂ ∗ + ǫ

)
Ĥ + ǫ‖A‖2

= V̂

[
Ik
−In−k

]
V̂ ∗Ĥ + ǫ‖A‖2,(4.5)

where we used ‖Ĥ‖2 ≃ ‖A‖2, which follows from (4.3). Hence, using V̂ ∗V̂ − I = ǫ we obtain

V̂ ∗AV̂ =

[
Ik
−In−k

]
V̂ ∗ĤV̂ + ǫ‖A‖2.

Therefore, to prove ‖E‖2 = ǫ‖A‖2 it suffices to prove the off-diagonal blocks X21, X12 of

V̂ ∗ĤV̂ =
[
X11 X12

X21 X22

]
can be expressed as ǫ‖A‖2. We obtain, using (4.5),

0 = A− A∗

=

(
V̂

[
Ik
−In−k

]
V̂ ∗Ĥ + ǫ‖A‖2

)
−
(
V̂

[
Ik
−In−k

]
V̂ ∗Ĥ + ǫ‖A‖2

)∗

=

(
V̂

[
Ik
−In−k

]
V̂ ∗Ĥ − Ĥ∗V̂

[
Ik
−In−k

]
V̂ ∗
)
+ ǫ‖A‖2.(4.6)
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Here we used the fact Ĥ∗ = Ĥ, which follows from (3.1). Hence, using V̂ ∗V̂ − I = ǫ and

multiplying (4.6) by
[
Ik

−In−k

]
V̂ ∗ on the left and V̂ on the right we get

ǫ‖A‖2 =
(
V̂ ∗ĤV̂ −

[
Ik
−In−k

]
V̂ ∗ĤV̂

[
Ik
−In−k

])

=

[
0 2X12

2X21 0

]
.

Therefore it follows that ‖X21‖2/‖A‖2 = ǫ and ‖X12‖2/‖A‖2 = ǫ as required. �

The conclusion is that provided that QDWH (for the polar decomposition) is backward
stable, QDWH-eig (for the eigendecomposition) also enjoys backward stability. QDWH
performed backward stably in all experiments in [120], but no proof is given there. We shall
prove that QDWH is backward stable (thus so is QDWH-eig), provided that row and column
pivoting are used for computing the QR decomposition in (3.35). To keep the focus on the
algorithmic developments, we defer this analysis to Section 3.4.

To our knowledge Theorem 4.1 is the first backward stability proof for a spectral divide-
and-conquer algorithm for symmetric eigenproblems that makes no assumption on the split-
ting point σ. This is in contrast to the backward stability analysis in [7], which applies to
the BDD algorithm and proves that the backward error is bounded by a factor proportional
to ǫ/d, where d is the smallest distance between an eigenvalue of A − σI and the splitting
points, which are ±1 in BDD. Hence the backward error can be large when σ is close to
a splitting point (we observed the instability in our experiments, see Section 4.3.1.1). As
discussed in [7], this is precisely when BDD’s convergence is slow. Hence, in “difficult” cases
in which an eigenvalue of A− σI lies close to a splitting point, BDD suffers from potential
instability and slow convergence.

QDWH-eig has neither problem, even in such difficult cases, which corresponds to the
situation where QDWH needs to compute the polar decomposition of a nearly singular
matrix A. This is because QDWH converges within 6 iterations for any κ2(A) < 1016, and
the backward stability of QDWH is independent of κ2(A), as shown in Section 3.4.

Other spectral divide-and-conquer algorithms for the symmetric eigenproblem are pro-
posed in [170] and [171], but neither includes backward stability analysis in the presence of
rounding errors, and their convergence is slow in difficult cases.

4.1.5. Comparison with other known methods. Table 4.1.1 compares four algo-
rithms for symmetric eigenproblems: QDWH-eig, BDD [8], ZZ (algorithms in [170, 171])
and the standard algorithm which performs tridiagonalization followed by the symmetric
tridiagonal QR algorithm [56]. The first three methods are spectral divide-and-conquer al-
gorithms, which can be implemented in a communication-minimizing way (for ZZ we need
to replace performing QR with pivoting by subspace iteration or the randomized algorithm
suggested in [8]). The standard method is the best known algorithm in terms of minimizing
arithmetic. Table 4.1.1 shows whether the algorithm minimizes communication, the arith-
metic cost in flops, existence and conditions of a backward stability proof, the theoretical
maximum iteration count and the maximum matrix dimension involved for execution. For
ZZ the flop count and maximum iteration are those of algorithm QUAD in [171]; other
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algorithms in [170, 171] behave similarly. We obtained Max. iteration by the number of
iterations needed in the worst practical case, when an eigenvalue exists within ǫ of the split-
ting points, which are − log2 u = 53 for BDD and ZZ. Some of the algorithms in [170, 171]
involve 2n-by-2n matrices.

Table 4.1.1. Comparison of algorithms for the symmetric eigendecomposition.

QDWH-eig BDD[8] ZZ[170, 171] standard
Minimize communication?

√ √ √ ×
Arithmetic 26n3 ≃ 1000n3 ≃ 250n3 9n3

Backward stability proof
√

conditional none
√

Max. iteration 6 53 53
Matrix dimension involved 2n-by-n 2n-by-2n 2n-by-n n-by-n

We note that the arithmetic costs of the spectral divide-and-conquer algorithms depend
largely on how separated the splitting point σ is from A’s spectrum. For BDD and ZZ the
table shows the “worst” case, in which A has an eigenvalue within distance ǫ of the splitting
points, so practically the largest possible number of iterations is needed for convergence.
In practice σ is usually more well-separated from A’s spectrum, and the arithmetic costs
for the first three algorithms would be lower accordingly. Table 4.1.1 nonetheless illustrates
a general picture of the arithmetic costs, which is reflected in our numerical examples in
Section 4.3.1.1.

Compared with the communication-minimizing algorithms BDD and ZZ, QDWH-eig is
much cheaper in arithmetic cost (by a factor 10 or larger), primarily because the maximum
number of iterations needed is much smaller. This difference comes from the nature of the
iteration parameters: QDWH uses dynamical parameters as in (3.10), which dramatically
speed up convergence in the initial stage, while maintaining the asymptotic cubic conver-
gence. BDD and ZZ, on the other hand, use iterations with static parameters. Specifically,
BDD implicitly performs repeated squaring of eigenvalues, mapping the eigenvalues inside
(−1, 1) to 0 and those outside to ∞. The convergence is asymptotically quadratic but the
initial convergence is slow when eigenvalues close to ±1 exist. A similar argument holds for
ZZ and all the algorithms in [170, 171].

As noted in the introduction, because QDWH-eig needs much fewer iterations it is cheaper
than BDD and ZZ also in communication.

To summarize, the cost of QDWH-eig is smaller than that of BDD and ZZ by a large
constant factor, in both arithmetic and communication. However, we do not claim our
algorithms are better than BDD in all aspects, because BDD is applicable in more general
settings, namely the generalized and non-Hermitian eigenproblem.

Compared with the standard tridiagonalization-based algorithm, QDWH-eig has the ad-
vantage that it minimizes communication. The arithmetic cost of QDWH-eig is higher, but
only by a factor smaller than 3. On computing architectures where communication cost
dominates arithmetic, we expect QDWH-eig to become the preferred algorithm.
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4.2. Practical considerations

This section collects detailed implementation issues of QDWH-eig and QDWH-SVD.

4.2.1. Choosing splitting point σ. The splitting point σ is ideally chosen to be the
median of eig(A), so that the bisection results in two matrices A1 and A2 of order ≃ n/2.
To estimate the median in our experiments we suggest using the median of diag(A). This
choice makes both matrices A1 and A2 have at least dimension one. [8] suggests choosing
σ to be around the center of an interval in which the eigenvalues of A exist (obtained e.g.
via Gerschgorin’s theorem). If σ is the center of the Gerschgorin bounds we can also prove
dim(A1), dim(A2) ≥ 1. Our choice simply is based on the facts that taking diagonal elements
of A is cheaper (although the Gerschgorin costs are nominally O(n2)), and when A is close
to diagonal form, likely to be better because it ensures dim(A1) ≃ dim(A2). However for
general A a better strategy may very well exist, and more study is needed. Another possible
strategy of complexity O(n2) is to compute the eigenvalues of the tridiagonal part of A, then
take their median (worth trying).

4.2.2. Implementing subspace iteration. Algorithm 3 gives a pseudocode for the
subspace iteration applied to C.

Algorithm 3 Subspace iteration: compute invariant subspaces V1, V2 of C

1: Choose initial matrix X
2: Compute QR decomposition X = [V1 V2]R
3: Stop if (4.2), otherwise X := CX and go to step 2

A practical and efficient choice of initial matrix X for the subspace iteration is the set of
r+ r̃ (r̂ ≪ r is a small constant used as a safe-guard buffer space; in our experiments we used
r̃ = 3) columns of C = 1

2
(Up − I) of largest column norms. This is based on the observation

that we are computing the column space of C. We use the randomized algorithm [8] as a
safeguard strategy to remedy the unfortunate case where the initial matrix was orthogonal
to a desired vector. Our approach of taking large columns of C generally works well and
saves one matrix multiplication. As noted in Section 4.1.1, in exact arithmetic subspace
iteration converges in just one step. In this case the process completes by computing the

full QR decomposition X = [V̂1 V̂2]R, in which we note that the first multiplication by C
need not be computed because CX = X. We then verify that the condition (4.2) holds. In

our experiments we terminated subspace iteration when both ‖CV̂1 − V̂1‖F and ‖CV̂2‖F are
smaller than 10

√
nu.

In finite precision arithmetic the eigenvalues are not exactly 0 or 1 but close to them,
so subspace iteration may not converge to satisfy (4.2) in just one iteration. In all our
experiments, two subspace iterations was enough to either successfully yielded an invariant
subspace to working accuracy, occasionally achieving higher accuracy than with one iteration,
or reaching stagnation, in which (4.2) is not satisfied but further subspace iteration does
not help (note that stagnation in subspace iteration does not necessarily imply failure of

QDWH-eig). In either case, after two steps of subspace iteration we obtain V̂1 and V̂2 by
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first performing the “economy” QR decomposition X = QR, then computing a full QR

decomposition CQ = [V̂1 V̂2]

[
R
0

]
.

Theorem 4.1 shows that if subspace iteration successfully computes V̂1, V̂2 satisfying the
condition (4.2) then ‖E‖F/‖A‖F is negligible, so we need not verify this. When stagna-
tion happens in subspace iteration this may not be the case, so we need to check whether
‖E‖F/‖A‖F ≤ ǫ holds or not. To do this, we follow the strategy suggested in [32], and after
computing [V1 V2]

∗A[V1 V2] we choose r such that the Frobenius norm of the off-diagonal
block of size (n− r)-by-r is minimized.
‖E‖F/‖A‖F may still fail to be negligibly small in two unlikely events:

(i). The initial matrix was nearly orthogonal to a subspace of 1
2
(Up − I).

(ii). 1
2
(Up + I) had eigenvalues far from both 0 and 1.

Case (i) can be remedied by rerunning subspace iteration using a different initial matrix,
an effective candidate of which is to employ the randomized algorithm, which takes the
randomized matrix 1

2
(Up − I)W where W is a random Haar distributed orthogonal matrix.

[8] shows that the QR decomposition of 1
2
(Up−I)W is rank-revealing, hence the initial matrix

X contains the desired subspace and subspace iteration succeeds with high probability.

Case (ii) indicates that the Ûp computed by QDWH failed to be unitary to working
accuracy. This can happen when the splitting point σ was extremely close to an eigenvalue
of A, making A − σI nearly singular, and the smallest singular value of X0 was severely
overestimated. As discussed in [8], A−σI is nearly singular with an extremely low probability
O(ǫ). If (ii) does happen nonetheless (which is signified in practice when the remedy (i) does
not yield small ‖E‖F/‖A‖F ), then we choose a different σ and rerun steps 1-4 of QDWH-eig.
We never had to resort to this remedy in our experiments.

4.2.3. When σ is equal to an eigenvalue. Even when σ is equal to an eigenvalue
of A in QDWH-eig, the QDWH iteration for computing the polar decomposition of A− σI
does not break down (unlike the scaled Newton iteration [75, Ch. 8], which requires the
matrix to be nonsingular) but it computes the partial isometry Up in the canonical polar
decomposition of A [75, p. 194]. In terms of the QDWH-eig execution this causes little
problem, because in this case the matrix 1

2
(Up − I) has eigenvalues 1, 0 or 0.5. Subspace

iteration has no difficulty finding an invariant subspace V1 corresponding to eigenvalues 1
and 0.5. V1 is then an invariant subspace corresponding to the nonnegative (including 0)
eigenvalues of A− σI.

In practice, such a situation rarely arises, because rounding errors usually cause the zero
singular values to be perturbed to a small positive value, and QDWH eventually maps them
to 1, in which case the singularity of A− σI is treated unexceptionally by QDWH.

4.2.4. Faster QDWH iterations. The QDWH iterate (3.35) is mathematically equiv-
alent to (3.10), which can be computed via

(4.7)





Z = I + ckX
∗
kXk, W = chol(Z),

Xk+1 = bk
ck
Xk +

1√
ck

(
ak − bk

ck

)
(XkW

−1)W−∗.
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Here chol(Z) denotes the Cholesky factor of Z. The arithmetic cost of this is forming the
Hermitian positive definite matrix Z (n3 flops), computing its Cholesky factorization (1

3
n3

flops) and two triangular substitutions (2n3 flops). Therefore this implementation requires
10n3/3 flops, which is cheaper than computing the QDWH iterate (3.35) via explicitly form-
ing the QR decomposition, which needs 16n3/3 flops. Furthermore, the implementation
(4.7) involves only n-by-n matrices, not 2n-by-n. Finally, the Cholesky decomposition and
triangular substitution both have a known arithmetic and communication-minimizing im-
plementation [9, 10]. Therefore in general (4.7) is expected to be considerably faster than
(3.35).

However, if κ2(Z) is large then the Cholesky factorization and triangular substitution
have error bounds proportional to ǫκ2(Z) [74]. This affects the backward stability of the
QDWH iteration (which we confirmed in our experiment). Note that the implementation
(3.35) is also subject to errors, involving a QR decomposition of the matrix

[√
ckXk

I

]
, but

this matrix has a much smaller condition number ≃
√

κ2(Z) when Xk is ill-conditioned,
and we shall see that for (3.35) a large condition number does not affect the stability of the
computed polar decomposition.

Although (3.35) is subject to large errors when κ2(Z) ≫ 1, since κ2(Z) ≤ 1 + ck‖Xk‖2
and ‖Xk‖2 ≤ 1 (provided that α ≥ ‖A‖2), it follows that when ck ≪ 1/ǫ, say ck . 100, we
can safely compute Xk+1 via (4.7) with forward error roughly bounded by ckǫ (we note that
the QR-based implementation (3.35) involves a matrix of condition number ≤ √ck, which
is the square root of κ2(Z) when ck ≫ 1). Fortunately we know a priori that ck converges
to 3, and the convergence is fast enough so that ck ≤ 100 for k ≥ 2 for any practical choice
ℓ0 > 10−16. In our experiments we switch from (3.35) to (4.7) once ck becomes smaller than
100. In particular, if ℓ0 > 105 then we have ck ≤ 100 for k ≥ 1, so we need just one iteration
of (3.35).

4.2.5. Detailed flop counts. By counting the number of flops for applying House-
holder reflectors and noting that Q2 is an upper-triangular matrix, we see that one QDWH
iteration (3.35) for a general square A requires (5 + 1

3
)n3 flops. When A is symmetric Xk is

also symmetric for all k ≥ 0, so we can save 1
2
n3 flops by using the fact that Q1Q

∗
2 is also

symmetric. The same applies to the Cholesky-based algorithm above.
Now we evaluate the arithmetic cost for QDWH-eig. Recall from Section 4.1.3 that the

total flop count is 8
7
β along the critical path. We now evaluate β, where we drop the terms

smaller than O(n3). For computing the polar decomposition A−σI = UpH, we note that for
practical dense matrices of size sufficiently smaller than 105, we get ℓ0 > 105 (we choose ℓ0
by estimating σmin(X0) using a condition number estimator) with high probability (if this is
not the case we can try a different σ), so computing Up needs (5+

1
3
− 1

2
)n3+4 · (3+ 1

3
− 1

2
)n3

flops. Then subspace iteration follows, which in most cases needs just one iteration. This

needs
(
4
3
+ 4

3

)
n3 · 7

8
flops for forming the full decomposition X = [V̂1 V̂2]R, and an additional

2n3 flops for verifying (4.2). We then form A1 = V̂ ∗
1 AV̂1 and A2 = V̂ ∗

2 AV̂2, which by taking
advantage of the symmetry can be done in

(
1 + 1

4

)
n3 flops each. We also need to perform

updates V̂1 := V̂1V̂21 and V̂2 := V̂2V̂22, where V21 and V22 are splitting subspaces of A1 and
A2. Each of these needs n3 flops. Since the last two computations can be done completely



4.3. NUMERICAL EXPERIMENTS 69

in parallel, the total flop count along the critical path is

β =

(
(5 +

1

3
− 1

2
) + 4 · (3 + 1

3
− 1

2
) +

(
4

3
+

4

3

)
· 7
8
+ 2 +

(
1 +

1

4

)
+ 1

)
n3

=

(
22 +

3

4

)
n3,(4.8)

so the total arithmetic cost of QDWH-eig is 8
7
·
(
22 + 3

4

)
n3 = 26n3. If we ignore the paral-

lelizability, we have β = 25n3 and the total flop count becomes 5
4
β = (31 + 1

4
)n3.

4.3. Numerical experiments

Here we present numerical experiments to demonstrate the speed and stability of QDWH-
eig. and to compare it with known algorithms in the literature. All the experiments were
carried out on a desktop machine with a quad core, Intel Core i7 2.67GHz Processor and
12GB of main memory, using double precision arithmetic with rounding unit u = 2−53. As
a general remark, when running the QDWH iterations (3.35), we estimated α ≃ ‖A‖2 by
MATLAB’s function normest(A), and estimated σmin(X0) using the condition number esti-
mator 1/condest(X0). Wrong estimates can cause QDWH to require one or two additional
iterations, but not instability or misconvergence, so rough estimates that are accurate to a
factor (say) 5 are completely acceptable.

4.3.1. Symmetric eigendecomposition.
4.3.1.1. Spectral divide-and-conquer algorithms. This section compares spectral divide-

and-conquer-type algorithms for computing the symmetric eigendecomposition. The algo-
rithms we compare are QDWH-eig, BDD [8] and ZZ (the algorithm QUAD in [171]; the
behavior of other algorithms in [171, 170] was all similar). Recall that these methods can
be implemented in a communication-minimizing manner. We also test QDWH-eig with QR
decompositions computed with row/column pivoting, which is shown as “QDWH-eig(p)”.

We compare how the methods behave for problems of varying difficulties. Our experi-
ments were carried out as follows. We set n = 100 and generated n-by-n symmetric matrices
as A = V ΛV T , where V is a random orthogonal matrix, generated via the QR decomposition
of a random matrix generated by MATLAB function randn(n). Λ is a diagonal matrix whose
diagonals form a geometric series 1, r, r2, . . . , with ratio r = −κ−1/(n−1), where κ = κ2(A) is
the prescribed condition number, which we let be 102, 105 and 1015. A’s eigenvalue closest
to 0 is κ−1.

To compute an invariant subspace V1 corresponding to the positive eigenvalues of A, we
apply QDWH-eig on A, and BDD and ZZ on A − I, because the latter two compute an
invariant subspace corresponding to eigenvalues inside (and outside) an interval, which here
we set (−1, 1). Spectral divide-and-conquer algorithms generally face difficulty when the
matrix has an eigenvalue close to the splitting points (0 for QDWH and ±1 for BDD and
ZZ), so in our setting κ2(A) is a precise measure of the problem difficulty.

We generated 100 matrices for each value of κ = 102, 108, 1015, and report the maximum
and minimum values of the iteration counts, shown as “iter” in the below table, and the

backward error, assessed as in [7] by the residual ‖AV̂1 − V̂1(V̂
∗
1 AV̂1)‖F/‖A‖F , shown as
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“res”, where V̂1 is the computed n-by-k eigenvector matrix. We obtained k = 50 = n
2
in

all cases, and verified that all the eigenvalues of V̂ ∗
1 AV̂1 are numerically nonnegative, larger

than −u, indicating the computed V̂1 indeed approximates the positive eigenspace. The
reason we compute only an invariant subspace and not the entire eigendecomposition (which
is shown below) is to highlight the behavior of the algorithms when the problem becomes
ill-conditioned.

Here and in the experiments below, although not shown in the table the distance from

orthogonality ‖V̂ ∗
1 V̂1 − Ik‖F/

√
n was of order ǫ for all the methods.

Table 4.3.1. Iteration count and residual of spectral divide-and-conquer algorithms.

κ2(A) 102 108 1015

min max min max min max
QDWH-eig(p) 4 5 5 5 6 6

iter QDWH-eig 4 5 5 5 6 6
ZZ 12 12 32 32 55 56
BDD 12 13 32 32 54 55

QDWH-eig(p) 5.6e-16 6.1e-16 5.8e-16 6.5e-16 6.4e-16 7.3e-16
res QDWH-eig 8.5e-16 9.4e-16 8.5e-16 9.7e-16 8.4e-16 9.8e-16

ZZ 1.6e-15 1.9e-15 2.6e-15 2.9e-15 2.9e-15 4.1e-15
BDD 2.1e-15 2.9e-14 2.4e-13 3.3e-12 3.8e-10 4.0e-8

Observations:

• QDWH-eig converges within 6 iterations in every case, whereas ZZ and BDD need
many more iterations, especially in the difficult cases where κ2(A) is large.
• QDWH-eig performed in a backward stable way throughout. Pivoting in computing
the QR decompositions does not seem to play a role in the backward stability
(recall that we prove backward stability of QDWH-eig when pivoting is employed).
BDD loses backward stability when κ2(A) is large, which reflects the backward error
bound given in [7]. ZZ performed in a backward stable manner, but it has no known
analysis.

The experiments suggest that QDWH-eig is significantly superior to the other spectral divide-
and-conquer algorithms that minimize communication. Pivoting does not appear necessary
in practice. Although QR with column pivoting can be done with the same arithmetic cost
as without pivoting, the communication cost generally becomes higher, so pivoting is better
avoided for efficiency. In light of these observations, below we focus on QDWH-eig without
using pivoting.

4.3.1.2. Experiments using NAG MATLAB toolbox. The NAG MATLAB toolbox [152]
provides access from within MATLAB to NAG library routines, including LAPACK routines
(contained in Chapter F). This enables different symmetric eigensolvers to be used: namely,
after reducing the matrix to tridiagonal form T = Q∗AQ, we can compute the eigendecompo-
sition of T via (i) the QR algorithm, (ii) divide-and conquer [63], or (iii) the MR3 algorithm
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[38]. The MATLAB function eig automatically runs the QR algorithm, but as we shall see,
the performance of the three approaches can differ significantly.

The tables below show the result of MATLAB experiments with QDWH-eig, compared
with the above standard solvers, which minimize arithmetic but not communication. “QR”
stands for the algorithm that employs tridiagonalization followed by tridiagonal QR, “D-C”
uses the divide-and-conquer algorithm [63] (not to be confused with the spectral divide-
and-conquer algorithms that include QDWH-eig, BDD and ZZ) and “MR3” uses the solver
based on multiple relatively robust representations [38] after tridiagonalization. We used a
machine with an Intel Core i7 2.67GHz Processor (4 cores, 8 threads), and 12GB RAM.

Here we generated Hermitian matrices A by generating a random matrix B by the MAT-
LAB function B =randn(n), then letting A = 1

2
(B + B∗). We tested for 10 different cases

of A, and Table 4.3.2 shows the average runtime. For reference, the time needed for the
tridiagonalization phase is shown as “tridiag”. × means the memory ran out before the
method finished the execution.

Table 4.3.2. Runtime(s) for eigendecomposition algorithms.

n 1000 2000 3000 4000 5000
QDWH-eig 3.4 18.8 57.0 125 236

ZZ 13.4 91.1 314 685 1280
BDD 32.6 221 725 1570 ×
QR 2.9 27.9 100.2 238 459
D-C 0.55 3.5 11.5 26.7 50.9
MR3 0.90 4.8 14.5 33.4 61.5
tridiag 0.45 1.79 5.9 13.8 25.6

We see that D-C is the fastest algorithm and in fact, the dominant part of its runtime is
consumed in the tridiagonalization step. The runtime of MR3 is comparable to D-C but is
generally slightly longer. While QDWH-eig is notably slower than D-C and MR3, it is faster
than QR for n ≥ 2000.

The results may suggest that D-C and MR3 are faster than QDWH-eig. However we recall
that our machine has only 4 cores and we used MATLAB’s built-in function qr for comput-
ing the QR decompositions, which does not minimize communication. Recent progress in
implementing communication-optimal QR decomposition [33] suggests that communication-
avoiding QR often run significantly faster than standard QR. When combined with such
implementations, we expect that QDWH will be the preferred algorithm on a more parallel
computing architecture in which communication dominates arithmetic.

Table 4.3.3 shows the largest backward error ‖V̂ Λ̂V̂ T − A‖F/‖A‖F of 10 runs. The
experimental backward stability is acceptable for all the methods but BDD. It is perhaps
worth noting that the backward errors of QDWH-eig were generally noticeably smaller than
the other methods (by more than a factor 3), while those of MR3 were about a magnitude
larger.

Table 4.3.4 shows the distance from orthogonality of the computed V̂ .



4.3. NUMERICAL EXPERIMENTS 72

Table 4.3.3. Backward error ‖A− V̂ Λ̂V̂ T ‖F /‖A‖F .

n 1000 2000 3000 4000 5000
QDWH-eig 1.7e-15 1.8e-15 1.8e-15 1.9e-15 2.0e-15

ZZ 5.9e-15 8.2e-15 9.7e-15 1.1e-14 1.4e-14
BDD 3.4e-13 4.8e-12 2.3e-12 8.4e-11 ×
QR 9.1e-15 1.3e-14 1.5e-14 1.8e-14 2.0e-14
D-C 3.7e-15 4.8e-15 5.5e-15 6.2e-15 6.8e-15
MR3 9.8e-14 4.9e-14 9.4e-14 1.2e-13 1.4e-13

Table 4.3.4. Orthogonality of V̂ : ‖V̂ T V̂ − I‖F /
√
n.

n 1000 2000 3000 4000 5000
QDWH-eig 6.9e-16 7.7e-16 8.7e-16 9.6e-16 1.0e-15

ZZ 2.4e-15 3.4e-15 4.0e-15 4.4e-15 5.3e-15
BDD 2.7e-15 3.4e-15 3.9e-15 4.2e-15 4.9e-15
QR 7.5e-15 1.0e-14 1.3e-14 1.4e-14 1.6e-14
D-C 3.1e-15 3.9e-15 4.6e-15 5.1e-15 5.7e-15
MR3 1.3e-13 1.4e-13 1.6e-13 2.0e-13 2.4e-13

The spectral divide-and-conquer algorithms generally produce V̂ that are orthogonal to
working accuracy.

4.3.2. Summary of numerical experiments. The results of our experiments can be
summarized as follows.

• QDWH-eig has excellent numerical backward stability, even without pivoting for
computing the QR decompositions.
• QDWH-eig is generally much faster than known algorithms that minimize com-
munication, and significantly faster than MATLAB’s default algorithms for large
matrices.
• On our shared-memory machine, divide-and-conquer following reduction (to tridi-
agonal or bidiagonal form) is faster than QDWH-eig. Most of the runtime of divide-
and-conquer is consumed in the reduction stage. This reduction stage becomes a
communication-bottleneck in parallel computing, as there is no known way to do
it while minimizing communication, in particular the latency cost. Hence we can
expect that on massively parallel computing architectures the communication cost
dominates arithmetic cost, making our QDWH-based algorithms preferable. This
will be investigated in future work.
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CHAPTER 5

Efficient, communication minimizing algorithm for the SVD

In this chapter we propose an SVD algorithm QDWH-SVD that minimizes
communication. As the name suggests, QDWH-SVD is also based on the
QDWH algorithm we developed in Chapter 3, just like QDWH-eig. QDWH-
SVD requires the computation of no more than 12 QR decompositions,
and the number is smaller for well-conditioned matrices. The arithmetic
cost of QDWH-SVD is smaller than twice that of a standard SVD algo-
rithm. Its backward stability follows immediately from that of QDWH and
QDWH-eig. QDWH-SVD performs comparably to conventional algorithms
on our preliminary numerical experiments, and its performance is expected
to improve significantly on highly parallel computing architectures where
communication dominates arithmetic.

Introduction. We now turn to algorithms for the singular value decomposition. The
algorithm development is simple because we are well-prepared with the necessary tools pre-
sented in the previous two chapters. Our SVD algorithm QDWH-SVD is simply a combi-
nation of the QDWH algorithm, which computes the polar decomposition A = UpH, and
QDWH-eig, which computes the eigendecomposition H = V ΣV ∗. Then the SVD of A is
A = (UpV )ΣV ∗ = UΣV ∗. Backward stability of QDWH-SVD follows immediately from
that of QDWH and QDWH-eig. The essential cost for computing the SVD of A ∈ Cm×n

is in performing QR decompositions of no more than six (m + n)-by-n matrices and six
2n-by-n matrices. We argue that for square matrices, computing one SVD via QDWH-SVD
is cheaper than computing two symmetric eigendecompositions via QDWH-eig. Numerical
experiments show the competitiveness of QDWH-SVD with conventional SVD algorithms,
even without a QR decomposition algorithm that minimizes communication.

5.1. Algorithm QDWH-SVD

In this section we describe our SVD algorithm QDWH-SVD.

5.1.1. Algorithm. Higham and Papadimitriou [76, 77] propose a framework of com-
puting the SVD via the polar decomposition and the eigendecomposition: given the polar
decomposition A = UpH and the symmetric eigendecomposition H = V ΣV ∗, the SVD is
obtained by A = (UpV )ΣV ∗. They suggest using a Padé-type method for the polar decom-
position and any standard method for the symmetric eigendecomposition.

Our SVD algorithm QDWH-SVD follows this path but replaces both steps with QDWH-
based algorithms: it computes the polar decomposition by the QDWH algorithm (3.35), and
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the symmetric eigendecomposition via QDWH-eig. Algorithm 4 is a pseudocode of our SVD
algorithm QDWH-SVD.

Algorithm 4 QDWH-SVD: compute the SVD of a general matrix A

1: Compute the polar decomposition A = UpH via QDWH.
2: Compute the symmetric eigendecomposition H = V ΣV ∗ via QDWH-eig.
3: Form U = UpV . A = UΣV ∗ is the SVD.

5.1.1.1. Rectangular case. QDWH-SVD works for rectangular matrices A because, as
mentioned in [120], the QDWH algorithm can compute the polar decomposition of rectan-
gular matrices with full column rank. Hence the case m > n poses no problem as long as the
matrix has full column rank. However, for practical efficiency, when m ≫ n it is preferred
to perform an initial QR decomposition of A = QR to reduce the computation to the SVD
of a square n-by-n matrix R = URΣV

∗. Then the SVD is obtained as A = (QUR)ΣV
∗. This

approach maintains backward stability of the overall SVD because the QR decomposition
A = QR computed via Householder QR is backward stable. Numerical experiments in Sec-
tion 5.3.0.2 confirm that this way of computing the SVD is faster when m≫ n. We do not
need to consider the case m < n because if A = UΣV ∗ then the SVD of A∗ is just V ΣU∗.

5.1.1.2. Singular and rank-deficient case. Some care is needed when A is rank-deficient,
or equivalently when it has zero singular values, because QDWH computes1 A = UpH where
Up is not unitary but a partial isometry [75, p. 194]. However, H is still the unique Hermitian
polar factor of A, and its has the same number of zero singular values as A. Suppose the
computed eigendecomposition is H = [V1 V2]diag(Σ1, 0r×r)[V1 V2]

∗, or in practice suppose H
has r computed eigenvalues of order ǫ. Then we obtain the “economy” SVD A = (UpV1)Σ1V

∗
1 .

This also provides A’s null space V2.

5.1.2. Backward stability. Higham and Papadimitriou [76] show that the computed
SVD is backward stable provided that both the polar decomposition and the eigendecom-
position are computed in a backward stable manner. Therefore, the backward stability of
QDWH-SVD immediately follows from that of QDWH and QDWH-eig.

Theorem 5.1. Suppose in QDWH-SVD that all the polar decompositions computed by
QDWH (in steps 1 and 2) are backward stable. Then QDWH-SVD computes the SVD in a

backward stable manner, that is, ‖A− ÛΣ̂V̂ ∗‖F/‖A‖F = ǫ.

The proof is done simply by combining the result in [76] and Theorem 4.1. As was the case
for QDWH-eig, combined with the analysis in Section 3.4 we conclude that QDWH-SVD is
backward stable if row and column pivoting is used when computing the QR decompositions.

5.1.3. Communication/arithmetic cost. QDWH-SVDminimizes communication cost
in the asymptotic sense, because just like QDWH-eig, it uses only QR decompositions and
matrix multiplications.

1In this case we need to choose 0 < ℓ0 ≤ σn−r(X0) to ensure QDWH converges within 6 iterations, where
σn−r(X0) is the smallest positive singular value.
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The arithmetic cost is essentially the sum of those of QDWH and QDWH-eig, and as
we will see in Section 5.2.2, in the square case ranges from 34n3 to 52n3 flops depending on
κ2(A). We see that the cost of computing the SVD of a general square matrix is less than
twice that of computing an eigendecomposition of a symmetric matrix of the same size by
QDWH-eig.

5.1.4. Comparison with other known methods. As described in [8], BDD for the
symmetric eigenproblem can be applied to compute the SVD by computing the eigende-
composition of [ 0 A∗

A 0 ] (we simply call this algorithm BDD). This algorithm still minimizes
communication in the big-Ω sense.

Table 5.1.1 compares three SVD algorithms: QDWH-SVD, BDD and the standard al-
gorithm which performs bidiagonalization followed by bidiagonal QR. Compared with the

Table 5.1.1. Comparison of algorithms for the SVD.

QDWH-SVD BDD for SVD [8] Standard
Minimize communication?

√ √ ×
Arithmetic 34n3 ∼ 52n3 ≃ 8000n3 26n3

Backward stability proof
√

conditional
√

Max. iteration 6 53
Matrix dimension involved (m+ n)-by-n 2(m+ n)-by-2(m+ n) n-by-n

communication-minimizing algorithm BDD, our method is clearly much cheaper in arith-
metic cost, by about a factor 200. This factor can be roughly understood as follows: a
factor > 8 from the required iteration number, another factor ≃ 8 because [8] forms a 2n-by-
2n matrix (which soon becomes dense as iterations proceed), and another factor ≃ 2 from
the fact that QDWH-eig computes the column space of the augmented matrix whereas [8]
needs its orthogonal complement, which is more expensive. The small iteration count makes
the communication cost of QDWH-SVD smaller than that of BDD by a large constant fac-
tor, for the same reason QDWH-eig is cheaper than BDD in communication for symmetric
eigenproblems.

Compared with the standard bidiagonalization-based SVD algorithm, QDWH-SVD has
the obvious advantage that it minimizes communication. The arithmetic cost of QDWH-
SVD is higher, but only by a factor no larger than 2. Just like QDWH-eig for symmetric
eigenproblems, QDWH-SVD is preferred when communication cost dominates arithmetic
cost.

5.2. Practical considerations

5.2.1. When H has negative computed eigenvalues. The eigenvalues of H com-
puted by QDWH-SVD are not guaranteed to be nonnegative, although in exact arithmetic
they are the singular values of A. However, since QDWH-SVD is backward stable and singu-
lar values are always well-conditioned, the negative eigenvalues of H can appear only when
A’s singular values of order ǫ‖A‖2 are perturbed by rounding errors. Hence these perturbed
values are necessarily negligibly small, so there is no harm in regarding them as 0, or taking
their absolute values as suggested in [76].
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5.2.2. Detailed flop counts. Compared with QDWH-eig, QDWH-SVD has the addi-
tional arithmetic cost is in computing Up and H. The cost for computing Up largely depends
on the condition number of A, which determines how many iterations of (4.7) and (3.35) are
needed. We summarize them in the below table, which is obtained by monitoring ck and the
convergence ℓk → 1 with ℓ0 = 1/κ2(A) until |ℓk − 1| ≤ 2 × 10−16. Since computing H by

Table 5.2.1. Arithmetic cost and iteration breakdown of QDWH.

κ2(A) 1.1 1.5 10 103 105 1010 1016

flops/n3 6 + 2
3

10 13 + 1
3

15 + 1
3

18 + 2
3

20 + 2
3

24
# of (3.35) 0 0 0 1 1 2 2
# of (4.7) 2 3 4 3 4 3 4

(3.1) requires 2n3 flops, together with 8
7
β = 26n3 we conclude that the total flop count for

QDWH-SVD ranges from (34 + 2
3
)n3 to 52n3.

5.3. Numerical experiments

We now compare different algorithms for computing the SVD. We generate rectangular
matrices by forming A = UΣV ∗, where U, V are random orthogonal matrices and Σ is a
diagonal matrix of singular values, which form an arithmetic sequence.

5.3.0.1. Square nonsingular case. Using the NAG MATLAB toolbox we can compute the
SVD by first reducing the matrix to bidiagonal form, then computing a bidiagonal SVD via
either (i) divide-and conquer [62], which we call DCSVD, or (ii) the QR algorithm, which
we call QRSVD. We note that MATLAB’s function svd calls QRSVD, which is sometimes
considered more stable, because the computed singular values of the bidiagonal matrix are
shown to have high relative accuracy [35].

Below we compare the speed of the four algorithms QDWH-SVD, BDD, QRSVD and
DCSVD2.

Different matrix sizes. We set κ2(A) = 1.5 and varied the matrix size n. Tables 5.3.1 and

5.3.2 show the average runtime and largest backward error ‖A− ÛΣ̂V̂ T‖F/‖A‖F of 10 runs.
The time needed for the bidiagonalization phase is shown as “bidiag”. divide-and-conquer

Table 5.3.1. Runtime(s) for SVD algorithms, varying matrix size.

n 1000 2000 3000 4000 5000
QDWH-SVD 5.1 26.8 80.1 175 334

BDD 197 1416 × × ×
QRSVD 16.7 149 540 1313 2727
DCSVD 1.78 12.2 36.4 78.4 138
bidiag 0.67 6.1 19.3 46.2 84.1

is the fastest, most of whose runtime is in the bidiagonalization step for large matrices.

2MR3 for the bidiagonal SVD was not available with the NAG toolbox as of writing, but its relative perfor-
mance should resemble that for the symmetric eigenproblem.
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QDWH-SVD is notably faster than QRSVD (which MATLAB uses by default) but still
slower than DCSVD. The same comment as in the previous subsection regarding parallel
computing applies here. The backward errors of QDWH-SVD, QRSVD and DCSVD were
all acceptably small, and that of QDWH-SVD was smaller than the rest by a factor about
3.

The distance from orthogonality of the computed Û , V̂ were also acceptably small, again
QDWH-SVD yielding the smallest.

Table 5.3.2. Backward error ‖A− Û Σ̂V̂ T ‖F /‖A‖F .

n 1000 2000 3000 4000 5000
QDWH-SVD 1.9e-15 2.1e-15 2.2e-15 2.4e-15 2.4e-15

BDD 1.9e-12 3.7e-11 × × ×
QRSVD 1.1e-14 1.5e-14 1.9e-14 2.2e-14 2.5e-14
DCSVD 4.4e-15 5.7e-15 6.8e-15 7.6e-15 8.6e-15

Table 5.3.3. Orthogonality of computed Û , V̂ : max{‖ÛT Û − I‖F /
√
n, ‖V̂ T V̂ − I‖F /

√
n}.

n 1000 2000 3000 4000 5000
QDWH-SVD 8.9e-16 9.4e-16 9.8e-15 1.0e-15 1.0e-15

BDD 8.7e-14 1.2e-13 × × ×
QRSVD 8.7e-15 1.1e-14 1.4e-14 1.6e-14 1.9e-14
DCSVD 3.6e-15 4.7e-15 5.4e-15 6.0e-15 6.7e-15

Different condition numbers. Here we fix the matrix size n = 5000 and varied the condi-
tion number κ2(A). Tables 5.3.4, 5.3.5 and 5.3.6 show the results.

Table 5.3.4. Runtime(s) for SVD algorithms, varying condition number.

κ2(A) 1.1 1.5 10 105 1010 1015

QDWH-SVD 335 334 357 389 418 419
QRSVD 3012 2727 1861 1639 1261 885
DCSVD 138 138 126 125 113 108

Table 5.3.5. Backward error ‖A− Û Σ̂V̂ T ‖F /‖A‖F .

κ2(A) 1.1 1.5 10 105 1010 1015

QDWH-SVD 2.4e-15 2.4e-15 2.3e-15 2.4e-15 2.3e-15 2.3e-15
QRSVD 2.4e-14 2.5e-14 2.3e-14 2.2e-14 2.1e-14 2.1e-14
DCSVD 8.4e-15 8.6e-15 8.0e-15 7.7e-15 7.8e-15 7.9e-15

In all cases, the runtime of QDWH-SVD was shorter than twice that of QDWH-eig (472
seconds) for matrices of the same size. In this sense we verify that computing the SVD is no
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Table 5.3.6. Orthogonality of computed Û , V̂ : max{‖ÛT Û − I‖F /
√
n, ‖V̂ T V̂ − I‖F /

√
n}.

κ2(A) 1.1 1.5 10 105 1010 1015

QDWH-SVD 9.2e-16 1.0e-15 9.3e-16 1.1e-15 1.0e-15 1.0e-15
QRSVD 1.8e-14 1.9e-14 1.6e-14 1.4e-14 1.4e-14 1.5e-14
DCSVD 6.6e-15 6.7e-15 7.0e-15 6.8e-15 6.9e-15 7.0e-15

more expensive than computing the symmetric eigendecomposition twice. QDWH-SVD is
somewhat faster for smaller κ2(A), because computing the polar decomposition by QDWH
in step 1 is easier for smaller κ2(A).

By contrast, QRSVD is significantly faster for ill-conditioned matrices. A possible expla-
nation is that computing orthogonal eigenvectors via inverse iteration becomes more difficult
when eigenvalues are clustered. DCSVD performs consistently and is always the fastest.

For the backward error and distance from orthogonality we observed the same behavior
as above, QDWH-SVD giving the smallest errors.

5.3.0.2. Rectangular matrices. As mentioned in Section 5.1.1.1, there are two ways to
compute the SVD of rectangular matrices via QDWH-SVD: (i) simply run QDWH-SVD,
and (ii) first compute a QR decomposition and then apply QDWH-SVD to R (we call the
approach QR-QDWH-SVD). Here we compare the two approaches.

We fix n = 500 and κ2(A) = 105, and define m-by-n matrices A where m varies from n
to 200n. Table 5.3.7 shows the runtime. Comparing QDWH-SVD and DCSVD we observe

Table 5.3.7. Runtime(s) for SVD algorithms, rectangular matrices.

ratio m/n 1 2 5 10 50 100 200
QDWH-SVD 1.3 1.4 1.9 2.7 9.1 17.5 33.8

QR-QDWH-SVD 1.3 1.4 1.5 1.8 3.7 6.4 11.7
QRSVD 1.4 1.74 3.4 6.2 30.0 56.2 111
DCSVD 0.33 0.34 0.78 1.6 9.6 18.2 34.9

QR-DCSVD 0.33 0.41 0.61 0.78 2.8 5.4 10.8

that divide-and-conquer is again faster unless m≫ n. However, the runtime of QDWH-SVD
scales better as m grows and for m ≥ 50n the performance of the two was similar.

We also verify that the second approach of first computing A = QR is more efficient,
especially when m ≫ n. Note that this is also true for the bidiagonalization methods, as
discussed in in [23]. We illustrated this above by QR-DCSVD, which first computes A = QR
and then compute the SVD of R via bidiagonalization-divide-and-conquer. The backward
error in all the cases were of order ǫ.

5.3.1. Summary of numerical experiments. The results of our experiments can be
summarized as follows.

• Just like QDWH-eig, QDWH-SVD has excellent numerical backward stability, even
without pivoting.
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• For the same matrix size, QDWH-SVD generally takes less than twice as much time
as QDWH-eig.
• Just like for the symmetric eigenproblem, divide-and-conquer following reduction
(to tridiagonal or bidiagonal form) is faster than our algorithms, both for the eigen-
decomposition and the SVD. We expect that on massively parallel computing ar-
chitectures the relative performance of QDWH-SVD will increase.
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CHAPTER 6

dqds with aggressive early deflation for computing singular values
of bidiagonal matrices

This chapter deals with standard algorithms for the SVD, unlike the previ-
ous two chapters which developed completely new algorithms for the sym-
metric eigendecomposition and the SVD. In particular, we focus on the
dqds algorithm (reviewed in Section 2.5), which computes all the singular
values of a bidiagonal matrix to high relative accuracy. In this chapter we
incorporate into dqds the technique of aggressive early deflation, which has
been applied successfully to the Hessenberg QR algorithm. Extensive nu-
merical experiments show that aggressive early deflation often reduces the
dqds runtime significantly. In addition, our theoretical analysis suggests
that with aggressive early deflation, the performance of dqds is largely in-
dependent of the shift strategy. We confirm through experiments that the
zero-shift version is often as fast as the shifted version. All of our proposed
algorithms compute all the singular values to high relative accuracy.

Introduction. The differential quotient difference with shifts (dqds), as summarized
in Section 2.5, computes all the singular values of a bidiagonal matrix to high relative ac-
curacy [45]. Its efficient implementation has been developed and is now available as an
LAPACK subroutine DLASQ [132]. Because of its guaranteed relative accuracy and effi-
ciency, dqds has now replaced the QR algorithm [35], which had been the default algorithm
to compute the singular values of a bidiagonal matrix. The standard way of computing the
singular values of a general matrix is to first apply suitable orthogonal transformations to re-
duce the matrix to bidiagonal form, then use dqds [31]. dqds is also a major computational
kernel in the MRRR algorithm for computing the eigenvalues of a symmetric tridiagonal
matrix [37, 38, 39].

The aggressive early deflation strategy, introduced in [16] and summarized in Section 2.6,
is known to greatly improve the performance of the Hessenberg QR algorithm for computing
the eigenvalues of a general square matrix by deflating converged eigenvalues much earlier
than a conventional deflation strategy does. Our primary contribution here is the proposal
of two deflation strategies for dqds based on aggressive early deflation. The first strategy
is a direct specialization of aggressive early deflation to dqds. The second strategy, which
takes full advantage of the bidiagonal structure of the matrix, is computationally more
efficient. Both of our proposed strategies guarantee high relative accuracy of all the computed
singular values. The results of extensive numerical experiments demonstrate that performing
aggressive early deflation significantly reduces the solution time of dqds in many cases. We
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observed speedups of up to 50, and in all our experiments the second strategy was at least
as fast as DLASQ for any matrix larger than 3000.

With a conventional deflation strategy, the zero-shift version dqd is too slow to be prac-
tical. Hence, DLASQ adopts a sophisticated shift strategy to improve the convergence of the
bottom off-diagonal element [132]. We demonstrate both theoretically and experimentally
that when aggressive early deflation is incorporated, dqd is often as fast as dqds. Besides
making it unnecessary to compute a shift, this observation provides a potential to parallelize
our algorithm by running multiple dqd iterations in a pipelined fashion, which has been
successfully done in the QR algorithm [5, 110, 157].

The structure of the chapter is as follows. Sections 6.1 and 6.2 describe our two aggressive
early deflation strategies for dqds. Then in Section 6.3 we present convergence analysis of
dqds with aggressive early deflation, which explains its speedup and motivates the use of
dqd. Numerical results are presented in Section 6.4 to illustrate the efficiency and accuracy
of our algorithms.

In this chapter, we use ǫ denote the machine precision, and ǫx with any subscript repre-
sents a number such that |ǫx| ≤ ǫ.

Recall that the dqds algorithm computes the singular values of the bidiagonal matrix B
of the following form:

(6.1) B = bidiag

( √
e1 . .

√
en−2

√
en−1√

q1 . . .
√
qn−1

√
qn

)
,

6.1. Aggressive early deflation for dqds - version 1: Aggdef(1)

In this section, we describe our first aggressive early deflation strategy for dqds, which is
referred to as Aggdef(1), and is more or less a direct application of aggressive early deflation
to the bidiagonal case.

6.1.1. Algorithm. Let B2 = UΣV T be the SVD of the lower-right k× k submatrix B2

of a bidiagonal matrix B as in (6.1), where the singular values appear in decreasing order of
magnitude. Then, we compute the orthogonal transformation

(6.2)



I

1
UT


B



I

1
V


 =

[
B1 tT

Σ

]
,

where the right-hand side matrix has the nonzero pattern

(6.3)




. . .
. . .

∗ ∗
∗ ∗ ∗ ∗
∗
∗
∗



.

We now look for elements of the spike vector tT =
√
en−kV (1, :) that are small enough to be

neglected, and deflate the corresponding diagonals of Σ to obtain the reduced (n−kℓ)×(n−kℓ)
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matrix, where kℓ is the number of negligible elements in t. This matrix needs to be re-
bidiagonalized in order to return to the dqds iterations. Algorithm 5 shows the pseudocode
of this aggressive deflation strategy, which we call Aggdef(1).

Algorithm 5 Aggressive early deflation - version 1: Aggdef(1)

Inputs: Bidiagonal B, window size k, sum of previous shifts S
1: compute the singular values of B2, the lower-right k × k submatrix of B
2: compute the spike vector t in (6.2)
3: find negligible elements in t and deflate converged singular values
4: bidiagonalize matrix of form (6.3)

Below we discuss the details of each step of Aggdef(1).
Computing the singular values of B2. On line 1 of Aggdef(1), we use standard dqds

(without aggressive early deflation) to compute the singular values of B2. This generally
requires O(k2) flops.

Computing the spike vector. To compute the spike vector t on line 2, the first elements of
the right singular vectors V of B2 need to be computed. This can be done by computing the
full SVD of B2, which requires at least O(k2) flops. We can reduce the cost by noting that
only the first element of each singular vector is needed to compute t. This corresponds to
the Gauss quadrature, whose computational algorithms are discussed in [57, 55]. However
this approach generally still requires O(k2) flops.

When to neglect elements of the spike vector. Basic singular value perturbation the-
ory [142, p.69] tells us that the perturbation on the computed singular values caused by
neglecting the ℓth element tℓ of t is bounded by |tℓ|. Since the unconverged singular values

are greater than
√
S where S is the sum of previous shifts, we can safely neglect elements

of t that are smaller than
√
Sǫ (ǫ is the machine precision) without causing loss of relative

accuracy of any singular value.
Rebidiagonalization process. Since the upper-left part of the matrix is already bidiagonal,

we only need to bidiagonalize the bottom-right (k0 + 1)× (k0 + 1) part of the matrix of the
form (6.3), where k0 = k − kℓ.

We use a 4 × 4 (k0 = 3) example to illustrate our bidiagonalization process, which is
based on a sequence of Givens rotations:



∗ ∗ ∗ ∗
∗
∗
∗



GR(3, 4)

→




∗ ∗ ∗ 0
∗
∗ +
+ ∗



GL(3, 4)

→




∗ ∗ ∗
∗
∗ ∗
0 ∗



GR(2, 3)

→




∗ ∗ 0
∗ +
+ ∗ ∗

∗




GL(2, 3)

→




∗ ∗
∗ ∗ +
0 ∗ ∗

∗



GR(3, 4)

→




∗ ∗
∗ ∗ 0
∗ ∗
+ ∗



GL(3, 4)

→




∗ ∗
∗ ∗
∗ ∗
0 ∗


 .

Here, GL(i, j) (or GR(i, j)) above the arrow indicates the application of a Givens rotation
from the left (or right) to the ith and jth rows (or columns). “0” indicates an element that
was zeroed out by the rotation, and “+” is a nonzero that was newly created. By counting
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the number of rotations, we can show that the total flops required for this process is at most
18k2

0, which is generally O(k2). We note that this process can be regarded as a bidiagonal
version of the tridiagonalization algorithm of an arrowhead matrix discussed in [123, 169].

Maintaining high relative accuracy. The computation of the spike vector t and the bidi-
agonalization process described above can cause errors of order ǫ‖B2‖2 in finite precision
arithmetic. This may result in loss of relative accuracy for small singular values. To avoid
this, we dynamically adjust the deflation window size (shrink from input size k) so that B2

does not contain elements that are larger than c
√
S, where S is the sum of previous shifts

and c is a modest constant. In our experiments we let c = 1.0.

6.2. Aggressive early deflation for dqds - version 2: Aggdef(2)

Numerical experiments in Section 6.4 illustrate that Aggdef(1) described above signifi-
cantly reduces the number of dqds iterations in many cases. However, computing the spike
vector t and rebidiagonalizing the matrix generally require at least O(k2) flops, which can be
expensive. Furthermore, Aggdef(1) requires the computation of the square roots of qi and
ei, and it needs to consider a safe window size to guarantee the high relative accuracy. In
this section, we discuss an alternative deflation strategy, Aggdef(2), which addresses these
issues by seeking one deflatable singular value at a time.

6.2.1. Process to deflate one singular value. To introduce Aggdef(2) we first de-
scribe Aggdef(2)-1, a simplified process to deflate one smallest singular value. As before, B2

is the lower-right k × k submatrix of B.

Algorithm 6 Aggdef(2)-1, process for deflating one singular value

Inputs: Bidiagonal B, window size k, sum of previous shifts S
1: compute s = (σmin(B2))

2

2: compute B̂2 such that B̂T
2 B̂2 = BT

2 B2 − sI by dstqds. Set B̂2(end, end) ← 0 if it is
negligible (see (6.10)), otherwise exit

3: compute B̆2 = B̂2

∏i0
i=1 GR(k − i, k) for i0 = 1, . . . , k − 2 until w as in (6.4) becomes

negligible (see (6.12)), then w ← 0. Exit if w never becomes negligible

4: compute B̃2 such that B̃T
2 B̃2 = B̆T

2 B̆2+sI by dstqds and update B by replacing B2 with

B̃2

On the first line of Aggdef(2)-1, only the smallest singular value of B2 is computed using
dqds, which requires O(k) flops.

On lines 2 and 4, we use the dstqds algorithm [38, 39], which was originally developed to
obtain the LDLT decomposition of a shifted tridiagonal matrix in a mixed forward-backward
stable manner in the relative sense. We slightly modify this algorithm to reflect the bidiagonal

structure. This allows us to compute the k-by-k bidiagonal B̂2 with q̂n−k+i = (B̂2(i, i))
2 and

ên−k+i = (B̂2(i, i + 1))2 from B2 such that B̂T
2 B̂2 = BT

2 B2 − sI in about 5k flops, without
losing relative accuracy of the computed singular values. Algorithm 7 shows the pseudocode
of our dstqds algorithm.
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Algorithm 7 differential stationary qds (dstqds)

Inputs: s, qi = (B(i, i))2 (i = n− k+ 1, . . . , n), ei = (B(i, i+ 1))2 (i = n− k+ 1, . . . , n− 1)
1: d = −s
2: q̂n−k+1 = qn−k+1 + d
3: for i := n− k + 1, · · · , n− 1 do
4: êi = qiei/q̂i
5: d = dei/q̂i − s
6: q̂i+1 = qi+1 + d
7: end for

The bottom diagonal element of B̂2 is 0 in exact arithmetic. However in practice its
computed value is nonzero, and we safely set it to 0 when it is small enough, as detailed

below in (6.10). In exact arithmetic, the bidiagonal elements of B̂2 are all positive except
for the bottom zero element. However in finite precision arithmetic, negative elements could
appear. When negative elements exist besides at the bottom diagonal, this indicates a
breakdown of the Cholesky factorization. When this happens, we exit Aggdef(2)-1 and
return to the dqds iterations.

On line 3 of Aggdef(2)-1, to determine if
√
s+ S can be deflated as a converged singular

value, we apply a sequence of i0 (≤ k − 2) Givens transformations (note that they are not

strictly Givens rotations: we apply matrices of the form

[
c s
s −c

]
to specified columns, where

c2 + s2 = 1) to B̂2 on the right to compute B̆2 = B̂2

∏i0
i=1 GR(k − i, k), where GR(k − i, k)

is the Givens transformation acting on the (k − i)th and kth columns. (6.4) describes this
process for the case k = 5 and i0 = 3:

(6.4)




∗ ∗
∗ ∗
∗ ∗
∗ ∗



→




∗ ∗
∗ ∗
∗ ∗ w
∗ 0



→




∗ ∗
∗ ∗ w
∗ ∗ 0
∗ 0



→




∗ ∗ w
∗ ∗ 0
∗ ∗ 0
∗ 0



.

Here, “0” represents the element that was zeroed out and “w” is the nonzero that was newly
created by the transformation. The Givens transformations are applied so that all but the
bottom diagonals of the matrices in (6.4) are positive. We stop applying the transformations
once w becomes negligibly small so that (6.12) is satisfied.

Let us denote x =
√
w and express the effects of the ith Givens transformation in (6.4)

as follows:

(6.5)




∗ ∗
∗

√
êj√
q̂j+1 ∗ √x

∗ 0



GR(k − i, k)

→




∗ ∗
∗

√
ĕj

√
x̆√

q̆j+1 ∗ 0
∗ 0



,
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where j = n− i− 1. The triplet (q̆j+1, ĕj , x̆) can be computed from (q̂j+1, êj, x) by

(6.6) q̆j+1 = q̂j+1 + x, ĕj =
q̂j+1êj
q̂j+1 + x

, x̆ =
xêj

q̂j+1 + x
.

Hence, Aggdef(2)-1 can be executed without computing square roots. Note that (6.6) pro-

vides a decreasing factor of the element x, i.e., x̆ < x
êj

q̂j+1
. Now, since B̂2 converges to a

diagonal matrix, the diagonal element q̂j+1 is typically larger than the off-diagonal element
êj. This suggests that the size of x̆ tends to decrease as it is chased up, i.e., 0 < x̆ ≪ x if
q̂j+1 ≫ êj. In practice, we observed that x̆ often becomes negligible long before it reaches
the top, that is, i0 ≪ k − 2.

6.2.2. Theoretical justifications. Here we express the key steps of Aggdef(2)-1 in

matrix notations when it deflates a singular value. We denote by B and B̃ the input and
output n-by-n bidiagonals of Aggdef(2)-1 respectively.

Line 2 of Aggdef(2)-1 computes B̂2 such that B̂T
2 B̂2 = BT

2 B2 − sI. Then, line 3 post-

multiplies B̂2 by the unitary matrix
∏i0

i=1 GR(k−i, k) ≡
[
1

Q

]
, where Q is a (k−1)×(k−1)

unitary matrix. Once w in (6.4) becomes negligible it is set to 0, and we thus obtain the

bidiagonal matrix B̆2 such that

B̆T
2 B̆2 =

(
B̂2

[
1

Q

]
−
[

w
])T (

B̂2

[
1

Q

]
−
[

w
])

≡
[
1

QT

]
BT

2 B2

[
1

Q

]
− sI + E.(6.7)

We will carefully examine the “error matrix” E later in Section 6.2.3.

Finally, line 4 computes B̃2 such that

B̃T
2 B̃2 = B̆T

2 B̆2 + sI

=

[
1

QT

]
BT

2 B2

[
1

Q

]
+ E.

Since denoting u1 = [1, 0, 0, · · · , 0]T ∈ Rk×1 and un−k = [0, 0, 0, · · · , 1]T ∈ Rn−k×1 we have

BTB =

[
BT

1 B1
√
qn−ken−kun−ku

T
1√

qn−ken−ku1u
T
n−k BT

2 B2 + en−ku1u
T
1

]
,
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noting that uT
1

[
1

Q

]
= uT

1 we obtain

B̃T B̃ =

[
BT

1 B1
√
qn−ken−kun−ku

T
1√

qn−ken−ku1u
T
n−k B̃T

2 B̃2 + en−ku1u
T
1

]

=

[
In−k

1
QT

] [
BT

1 B1
√
qn−ken−kun−ku

T
1√

qn−ken−ku1u
T
n−k BT

2 B2 + en−ku1u
T
1

] [In−k

1
Q

]

+

[

E

]
(6.8)

=

[
In−k+1

QT

]
BTB

[
In−k+1

Q

]
+

[

E

]
.(6.9)

Later in Section 6.2.3 we show that the condition (6.12) implies ‖E‖2 is small enough

to ensure |λi(B̃
T B̃ + SI) − λi(B

TB + SI)| ≤ 2cSǫ for a modest constant c, from which we
conclude that high relative accuracy of the computed singular values is maintained.

The above arguments tell us that the entire process of Aggdef(2)-1 (which is to peel off
the submatrix B2, “shift” it by sI, multiply a unitary matrix, shift it back, then copy it
back to the original B2) is a valid process only because the unitary matrix

∏i0
i=1 GR(k− i, k)

we right-multiply to B̂2 preserves the first column: multiplying a general unitary matrix

destroys the crucial equality uT
1

[
1

Q

]
= uT

1 , and is not allowed here.

6.2.3. When to neglect elements. In this section, we derive conditions that ensure

neglecting the bottom diagonal element
√
q̂n of B̂2 and the error matrix E in (6.7) does not

cause loss of relative accuracy of the computed singular values.

We first examine when it is safe to neglect a nonzero computed q̂n.
First suppose that q̂n is positive. Since setting q̂n to zero only changes the bottom

diagonal of B̂T
2 B̂2 + (s + S)I by q̂n, Weyl’s theorem ensures that high relative accuracy of

the unconverged singular values is maintained if q̂n < cSǫ for a modest constant c.
Next consider the case q̂n < 0. dstqds of Algorithm 7 computes q̂n as q̂n = qn + d, where

d does not depend on qn. Hence, setting q̂n to 0 is equivalent to replacing qn of the original
matrix BT

2 B2 with qn − q̂n. Weyl’s theorem applied to B2B
T
2 + SI guarantees that high

relative accuracy of the singular values is preserved if |q̂n| < cSǫ.
In summary, we can safely neglect q̂n if

(6.10) |q̂n| ≤ cSǫ.

We next examine when to neglect w =
√
x (or equivalently E) when applying the Givens

transformations. After setting q̂n to zero and applying i0 Givens transformations to B̂2, we
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have B̂T
2 B̂2 + sI = BT

2 B2, where B̂2 is of the form

(6.11) B̂2 =




∗ ∗√
q̂j

√
ĕj

√
x

∗ ∗
∗

0



,

where j = n− i0− 1 is the row index of x. Then, recalling x = w2, we see that E as in (6.7),
(6.9) is

E =




−
√
xq̂j

−
√
xĕj

−
√
xq̂j −

√
xĕj x



.

Hence, Weyl’s theorem ensures that the perturbation to the eigenvalues of B̂T
2 B̂2+(S+s)I

caused by setting x to zero is bounded by ‖E‖2 ≤
√

x(q̂j + ĕj) + x. Therefore, it is safe to

neglect x when
√
x(q̂j + ĕj) ≤ cSǫ and x ≤ cSǫ, or equivalently

(6.12) x(q̂j + ĕj) ≤ (cSǫ)2 and x ≤ cSǫ.

In our numerical experiments, we set c = 1.0 in both (6.10) and (6.12).
We note that as the dqds iterations proceed, the sum of the previous shifts S typically

becomes larger than q̂n, q̂j and ĕj, so that the three inequalities all become more likely to
hold. As a result, more singular values are expected to be deflated.

In the discussion here and in Section 6.1 we use only the Weyl bound. If some information
on the gap between singular values is available, a sharper, quadratic perturbation bound can
be used [97, 109]. We do not use such bounds here because estimating the gap is a nontrivial

task, involving the whole matrix B instead of just B2 or B̂2, and experiments suggest that
the improvement we get is marginal.

Let us give more details. In practice we are unwilling to spend O(n) flops for estimating

the gap, so instead we estimate the gap using only B̂2. One choice is to estimate a lower
bound for the smallest singular value σmin of the top-left (k− 1)-by-(k− 1) submatrix of B2,
and apply the bound in [97] to obtain the bound

(6.13) |σi(B̂2)− σi(B̂2,0)| ≤
2x

σmin +
√

σ2
min + 4x

,

where B̂2,0 is the matrix obtained by setting x to 0 in (6.11). We emphasize that (6.13) is
not a bound in terms of the entire matrix B, which is what we need to guarantee the desired
accuracy. In practice estimating σmin can be also costly, so we attempt to estimate it simply
by
√

q̂n−1. Combining this with (6.13), we tried neglecting the x values when

(6.14)
2x√

q̂n−1 +
√

q̂n−1 + 4x
≤
√
cSǫ.

We observed through experiments that using this criterion sometimes results in loss of relative
accuracy. Moreover, there was no performance gain on average, no particular case giving
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more than 5% speedup. To guarantee relative accuracy while using a quadratic perturbation
bound we need a more complicated and restrictive criterion than (6.14), which is unlikely to
provide a faster implementation. Therefore we decide to use the simple and safe criterion
(6.12) using Weyl’s theorem.

6.2.4. High relative accuracy of Aggdef(2)-1 in floating point arithmetic. Here
we show that Aggdef(2)-1 preserves high relative accuracy of singular values. We use the
standard model of floating point arithmetic

fl(x ◦ y) = (x ◦ y)(1 + δ) = (x ◦ y)/(1 + η),

where ◦ ∈ {+,−,×,÷} and δ, η satisfy

(1 + ǫ)−1(x ◦ y) ≤ fl(x ◦ y) ≤ (1 + ǫ)(x ◦ y).
For the error analysis below, we need to define B̂2 clearly. In this subsection, we let B̂2 be

the first bidiagonal matrix in (6.4). In other words, B̂2 is obtained by computing the dstqds
transform from B2 in floating point arithmetic, then setting the bottom element q̂n to 0,
supposing that (6.10) is satisfied.

First we show that high relative accuracy of singular values of the lower right submatrices

B2 is preserved. We do this by using direct mixed stability analysis with respect to B2, B̂2,

B̆2, B̃2, using an argument similar to that in [45, sec. 7.2].

Let us first analyze the transformation from B2 to B̂2. We introduce two ideal matrices

Ḃ2,
¨̂
B2 satisfying

¨̂
B

T

2
¨̂
B2 = ḂT

2 Ḃ2 − sI for all but the bottom element ¨̂qn of
¨̂
B2, which is set

to 0. We seek such Ḃ2 and
¨̂
B2 so that Ḃ2 is a small relative perturbation of B2 and

¨̂
B2 is a

small relative perturbation of B̂2. In this subsection, we use a dot to denote backward type
ideal matrices, and a double dot to denote forward type ideal matrices. The ith main and

off-diagonals of Ḃ2 are q̇i and ėi, and those of
¨̂
B2 are ¨̂qi and

¨̂ei.
All the results in this subsection state errors in terms of the relative error, and we use

the statement “q̇i differs from qi by αǫ” to mean (1+ ǫ)−αq̇i ≤ qi ≤ (1+ ǫ)αq̇i (≃ (1+αǫ)q̇i).
Below we specify the values of d as in Algorithm 7 and x as in (6.6) by denoting them with
subscripts di and xi.

Lemma 6.1. Concerning the mixed stability analysis in the transformation from B2 to

B̂2, q̇i differs from qi by ǫ and ėi differs from ei by 3ǫ, and q̂i differs from ¨̂qi by 2ǫ and êi
differs from ¨̂ei by 2ǫ.

Proof. From the dstqds transform, we have

êi = (qiei/q̂i)(1 + ǫi,∗1)(1 + ǫi,/),

di+1 = ((diei/q̂i)(1 + ǫi+1,∗2)(1 + ǫi,/)− s)(1 + ǫi+1,−),

q̂i+1 = (qi+1 + di+1)(1 + ǫi+1,+).

From these equalities for di+1 and q̂i+1, we have

di+1

1 + ǫi+1,−
=

diei(1 + ǫi+1,∗2)(1 + ǫi,/)

(qi + di)(1 + ǫi,+)
− s.
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This tells us how to define Ḃ2. We let them be

ḋi+1 = di+1/(1 + ǫi+1,−),(6.15)

q̇i+1 = qi+1/(1 + ǫi+1,−),(6.16)

ėi = ei(1 + ǫi+1,∗2)(1 + ǫi+1,/)/(1 + ǫi,+).(6.17)

Then we see that

ḋi+1 = ḋiėi/(q̇i + ḋi)− s,

so the recurrence for ḋi+1 of the dstqds transformation is satisfied. We then define the

elements of the ideal
¨̂
B2 as

¨̂qi+1 = q̂i+1/(1 + ǫi+1,+)(1 + ǫi+1,−),(6.18)

¨̂ei = êi(1 + ǫi+1,∗2)/(1 + ǫi,∗1).(6.19)

Then the dstqds transformation from Ḃ2 to
¨̂
B2, expressed in matrix form as

¨̂
B

T

2
¨̂
B2 = ḂT

2 Ḃ2+
sI, is satisfied. �

We next prove two lemmas regarding the connections between B̂2, B̆2 and B̃2, and their

corresponding ideal matrices denoted with dots. Similarly to B̂2, the bidiagonal matrix B̆2

is here defined as the (k − 1) × (k − 1) deflated matrix obtained after applying the Givens
transformations and setting x to 0.

Lemma 6.2. Concerning the mixed stability analysis in the transformation from B̂2 to
B̆2, we have ˙̂qi = q̂i, and ˙̂ei differs from êi by 3ǫ, q̆i differs from ¨̆qi by ǫ and ĕi differs from
¨̆ei by 2ǫ.

Proof. Recalling (6.6) we have

q̆i+1 = (q̂i+1 + xi+1)(1 + ǫi+1,+),

ĕi =
q̂i+1êi(1 + ǫi+1,∗1)(1 + ǫi+1,/)

(q̂i+1 + xi+1)(1 + ǫi+1,+)
,

xi =
xi+1êi(1 + ǫi+1,∗2)(1 + ǫi+1,/)

(q̂i+1 + xi+1)(1 + ǫi+1,+)
.

Hence, we define the variables for the ideal matrix
˙̂
B2 as

ẋi = xi,
˙̂qi+1 = q̂i+1,

˙̂ei = êi(1 + ǫi+1,∗2)(1 + ǫi+1,/)/(1 + ǫi+1,+).

Then it follows that

ẋi =
ẋi+1

˙̂ei
˙̂qi+1 + ẋi+1

,

so the recurrence for ẋi is satisfied.
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✲

❄

✻

❄
✲

✲

✻

❄
✲

✲

✻

B2

Ḃ2
¨̂
B2 (

῭
B2)

B̂2 (B̀2) B̂2(B̀2)

˙̂
B2(

˙̀
B2)

¨̆
B2 (

΅
B2)

B̆2 (B́2) B̆2(B́2)

˙̆
B2(

˙́
B2)

¨̃
B2

B̃2
Step (a)

computed

Step (b)

computed

Step (c)

computed

exact exact exact

change
qn−k+i
by ǫ

en−k+i
by 3ǫ

change
q̂n−k+i
by 2ǫ

ên−k+i
by 2ǫ

change
q̂n−k+i
by 0

ên−k+i
by 3ǫ

change
q̆n−k+i
by ǫ

ĕn−k+i
by 2ǫ

change
q̆n−k+i
by ǫ

ĕn−k+i
by 3ǫ

change
q̃n−k+i
by 2ǫ

ẽn−k+i
by 2ǫ

Figure 6.2.1. Effect of roundoff

Similarly, we define the variables for the ideal matrix
¨̆
B2 as

¨̆qi+1 = q̆i+1/(1 + ǫi+1,+),

¨̆ei = ĕi(1 + ǫi+1,∗2)/(1 + ǫi+1,∗1).

Then the transformation from
˙̂
B2 to

¨̆
B2 is realized in exact arithmetic. �

Lemma 6.3. Concerning the mixed stability analysis in the transformation from B̆2 to

B̃2, ˙̆qi differs from q̆i by ǫ, ˙̆ei differs from ĕi by 3ǫ, q̃i differs from ¨̃qi by 2ǫ and ẽi differs from
¨̃ei by 2ǫ.

Proof. The proof is the same as in Lemma 6.1. �

The above results are summarized in Figure 6.2.1. We will discuss the matrices B̀2, B́2

shortly.
Combining Lemma 6.1, (6.10) and a result by Demmel and Kahan [35, Corollary 2]

that shows that the relative perturbation of bidiagonal elements produces only small relative
perturbation in the singular values, we see that relative accuracy of the deflated singular
value is preserved. We next show that Aggdef(2)-1 preserves high relative accuracy of all
singular values of the whole bidiagonal matrix B.

The key idea of the proof below is to define bidiagonal matrices B̀2 and B́2 satisfying

B̀T
2 B̀2 = B̂T

2 B̂2 + sI and B́T
2 B́2 = B̆T

2 B̆2 + sI in exact arithmetic, so that we can discuss
solely in terms of matrices that are not shifted by −sI. We first consider the bidiagonal

matrices B̀2 and
῭
B2 satisfying B̀T

2 B̀2 = B̂T
2 B̂2 + sI and

῭
BT

2
῭
B2 =

¨̂
B

T

2
¨̂
B2 + sI. We have the

following lemma.

Lemma 6.4. Concerning the relative errors between B̀2 and
῭
B2, q̀n−k+i differs from ῭qn−k+i

by 4iǫ and èn−k+i differs from ῭en−k+i by 4(i+ 1)ǫ for i = 1, . . . , k.

Proof. The dstqds transformation from B̂2 to B̀2 gives

èi = q̂iêi/q̀i, d̀i+1 = d̀iêi/q̀i + s, q̀i+1 = q̂i+1 + d̀i+1.(6.20)
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Hence

d̀i+1 =
d̀iêi

q̂i + d̀i
+ s =

êi

q̂i/d̀i + 1
+ s.(6.21)

Regarding the variables of
῭
B, by Lemma 6.1 the relative perturbation of q̂i, êi from ¨̂qi,

¨̂ei
are both 2ǫ, that is,

(1 + ǫ)−2q̂i ≤ ¨̂qi ≤ (1 + ǫ)2q̂i(6.22)

(1 + ǫ)−2êi ≤ ¨̂ei ≤ (1 + ǫ)2êi.(6.23)

Moreover, similarly to (6.21) we have

῭
di+1 =

êi

¨̂qi/
῭
di + 1

+ s.

Note that in the computation of d̀i,
῭
di, subtraction is not involved and d̀n−k+1 =

῭
dn−k+1 = s.

We claim that the relative perturbation of d̀n−k+i of B̂2 from
῭
dn−k+i of

¨̂
B2 is less than 4iǫ:

(6.24) (1 + ǫ)−4id̀n−k+i ≤ ῭
dn−k+i ≤ (1 + ǫ)4id̀n−k+i

for i = 1, . . . , k. We can prove (6.24) by backward induction on i. For i = k it is obvious.
Next, if (6.24) holds for i = j − 1, then for i = j we have

῭
dn−k+j =

¨̂en−k+j−1

¨̂qn−k+j−1/
῭
dn−k+j−1 + 1

+ s

≤ ên−k+j−1(1 + ǫ)2

q̂n−k+j−1(1 + ǫ)−2/d̀n−k+j−1(1 + ǫ)4(j−1) + 1
+ s

≤ d̀n−k+j−1ên−k+j−1(1 + ǫ)4j

q̂n−k+j−1/d̀n−k+j−1 + (1 + ǫ)4j−2
+ s

≤ d̀n−k+j−1ên−k+j−1(1 + ǫ)4j

q̂n−k+j−1/d̀n−k+j−1 + 1
+ (1 + ǫ)4js

= (1 + ǫ)4j d̀n−k+j.

The first inequality in (6.24) can be shown similarly. Using (6.20), (6.23) and (6.24) we get

(1 + ǫ)−4iq̀n−k+i = (1 + ǫ)−4i(q̂n−k+i + d̀n−k+i)

≤ ¨̂qn−k+i +
῭
dn−k+i(= ῭qn−k+i)

≤ (1 + ǫ)4i(q̂n−k+i + d̀n−k+i)

= (1 + ǫ)4iq̀n−k+i.

Therefore,

(6.25) (1 + ǫ)−4iq̀n−k+i ≤ ῭qn−k+i ≤ (1 + ǫ)4iq̀n−k+i
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✻

✲

✲

✻

❄

B̂2

¨̂
B2

῭
B2

B̀2
exact

exact

change
q̂n−k+i
by 2ǫ

ên−k+i
by 2ǫ

change
q̀n−k+i
by 4iǫ

èn−k+i
by 4(i + 1)ǫ

✻

❄῭
B

B̀

perturbation of
singular values are
less than (2k2 + 4k)ǫ

Figure 6.2.2. Effect of roundoff for singular values of
῭
B and B̀

for i = 1, . . . , k. Therefore the relative error between q̀n−k+i and ῭qn−k+i is 4iǫ. Similarly, we
estimate the relative error between èn−k+i and ῭en−k+i. We see that

(1 + ǫ)−4(i+1)èn−k+i = (1 + ǫ)−4(i+1)q̂n−k+iên−k+i/q̀n−k+i

≤ ¨̂qn−k+i
¨̂en−k+i/῭qn−k+i(= ῭en−k+i)

≤ (1 + ǫ)4(i+1)q̂n−k+iên−k+i/q̀n−k+i

= (1 + ǫ)4(i+1)èn−k+i,

where we used (6.20), (6.23), (6.24) and (6.25). Therefore the relative error between èn−k+i

and ῭en−k+i is 4(i+ 1)ǫ for i = 1, . . . , k − 1. �

Now, from the n × n bidiagonal matrix B we define a new n × n bidiagonal matrix Ḃ
obtained by replacing the lower right k×k part by Ḃ2. By Lemma 6.1 and Demmel-Kahan’s
result [35, Corollary 2], we have

k∏

i=1

√
(1 + ǫ)−3

k−1∏

i=1

√
(1 + ǫ)−1σi ≤ σ̇i ≤

k∏

i=1

√
(1 + ǫ)3

k−1∏

i=1

√
(1 + ǫ)σi,

where σ̇i denotes the ith singular value of Ḃ. Here the square roots come from the facts Bi,i =√
qi and Bi,i+1 =

√
ei. Using

∏k
i=1

√
(1 + ǫ)3

∏k−1
i=1

√
(1 + ǫ) ≤∏k

i=1(1 + ǫ)2 ≤ exp(2kǫ) and
an analogous inequality for the lower bound we get

(6.26) exp(2kǫ)−1σi ≤ σ̇i ≤ exp(2kǫ)σi. for i = 1, . . . , n,

Similarly, we introduce B̀,
῭
B whose lower right submatrix is replaced by B̀2,

῭
B2. By

Lemma 6.4 and Demmel-Kahan’s result, we have

(6.27) exp((2k2 + 4k)ǫ)−1 ῭σi ≤ σ̀i ≤ exp((2k2 + 4k)ǫ)῭σi for i = 1, . . . , n,

where ῭σi and σ̀i are the singular values of
῭
B and B̀. This analysis is summarized in Fig-

ure 6.2.2.
Recall that assuming (6.10) is satisfied, we set q̂n and ¨̂qn to 0. We next bound the effect

of the operation ¨̂qn ← 0 on the singular values of Ḃ2 and
῭
B2. Noting that the bounds in

Lemma 6.1 hold for the bottom elements q̂n and ¨̂qn even before setting them to 0, by the
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argument leading to (6.10) we obtain (recall that
√
σ2
i + S are the singular values to be

computed)

(6.28) (1− c(1 + ǫ)2ǫ)(σ̇2
i + S) ≤ ῭σ2

i + S ≤ (1 + c(1 + ǫ)2ǫ)(σ̇2
i + S) for i = 1, . . . , n.

For simplicity we rewrite (6.28) as

(6.29) exp(c′ǫ)−1
√

σ̇2
i + S ≤

√
῭σ2
i + S ≤ exp(c′ǫ)

√
σ̇2
i + S for i = 1, . . . , n,

where c′(≈ c/2) is a suitable constant such that the original inequality (6.28) is satisfied.

Since S ≥ 0, we see that (6.26) implies exp(2kǫ)−1
√
σ2
i + S ≤

√
σ̇2
i + S ≤ exp(2kǫ)

√
σ2
i + S,

and an analogous inequality holds for (6.27). Combining the three bounds we obtain a bound
for the relative error in Step (a) in Figure 6.2.1

(6.30) exp((2k2 + 6k + c′)ǫ)−1
√
σ2
i + S ≤

√
σ̀2
i + S ≤ exp((2k2 + 6k + c′)ǫ)

√
σ2
i + S

for i = 1, . . . , n.
We next discuss Step (b) in Figure 6.2.1. Similarly to the above discussion, we define a

bidiagonal matrix
˙̀
B2 satisfying

˙̀
BT

2
˙̀
B2 =

˙̂
B

T

2
˙̂
B2 + sI in exact arithmetic.

Lemma 6.5. ˙̀qn−k+i differs from q̀n−k+i by 3iǫ and ˙̀en−k+i differs from èn−k+i by 3(i+1)ǫ
for i = 1, . . . , k.

Proof. Similarly to (6.22) and (6.23), by Lemma 6.2 we have

˙̂qi = q̂i(6.31)

(1 + ǫ)−3êi ≤ ˙̂ei ≤ (1 + ǫ)3êi(6.32)

Therefore, similarly to (6.24), we have

(6.33) (1 + ǫ)−3id̀n−k+i ≤ ˙̀
dn−k+i ≤ (1 + ǫ)3id̀n−k+i,

so the proof is completed as in Lemma 6.4. �

Therefore, we have

(6.34) exp((3k2/2 + 3k)ǫ)−1σ̀i ≤ ˙̀σi ≤ exp((3k2/2 + 3k)ǫ)σ̀i for i = 1, . . . , n.

We next define and compare the bidiagonal matrices B́2 and
΅
B2 satisfying B́

T
2 B́2 = B̆T

2 B̆2+sI

and
΅
BT

2
΅
B2 =

¨̆
BT

2
¨̆
B2 + sI in exact arithmetic.

Lemma 6.6. q́n−k+i differs from ΅qn−k+i by 3iǫ and én−k+i differs from ΅en−k+i by 3(i+1)ǫ
for i = 1, . . . , k.

Proof. By Lemma 6.2 we have

(1 + ǫ)−1q̆i ≤ ¨̆qi ≤ (1 + ǫ)q̆i

(1 + ǫ)−2ĕi ≤ ¨̆ei ≤ (1 + ǫ)2ĕi.

Therefore, similarly to (6.24), we have

(6.35) (1 + ǫ)−3id́n−k+i ≤ ΅
dn−k+i ≤ (1 + ǫ)3id́n−k+i.
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The same argument as in Lemma 6.4 completes the proof. �

Therefore, we have

(6.36) exp((3k2/2 + 3k)ǫ)−1 ΅σi ≤ σ́i ≤ exp((3k2/2 + 3k)ǫ)΅σi for i = 1, . . . , n.

Recall that the kth column of B̆2 is set to the zero vector when (6.12) is satisfied, and
hence by Lemma 6.2 we see that

(1− 2c(1 + ǫ)ǫ)(̇σ̀2
i + S) ≤ (΅σ2

i + S) ≤ (1 + 2c(1 + ǫ)ǫ)( ˙̀σ2
i + S) for i = 1, . . . , n.

For simplicity, we rewrite the inequalities using a suitable constant c′′(≈ c) as

(6.37) exp(c′′ǫ)−1

√
˙̀σ2
i + S ≤

√
΅σ2
i + S ≤ exp(c′′ǫ)

√
˙̀σ2
i + S for i = 1, . . . , n.

Combining (6.34), (6.36) and (6.37) we get

(6.38) exp((3k2 + 6k + c′′)ǫ)−1
√
σ̀2
i + S ≤

√
σ́2
i + S ≤ exp((3k2 + 6k + c′′)ǫ)

√
σ̀2
i + S

for i = 1, . . . , n.

Finally, we bound the relative error caused in Step (c). Let
˙́
B2 be a bidiagonal matrix

satisfying
˙́
BT

2
˙́
B2 =

˙̆
BT

2
˙̆
B2 + sI in exact arithmetic. We have the following lemma comparing

B́2 and
˙́
B2.

Lemma 6.7. q́n−k+i differs from ˙́qn−k+i by 4iǫ and én−k+i differs from ˙́en−k+i by 4(i+1)ǫ
for i = 1, . . . , k.

Proof. By Lemma 6.3 we have

(1 + ǫ)−1q̆i ≤ ˙̆qi ≤ (1 + ǫ)q̆i

(1 + ǫ)−3ĕi ≤ ˙̆ei ≤ (1 + ǫ)3ĕi.

Therefore, similarly to (6.24), we have

(6.39) (1 + ǫ)−4id́n−k+i ≤ ˙́
dn−k+i ≤ (1 + ǫ)4id́n−k+i.

The same argument as in Lemma 6.4 completes the proof. �

From this lemma, we get

exp((2k2 + 4k)ǫ)−1σ́i ≤ ˙́σi ≤ exp((2k2 + 4k)ǫ)σ́i for i = 1, . . . , n,

with the aid of Demmel-Kahan’s result. Moreover, using Lemma 6.3 we get

exp(2kǫ)−1 ˙́σi ≤ σ̃i ≤ exp(2kǫ) ˙́σi for i = 1, . . . , n.

Therefore, we obtain

(6.40) exp((2k2 + 6k)ǫ)−1σ́i ≤ σ̃i ≤ exp(2k2 + 6k)ǫ)σ́i,

for i = 1, . . . , n.
Now we present the main result of this subsection.
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Theorem 6.1. Aggdef(2)-1 preserves high relative accuracy. The singular values σ1 >

· · · > σn of B and σ̂1 > · · · > σ̂n of B̂ and the sum of previous shifts S satisfy

(6.41) exp((7k2 + 18k + C)ǫ)−1
√
σ2
i + S ≤

√
σ̂2
i + S ≤ exp((7k2 + 18k + C)ǫ)

√
σ2
i + S

for i = 1, . . . , n, where C = c′ + c′′.

Proof. Combine (6.30), (6.38) and (6.40). �

We note that in practice we always let the window size k be k ≤ √n (see Section 6.4.2),
so the bound (6.41) gives an relative error bound of order O(nǫ), which has the same order as
the bound for one dqds iteration derived in [45]. Also note that in our experiments C ≃ 1.5,
because we let c = 1.0. We conclude that executing Aggdef(2)-1 does not affect the relative
accuracy of dqds.

As discussed below, in Aggdef(2) we execute Aggdef(2)-1 repeatedly to deflate ℓ(> 1)
singular values. In this case we have

exp((7k2 + 18k + C)ℓǫ)−1
√
σ2
i + S ≤

√
σ̂2
i + S ≤ exp((7k2 + 18k + C)ℓǫ)

√
σ2
i + S

for i = 1, . . . , n, where ℓ is the number of deflated singular values by Aggdef(2).

6.2.5. Overall algorithm Aggdef(2). As mentioned above, Aggdef(2)-1 deflates only
one singular value. To deflate ℓ(> 1) singular values we execute Aggdef(2), which is mathe-
matically equivalent to ℓ runs of Aggdef(2)-1, but is cheaper saving ℓ calls of dstqds. Algo-
rithm 8 is its pseudocode.

Algorithm 8 Aggressive early deflation - version 2: Aggdef(2)

Inputs: Bidiagonal B, window size k, sum of previous shifts S
1: C = B2, ℓ = 0
2: compute sℓ+1 = (σmin(C))2

3: compute B̂2 such that B̂T
2 B̂2 = CTC − sℓ+1I by dstqds. Set B̂2(end, end) ← 0 if (6.10)

holds, otherwise go to line 6

4: compute B̆2 = B̂2

∏i0
i=1 GR(k − i, k) for i0 = 1, . . . , k − 2 until (6.12) holds. Go to line 6

if (6.12) never holds

5: C := B̆2(1 : end− 1, 1 : end− 1), ℓ← ℓ+ 1, k ← k − 1, go to line 2

6: compute B̃2 such that B̃T
2 B̃2 = CTC +

∑ℓ
i=1 siI by dstqds and update B by replacing

B2 with diag(B̃2, diag(
√∑ℓ

j=1 sj, . . . ,
√∑2

j=1 sj,
√
s1)).

6.2.6. Relation between Aggdef(2) and other methods. In this subsection, we
examine the relation between Aggdef(2) and previously-proposed methods including Ag-
gdef(1).
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6.2.6.1. Comparison with Aggdef(1). First, it should be stressed that Aggdef(2) is com-
putationally more efficient than Aggdef(1). Specifically, in contrast to Aggdef(1), which
always needs O(k2) flops, Aggdef(2) requires O(kℓ) flops when it deflates ℓ singular values.
Hence, even when only a small number of singular values are deflated (when ℓ ≪ k), Ag-
gdef(2) wastes very little work. In addition, as we saw above, unlike Aggdef(1), Aggdef(2)
preserves high relative accuracy of the computed singular values, regardless of the window
size k.

However, it is important to note that Aggdef(1) and Aggdef(2) are not mathematically
equivalent, although closely related. To see the relation between the two, let us define
the k-by-k unitary matrices Qi =

∏i
j=1GR(k − j, k) for i = 1, . . . , k − 2. After i Givens

transformations are applied on line 4 of Aggdef(2), Qi(k− i : k, k) (the i+ 1 bottom part of
the last column) is parallel to the corresponding part of v = [v1, . . . , vk]

T , the null vector of

B̂2. This can be seen by recalling that B̂2 is upper-bidiagonal and the bottom i+1 elements

of B̂2Qi(:, k) are all zeros. Note that v is also the right-singular vector corresponding to
σmin(B2).

Hence in particular, after k − 2 (the largest possible number) Givens transformations

have been applied we have Qk−2(2 : k, k) = v(2 : k)/
√

1− v21. It follows that w in (6.4)

is w =
√

ên−k+1v2/
√

1− v21 = −
√
q̂n−k+1v1/

√
1− v21, where we used the fact

√
q̂n−k+1v1 +√

ên−k+1v2 = 0. Hence recalling (6.12) and x = w2, we conclude that Aggdef(2) deflates√
S + s as a converged singular value if
|v1|√
1−|v1|2

< min{Sǫ/
√

q̂n−k+1(q̂n−k+1 + ên−k+1),
√

Sǫ/q̂n−k+1}. On the other hand, as we

discussed in Section 6.1.1, Aggdef(1) deflates
√
S + s if |v1| <

√
Sǫ/
√
en−k+1. We conclude

that Aggdef(1) and Aggdef(2) are similar in the sense that both deflate the smallest singular
value of B2 when the first element of its right singular vector v1 is small enough, albeit with
different tolerances.

The fundamental difference between Aggdef(1) and Aggdef(2) is that Aggdef(1) deflates
all the deflatable singular values at once, while Aggdef(2) attempts to deflate singular values
one by one from the smallest ones. As a result, Aggdef(2) deflates only the smallest singular
values of B2, while Aggdef(1) can detect the converged singular values that are not among the
smallest. Consequently, sometimes fewer singular values are deflated by Aggdef(2). However
this is not a serious defect of Aggdef(2), since as we show in Section 6.3.1, smaller singular
values are more likely to be deflated via aggressive early deflation. The numerical results in
Section 6.4 also show that the total numbers of singular values deflated by the two strategies
are typically about the same.

6.2.6.2. Relation with Sorensen’s deflation strategy. A deflation strategy closely related
to Aggdef(2) is that proposed by Sorensen ([139], [6, Sec.4.5.7]) for restarting the Arnoldi
or Lanczos algorithm. Just like Aggdef(2), the strategy attempts to deflate one converged
eigenvalue at a time. Its idea can be readily applied for deflating a converged eigenvalue
in a k-by-k bottom-right submatrix A2 of a n-by-n symmetric tridiagonal matrix A as in
(2.19). An outline of the process is as follows: Let (λ, v) be an eigenpair of A2 with v(k) 6= 0.
Sorensen defines the special k-by-k orthogonal matrix QS = L + vuT

k , where uk = [0, . . . , 1]
and L is lower triangular with nonnegative diagonals except L(k, k) = 0 (see [139, 6] for
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a precise formulation of L). L also has the property that for i = 1, . . . , k − 1, the below-
diagonal part of the ith column L(i + 1 : k, i) is parallel to v(i + 1 : k). In [139] it

is shown that diag(In−k, Q
T
S )Adiag(In−k, QS) =

[
A1 tT

t Â2

]
for Â2 = diag(T, λ) and t =

[̂bn−k, 0, . . . , 0, bn−kv(1)]
T , where T is a (k − 1)-by-(k − 1) tridiagonal matrix. Therefore λ

can be deflated if bn−kv(1) is negligibly small.
Now we discuss the close connection between Sorensen’s deflation strategy and Aggdef(2).

Recall the definition Qi =
∏i

j=1 GR(n − j, n). We shall see that Qk−2 and QS are closely
related. To do so, we first claim that a unitary matrix with the properties of QS is uniquely
determined by the vector v. To see this, note that [60] shows that for any vector v there
exists a unique unitary upper Hessenberg matrix expressed as a product of n − 1 Givens
transformations, whose last column is v. We also note that such unitary Hessenberg matri-
ces is discussed in [130]. Now, by permuting the columns of QS by right-multiplying the
permutation matrix P such that P (i, i + 1) = 1 for i = 1, . . . , k − 1 and P (k, 1) = 1, and
taking the transpose we get a unitary upper Hessenberg matrix P TQT

S whose last column is
v. Therefore we conclude that such QS is unique. Recalling that for i = 1, . . . , k−2 the last
column of Qi is parallel to [0, . . . , 0, v(k − i : k)T ]T , and noting that the irreducibility of B2

ensures v(k) 6= 0 and that the diagonals of Qi are positive (because the diagonals of (6.4) are
positive), we conclude that QS = Qk−2 ·GR(n− k + 1, n). Here, the Givens transformation
GR(n − k + 1, n) zeros the top-right w if applied to the last matrix in (6.4)1. Conversely,
Qi can be obtained in the same way as QS, by replacing v with a unit vector parallel to
[0, 0, . . . , 0, vk−i, . . . , vk]

T . Therefore recalling (6.9), we see that performing Aggdef(2) can
be regarded as successively and implicitly forming diag(In−k, Q

T
i )B

TBdiag(In−k, Qi) where
Qi is a truncated version of QS.

Table 6.2.1 summarizes the relation between aggressive early deflation (AED) as in [16],
Sorensen’s strategy, Aggdef(1) and Aggdef(2).

Table 6.2.1. Summary of deflation strategies.

Hessenberg bidiagonal

deflate all at once AED [16] Aggdef(1)
deflate one at a time Sorensen [139] [92], Aggdef(2)

While being mathematically nearly equivalent to Sorensen’s strategy, Aggdef(2) achieves
significant improvements in both efficiency and stability. To emphasize this point, we com-
pare Aggdef(2) with another, more straightforward extension of Sorensen’s deflation strategy
for the bidiagonal case, described in [92]. The authors in [92] use both the left and right
singular vectors of a target singular value to form two unitary matrices QS and PS (deter-
mined by letting y be the singular vectors that determines the unitary matrix) such that
diag(In−k, P

T
S ) ·B · diag(In−k, QS) is bidiagonal except for the nonzero (n− k, n)th element,

and its bottom diagonal is “isolated”. Computing this orthogonal transformation requires at

1We do not allow applying the transformation GR(n − k + 1, n) in Aggdef(2) for the reason mentioned in
Section 6.2.2.
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least O(k2) flops. It can also cause loss of relative accuracy of the computed singular values.
In contrast, Aggdef(2) completely bypasses PS (whose effect is implicitly “taken care of” by
the two dstqds transformations) and applies the truncated version of QS without forming it.
The resulting rewards are immense: the cost is reduced to O(k) and high relative accuracy
is guaranteed.

6.3. Convergence analysis

In this section we develop convergence analyses of dqds with aggressive early deflation.
Specifically, we derive convergence factors of the x elements in (6.5), which explain why
aggressive early deflation improves the performance of dqds. Our analyses also show that
aggressive early deflation makes a sophisticated shift strategy less vital for convergence speed,
making the zero-shift variant dqd a competitive alternative to dqds.

Our analysis focuses on Aggdef(2), because it is more efficient and always stable, and
outperforms Aggdef(1) in all our experiments. In addition, as we discussed in Section 6.2.6.1,
the two strategies are mathematically closely related. We start by estimating the value of
the x elements as in (6.5) in Aggdef(2). Then in Section 6.3.2 we study the impact on x of
one dqds iteration.

6.3.1. Bound for x elements. As reviewed in Section 2.5, in the dqds algorithm the
diagonals

√
qi of B converge to the singular values in descending order of magnitude, and

the ith off-diagonal element
√
ei converge to zero with the convergence factor σi+1

2−S
σi

2−S
[1]. In

view of this, here we assume that qi are roughly ordered in descending order of magnitude,
and that the off-diagonals ei are small so that ei ≪ qi.

Under these assumptions we claim that the dstqds step changes the matrix B2 only
slightly, except for the bottom element

√
qn which is mapped to 0. To see this, note that

since s < qn, we have q̂n−k+1 = qn−k+1−s ≃ qn−k+1, which also implies ên−k+1 ≃ en−k+1. Now
since by assumption we have ei ≪ qi ≃ q̂i, so d ≃ −s throughout the dstqds transformation.
Therefore the claim follows.

Now consider the size of the x element in Aggdef(2)-1 when it is chased up to the top, (n−
k+1, n) element. For definiteness here we denote by xi the value of x after i transformations
are applied. Initially we have x0 = ên−1 ≃ en−1. Then the Givens transformations are

applied, and as seen in (6.6), the ith transformation reduces x by a factor ên−i−1

q̂n−i+xi
. Therefore

after the application of k − 2 transformations x becomes

(6.42) x = ên−1

k−2∏

i=1

ên−i−1

q̂n−i + xi

≤ ên−1

k−2∏

i=1

ên−i−1

q̂n−i

≃ en−1

k−2∏

i=1

en−i−1

qn−i

.

This is easily seen to be small when qn−i ≫ en−i−1 for i = 1, . . . , k−2, which necessarily holds
in the asymptotic stage of dqds convergence. Note that asymptotically we have xi ≪ q̂n−i,
so that q̂n−i + xi ≃ q̂n−i for i = 1, . . . , k − 2, and so all the inequalities and approximations
in (6.42) become an equality.

Now we consider deflating the ℓ(≥ 2)th smallest singular value of B2 via the ℓth run
of Aggdef(2)-1 in Aggdef(2), assuming that the smallest ℓ − 1 singular values have been
deflated. Here we denote by xℓ the x element after the Givens transformations. Under
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the same asymptotic assumptions as above we see that after the maximum (k − ℓ − 1)
transformations the xℓ element is

(6.43) xℓ = ên−ℓ

k−ℓ−1∏

i=1

ên−i−ℓ

q̂n−i−ℓ+1 + xi

≤ ên−ℓ

k−ℓ−1∏

i=1

ên−i−ℓ

q̂n−i−ℓ+1

≃ en−ℓ

k−ℓ−1∏

i=1

en−i−ℓ

qn−i−ℓ+1

.

Several remarks regarding (6.43) are in order.

• While the analyses in [16, 94] are applicable to the more general Hessenberg matrix,
our result exhibits several useful simplifications by specializing in the bidiagonal
case. Our bound (6.43) on xℓ involves only the elements of B2. On the other hand,
the bound (2.18) in [16], which bound the spike vector elements in Aggdef(1) (after
interpreting the problem in terms of computing the eigenvalues of BTB), is difficult
to use in practice because it requires information about the eigenvector.
• By (6.43) we see that xℓ is typically larger for large ℓ. This is because for large ℓ,
fewer Givens transformations are applied, and en−ℓ tends to be smaller for small ℓ,
because as can be seen by (2.15), en−i typically converges via the dqds iterations
with a smaller convergence factor for small i. This suggests that Aggdef(2) detects
most of the deflatable singular values of B2, because it looks for deflatable singular
values from the smallest ones. Together with the discussion in Section 6.2.6.1, we
argue that the number of singular values deflated by Aggdef(1) and Aggdef(2) are
expected to be similar. Our numerical experiments confirm that this is true in most
cases.
• (6.43) indicates that xℓ can be regarded as converged when en−ℓ

∏k−ℓ−1
i=1

en−i−ℓ

qn−i−ℓ+1
is

small. This is essentially proportional to the product of the off-diagonal elements
en−i−ℓ for i = 0, 1, . . . , k − ℓ − 1, because once convergence reaches the asymptotic
stage the denominators qn−i−ℓ+1 converge to the constants σn−i−ℓ+1. Hence, (6.43)

shows that xℓ can be deflated when the product
∏k−ℓ−1

i=0 en−i−ℓ is negligibly small,
which can be true even if none of en−i−ℓ is.

6.3.2. Impact of one dqd iteration. Here we study the convergence factor of xℓ when
one dqd (without shift, we discuss the effect of shifts shortly) iteration is run. As we reviewed
in the introduction, in the asymptotic stage we have qi ≃ σ2

i , and ei → 0 with the convergence
factor σ2

i+1/σ
2
i [1]. This is an appropriate measure for the convergence factor of the dqd(s)

algorithm with a conventional deflation strategy. On the other hand, when Aggdef(2) is
employed, the convergence factor of xℓ is a more natural way to measure convergence. In
this section, we discuss the impact of running one dqd iteration on xℓ.

In this subsection we denote by B̃ the bidiagonal matrix obtained by running one dqd

step on B, and let q̃i, ẽi be the bidiagonal elements of B̃. Similarly denote by x̃ the value of

x when Aggdef(2) is applied to B̃. Then, in the asymptotic stage we have q̃i ≃ qi ≃ σ2
i and

ẽi ≃ σ2
i+1

σ2
i

ei. Then by the estimate (6.43) we have

x̃ℓ ≃ ẽn−ℓ

k−ℓ−1∏

i=1

ẽn−i−ℓ

q̃n−i−ℓ+1

.
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It follows that

x̃ℓ

xℓ

≃
∏k−ℓ−1

i=0 ẽn−i−ℓ∏k−ℓ−1
i=0 en−i−ℓ

·
∏k−ℓ−1

i=1 q̃n−i−ℓ+1∏k−ℓ−1
i=1 q̃n−i−ℓ+1

≃
∏k−ℓ−1

i=0 en−i−ℓ(σ
2
n−i−ℓ+1/σ

2
n−i−ℓ)∏k−ℓ−1

i=0 en−i−ℓ

·
∏k−ℓ−1

i=1 q̃n−i−ℓ+1∏k−ℓ−1
i=1 q̃n−i−ℓ+1

=
k−ℓ−1∏

i=0

σ2
n−i−ℓ+1

σ2
n−i−ℓ

=
σ2
n−ℓ+1

σ2
n−k+1

.(6.44)

(6.44) suggests that asymptotically one dqd iteration reduces the magnitude of xℓ by an

approximate factor
σ2
n−ℓ+1

σ2
n−k+1

. This is generally much smaller than
σ2
n−ℓ+1

σ2
n−ℓ

, the asymptotic

convergence factor of en−ℓ (which needs to be small to deflate ℓ smallest singular values by
a conventional deflation strategy). We note that the estimate (6.44) is still sharp in the
asymptotic sense.

Simple example. The following example illustrates the sharpness of the convergence esti-
mate (6.44). Consider the bidiagonal matrix B of size n = 1000, defined by qi = n+1−i, ei =
0.1 for i = 1, . . . , n− 1, that is,

(6.45) B = bidiag

( √
0.1 . .

√
0.1

√
0.1√

1000 . . .
√
2

√
1

)
.

To see the sharpness of the estimate (6.44), we set the window size to k = 30, and ran
a dqd iteration (without shifts, an experiment with shifts will appear shortly) on B, then

computed
x̂ℓ

xℓ

/
σ2
n−ℓ+1

σ2
n−k+1

. We observed that2

(6.46) 1 + 6.79× 10−3 ≤ x̂ℓ

xℓ

/
σ2
n−ℓ+1

σ2
n−k+1

≤ 1 + 5.996× 10−2

for ℓ = 1, . . . , k − 2. This suggests that (6.44) is a sharp estimate of the convergence factor
x̂ℓ/xℓ. This behavior is not specific to the particular choice of B, and similar results were
obtained generally with any graded diagonally-dominant bidiagonal matrix.

6.3.3. Effect of shifts and motivations for dqd. (6.44) suggests that the introduc-
tion of shifts may have little effect on the number of deflatable eigenvalues in dqds with
aggressive early deflation. Specifically, when a shift s (< σ2

n) is applied to dqds, the conver-

gence factor estimate (6.44) becomes
σ2
n−ℓ+1 − s

σ2
n−k+1 − s

. When a conventional deflation strategy is

used, we can regard k = 2 and ℓ = 1, in which case this factor is greatly reduced with an
appropriate shift s ≃ σ2

n. In fact, the zero-shift strategy dqd results in prohibitively slow

2Assuming S = 1, about ten singular values were deflated by Aggdef(2), so only ℓ ≤ 10 will appear in actual
computation. To fully investigate the convergence behavior of x here we kept running Aggdef(2) regardless
of whether (6.12) was satisfied.
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convergence of the bottom off-diagonal element, so a sophisticated shift strategy is imper-
ative. However, when aggressive early deflation is adopted so that k > 2, we see that the
estimate (6.44) is close to that of dqd, that is,

(6.47)
σ2
n−ℓ+1 − s

σ2
n−k+1 − s

≃ σ2
n−ℓ+1

σ2
n−k+1

for ℓ = 2, 3, . . . , k−2, because during a typical run of dqds we have σn−ℓ+1 ≫ σn > s for such
ℓ. Hence, when dqds is equipped with aggressive early deflation, shifts may not be essential
for the performance. This observation motivates the usage of dqd instead of dqds.

Using dqd instead of dqds has many advantages: dqd has a smaller chance of an overflow
or underflow [132] and smaller computational cost per iteration, not to mention the obvious
fact that computing the shifts is unnecessary3. Furthermore, because the shifts are prescribed
to be zero, dqd can be parallelized by running multiple dqd in a pipelined manner, just as
multiple steps of the QR algorithm can be executed in parallel when multiple shifts are
chosen in advance [5, 157, 110]. We note that it has been difficult to parallelize dqds in
such a way, since an effective shift usually cannot be determined until the previous dqds
iteration is completed.

Simple example. To justify the above observation, we again use our example matrix (6.45),

and run five dqds iterations with the Johnson shift [85] to obtain B̃, and compute the values

x̃ℓ by running Aggdef(2). Similarly we obtain B̂ by running five dqd iterations and compute
x̂ℓ. Figure 6.3.1 shows plots of xℓ, x̂ℓ and x̃ℓ for ℓ = 1, . . . , 15.
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Figure 6.3.1. ℓ-log xℓ plots for matrix B in (6.45). x̂ℓ and x̃ℓ are obtained from matrices after
running 5 dqd and dqds iterations respectively.

We make two remarks on Figure 6.3.1. First, running Aggdef(2) on the original B already
lets us deflate about nine singular values (since we need xℓ ≃ 10−30 to satisfy (6.12)). This
is because B has a graded and diagonally dominant structure that typically arises in the
asymptotic stage of dqds convergence, which is favorable for Aggdef(2). Running dqd (or

3Choosing the shift is a delicate task because a shift larger than the smallest singular value results in
breakdown of the Cholesky factorization that is implicitly computed by dqds. In DLASQ, whenever a shift
violates the positivity, the dqds iteration is rerun with a smaller shift.
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dqds) iterations generally reduces the magnitude of xℓ, and for B̂ and B̃ we can deflate one
more singular value by Aggdef(2).

Second, the values of x̂ℓ and x̃ℓ are remarkably similar for all ℓ but ℓ = 1. This reflects
our above estimates (6.44) and (6.47), which suggest shifts can help the convergence only
of the smallest singular value. Furthermore, as can be seen in Figure 6.3.1, the smallest
singular value tends to be already converged in the context of Aggdef(2), so enhancing its
convergence is not necessary. Therefore we conclude that shifts may have little or no effect
on the overall deflation efficiency of Aggdef(2), suggesting that a zero shift is sufficient and
preferred for parallelizability.

6.4. Numerical experiments

This section shows results of numerical experiments to compare the performance of dif-
ferent versions of dqds.

6.4.1. Pseudocodes. Algorithm 9 shows the pseudocode of dqds with aggressive early
deflation.

Algorithm 9 dqds with aggressive early deflation

Inputs: Bidiagonal matrix B ∈ Rn×n, deflation frequency p
1: while size of B is larger than

√
n do

2: run p iterations of dqds
3: perform aggressive early deflation
4: end while
5: run dqds until all singular values are computed

On the third line, either Aggdef(1) or Aggdef(2) may be invoked. After the matrix
size is reduced to smaller than

√
n we simply use the standard dqds algorithm because the

remaining part needs only O(n) flops, the same as one dqds iteration for the original matrix.
Along with aggressive early deflation we invoke the conventional deflation strategy after each
dqds iteration, just like in the Hessenberg QR case [16].

As motivated in the previous section, we shall also examine the performance of the zero-
shift version, dqd with aggressive early deflation. Algorithm 10 is its pseudocode.

Algorithm 10 dqd with aggressive early deflation

Inputs: Bidiagonal matrix B ∈ Rn×n, deflation frequency p
1: while size of B is larger than

√
n do

2: run one iteration of dqds, followed by p− 1 iterations of dqd
3: perform aggressive early deflation
4: end while
5: run dqds until all singular values are computed

Note that on line 2 of Algorithm 10, one dqds iteration is run prior to the dqd iterations.
This can be done even if we run the p iterations (1 dqds and p − 1 dqd) parallely, because
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this requires only the first shift. The single dqds iteration is important for efficiency because
typically a large shift s can be taken after a significant number of singular values are deflated
by aggressive early deflation.

6.4.2. Choice of parameters. Two parameters need to be specified when executing
Aggdef in Algorithm 9 or 10: the frequency p with which we invoke Aggdef, and the window
size k.

We first discuss our choice of the frequency p. It is preferable to set p small enough to
take full advantage of aggressive early deflation. This is the case especially for Aggdef(2),
because each execution requires onlyO(nℓ) flops, and experiments indicate that the execution
of Aggdef(2) typically takes less than 4% of the overall runtime. In our experiments we let
p = 16. This choice is based on the fact that when we run dqd iterations in parallel, we
need p ≥ np where np is the number of processors run in a pipelined fashion. Experiments
suggest that setting p too large (say p > 300) may noticeably, but not severely, deteriorate
the performance on a sequential implementation.

In practice, when a significant number of singular values are deflated by Aggdef, the
performance can often be further improved by performing another aggressive early deflation
before starting the next dqds iteration. In our experiments we performed another aggressive
early deflation when three or more singular values were deflated by Aggdef. A similar strategy
is suggested in [16] for the Hessenberg QR algorithm.

We now discuss our choice of the window size k. The idea is to choose k flexibly, using
the information of the bottom-right part of B. From the estimate of xℓ in (6.42) we see that
increasing k reduces the size of x as long as en−k+1 < qn−k+2 holds. Hence we compare en−i+1

and qn−i+2 for i = 1, 2, . . ., and set k to be the largest i such that en−i+1 < qn−i+2. When
this results in k ≤ 10, we skip Aggdef and go on to the next dqds iteration to avoid wasting
effort. The choice sometimes makes k too large (e.g., k = n when B is diagonally dominant),
so we set a safeguard upper bound k ≤ √n. In addition, from (6.12) and (6.42) we see that

a singular value can be deflated once
∏k−2

i=1
en−i−1

qn−i
is negligible, so we compute the products

∏k−2
i=11

en−i−1

qn−i
(we start taking the product from i = 11 because we want to deflate more than

one singular value; in view of (6.43), with i = 11 we can expect ≃ 10 deflations to occur)
and decide to stop increasing k once the product becomes smaller than ǫ2.

Through experiments we observed that the above choice of p and k is effective, achieving
speedups of on average about 25% for matrices n ≥ 10000, compared with any static choice
such as p = k =

√
n.

6.4.3. Experiment details. We compare the performance of the following four algo-
rithms4.

(1) DLASQ: dqds subroutine of LAPACK version 3.2.2.
(2) dqds+agg1: Algorithm 9, call Aggdef(1) on line 3.
(3) dqds+agg2: Algorithm 9, call Aggdef(2) on line 3.
(4) dqd+agg2: Algorithm 10, call Aggdef(2) on line 3.

4dqd with Aggdef(1) can be implemented, but we do not present its results because dqd+agg2 was faster in
all our experiments.
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We implemented our algorithms in Fortran by incorporating our deflation strategies into the
LAPACK routines dlasqx.f (x ranges from 1 to 6). Hence, our codes perform the same shift
and splitting strategies implemented in DLASQ5. When running dqds+agg1, we used the
LAPACK subroutine DBDSQR to compute the singular values of B2 and the spike vector t
in (6.2). All experiments were conducted on a single core of a desktop machine with a quad
core, Intel Core i7 2.67GHz Processor and 12GB of main memory. For compilation we used
the f95 compiler and the optimization flag -O3, and linked the codes to BLAS and LAPACK.

Table 6.4.1. Test bidiagonal matrices

n Description of the bidiagonal matrix B Source

1 30000
√
qi = n+ 1− i,

√
ei = 1

2 30000
√
qi−1 = β

√
qi,
√
ei =

√
qi, β = 1.01 [45]

3 30000 Toeplitz:
√
qi = 1,

√
ei = 2 [45]

4 30000
√
q2i−1 = n+ 1− i,

√
q2i = i,

√
ei = (n− i)/5 [129]

5 30000
√
qi+1 = β

√
qi (i ≥ n/2),

√
qn/2 = 1,√

qi−1 = β
√
qi (i ≤ n/2),

√
ei = 1, β = 1.01

6 30000 Cholesky factor of tridiagonal (1, 2, 1) matrix [107, 132]
7 30000 Cholesky factor of Laguerre matrix [107]
8 30000 Cholesky factor of Hermite recurrence matrix [107]
9 30000 Cholesky factor of Wilkinson matrix [107]
10 30000 Cholesky factor of Clement matrix [107]
11 13786 matrix from electronic structure calculations [133]
12 16023 matrix from electronic structure calculations [133]

Table 6.4.1 gives a brief description of our test matrices. Matrix 1 is “nearly diagonal”,
for which aggressive early deflation is particularly effective. Matrix 2 is a “nicely graded”
matrix [45], for which DLASQ needs relatively few (≪ 4n) iterations. Matrix 3 is a Toeplitz
matrix [45], which has uniform diagonals and off-diagonals. Matrix 4 has highly oscillatory
diagonal entires. Matrix 5 is a perversely graded matrix, designed to be difficult for DLASQ.
Matrices 6-10 are the Cholesky factors of test tridiagonal matrices taken from [107]. For
matrices 8-10, we applied an appropriate shift to make the tridiagonal matrix positive definite
before computing the Cholesky factor. Matrices 11 and 12 have the property that some of
the singular values are tightly clustered.

6.4.4. Results. Results are shown in Figures 6.4.1-6.4.4, which compare the total run-
time, number of dqds iterations, percentage of singular values deflated via aggressive early
deflation, and the percentage of the time spent performing aggressive early deflation relative
to the overall runtime. We executed ten runs and took the average. The numbers in paren-
theses show the performance of DLASQ for each matrix: the runtime in seconds in Figure
6.4.1 and the iteration counts divided by the matrix size n in Figure 6.4.2. Although not
shown in the figures, in all our experiments we confirmed the singular values are computed

5It is possible that when equipped with aggressive early deflation, a different shift strategy for dqds is more
efficient than that used in DLASQ. This is a possible topic of future study.
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to high relative accuracy. Specifically, the maximum element-wise relative difference of the
singular values computed by our algorithms from those computed by DLASQ was smaller
than both 1.5× 10−13 and nǫ for each problem.
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Figure 6.4.4. Percentage of time spent executing aggressive early deflation.

The results show that aggressive early deflation, particularly Aggdef(2), can significantly
reduce both the runtime and iteration count of DLASQ. We obtained speedups of up to 50
with dqds+agg2 and dqd+agg2.

dqds+agg2 was notably faster than DLASQ in most cases, and never slower. There was
no performance gain for the “difficult” Matrix 5, for which many dqds iterations are needed
before the iteration reaches the asymptotic stage where the matrix is graded and diagonally
dominant, after which Aggdef(2) becomes effective. dqds+agg2 was also at least as fast as
dqds+agg1 in all our experiments. This is because as discussed in Section 6.2.1, Aggdef(1)
requires at least O(k2) flops, while Aggdef(2) needs only O(kℓ) flops when it deflates ℓ ≤ k
singular values.

We see from Figures 6.4.2 and 6.4.3 that dqds+agg1 and dqds+agg2 usually require about
the same number of iterations and deflate similar numbers of singular values by Aggdef. The
exception in Matrix 2 is due to the fact that the safe window size enforced in Aggdef(1)
(described in Section 6.1.1) is often much smaller than k (determined as in Section 6.4.2),
making Aggdef(1) less efficient. For dqd+agg2, usually most of the singular values are
deflated by Aggdef(2). This is because with zero-shifts the bottom off-diagonal converges
much slower, making the conventional deflation strategy ineffective.

Finally, in many cases dqd+agg2 was the fastest algorithm requiring comparable num-
bers of iterations to dqds+agg2, except for problems that are difficult (iteration ≥ 5n) for
DLASQ. As we mentioned earlier, this is in major contrast to dqd with a conventional
deflation strategy, which is impractical due to the slow convergence of each off-diagonal ele-
ment. Furthermore, as can be seen in Figure 6.4.4, with Aggdef(2) the time spent executing
aggressive early deflation is typically less than 4%6. This observation makes the parallel im-
plementation of dqd+agg2 particularly promising since it is already the fastest of the tested
algorithms in many cases, and its parallel implementation is expected to speed up the dqd
runs, which are essentially taking up more than 95% of the time.

We also tested with more than 500 other bidiagonal matrices, including the 405 bidiagonal
matrices from the tester in the development of DLASQ [106], 9 test matrices from [132],

6Exceptions are in “easy” cases, such as matrices 1 and 2, where dqd+agg2 requires much fewer iterations
than 4n. In such cases dqd+agg2 spends relatively more time executing Aggdef(2) recursively. This is by
no means a pathological case, because dqd+agg2 is already very fast with a sequential implementation.
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and 6 matrices that arise in electronic structure calculations [133]. We show in Figure 6.4.5
a scatter plot of the runtime ratio over DLASQ against the matrix size for dqds+agg2 and
dqd+agg2. To keep the plot simple we do not show dqds+agg1, which was never faster
than dqds+agg2. Also, to ensure that the computed time is measured reliably, we show the
results only for 285 matrices for which DLASQ needed more than 0.01 second.
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Figure 6.4.5. Ratio of time/DLASQ time for test matrices.

We note that many of these matrices represent “difficult” cases (DLASQ needs more than
5n iterations), as they were generated for checking the algorithm robustness. In such cases,
many dqd(s) iterations are needed for the matrix to reach the asymptotic graded structure,
during which using Aggdef(2) may not be of much help. Nonetheless, dqds+agg2 was always
at least as fast as DLASQ for all matrices larger than 3000. Moreover, dqds+agg2 was never
slower than DLASQ by more than 0.016 second, so we argue that in practice it is never
slower. The speed of dqd+agg2 varied more depending on the matrices, taking up to 0.15
second more than or 1.9 times as much time as DLASQ.

Summary and future work. We proposed two algorithms dqds+agg1 and dqds+agg2
to incorporate aggressive early deflation into dqds for computing the singular values of bidi-
agonal matrices to high relative accuracy. We presented numerical results to demonstrate
that aggressive early deflation can significantly speed up dqds. In particular, dqds+agg2 is
at least as fast as the LAPACK implementation of dqds, and is often much faster. The zero-
shifting strategy exhibits even more promising results with the potential to be parallelized.
We plan to report the implementation and performance of a parallel version of dqd+agg2 in
a future work.
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Part 2

Eigenvalue perturbation theory
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CHAPTER 7

Eigenvalue perturbation bounds for Hermitian block tridiagonal
matrices

The first chapter on eigenvalue perturbation theory concerns changes in
eigenvalues when a structured Hermitian matrix undergoes a perturbation.
In particular, we consider block tridiagonal matrices and derive new eigen-
value perturbation bounds, which can be arbitrarily tighter than the generic
Weyl bound. The main message of this chapter is that an eigenvalue is
insensitive to blockwise perturbation, if it is well-separated from the spec-
trum of the diagonal blocks nearby the perturbed blocks. Our bound is
particularly effective when the matrix is block-diagonally dominant and
graded. Our approach is to obtain eigenvalue bounds via bounding eigen-
vector components, which is based on the observation that an eigenvalue
is insensitive to componentwise perturbation if the corresponding eigenvec-
tor components are small. We use the same idea to explain two well-known
phenomena, one concerning aggressive early deflation used in the symmetric
tridiagonal QR algorithm and the other concerning the extremal eigenval-
ues of Wilkinson matrices.

Introduction. As we reviewed in Chapter 2, Eigenvalue perturbation theory for Her-
mitian matrices is a well-studied subject with many known results, see for example [146,
Ch.4] [56, Ch.8], [31, Ch.4]. Among them, Weyl’s theorem is perhaps the simplest and most
well-known, which states that the eigenvalues of the Hermitian matrices A and A+E differ
at most by ‖E‖2. In fact, when the perturbation E is allowed to be an arbitrary Hermitian
matrix, Weyl’s theorem gives the smallest possible bound that is attainable.

Hermitian matrices that arise in practice frequently have special sparse structures, impor-
tant examples of which being banded and block tridiagonal structures. For such structured
matrices, perturbation of eigenvalues is often much smaller than any known bound guaran-
tees. The goal of this chapter is to treat block tridiagonal Hermitian matrices and derive
eigenvalue perturbation bounds that can be much sharper than known general bounds, such
as Weyl’s theorem.

The key observation of this chapter, to be made in Section 7.1, is that an eigenvalue
is insensitive to componentwise perturbations if the corresponding eigenvector components
are small. Our approach is to obtain bounds for eigenvector components, from which we
obtain eigenvalue bounds. In this framework we first give new eigenvalue perturbation
bounds for the simplest, 2-by-2 block case. In particular, we identify a situation in which
the perturbation bound of an eigenvalue scales cubically with the norm of the perturbation.
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We then discuss the general block tridiagonal case, in which we show that an eigenvalue
is insensitive to blockwise perturbation, if it is well-separated from the spectrum of the
diagonal blocks nearby the perturbed blocks.

Finally, to demonstrate the effectiveness of our approach, we show that our framework
successfully explains the following two well-known phenomena: (i) Aggressive early deflation
applied to the symmetric tridiagonal QR algorithm deflates many eigenvalues even when no
off-diagonal element is negligibly small. (ii) Wilkinson matrices have many pairs of nearly
equal eigenvalues.

A number of studies exist in the literature regarding bounds for eigenvectors, especially
in the tridiagonal case, for which explicit formulas exist for the eigenvector components using
the determinants of submatrices [127, Sec. 7.9]. In [27] Cuppen gives an explanation for
the exponential decay in eigenvector components of tridiagonal matrices, which often lets
the divide-and-conquer algorithm run much faster than its estimated cost suggests. The
derivation of our eigenvector bounds are much in the same vein as Cuppen’s argument.
A difference here is that we use the bounds to show the insensitivity of eigenvalues. In
[126] Parlett investigates the localization behavior of eigenvectors (or an invariant subspace)
corresponding to a cluster of m eigenvalues, and notes that accurate eigenvalues and nearly
orthogonal eigenvectors can be computed from appropriately chosen m submatrices, which
allow overlaps within one another. One implication of this is that setting certain subdiagonals
to zero has negligible influence on some of the eigenvalues. A similar claim is made by our
Theorem 7.2, which holds for block tridiagonal matrices and whether or not the eigenvalue
belongs to a cluster. Finally, in a recent paper [128] Parlett considers symmetric banded
matrices and links the disjointness of an eigenvalue from Gerschgorin disks with bounds of
off-diagonal parts of L and U in the LDU decomposition, from which exponential decay
in eigenvector components can be deduced. A similar message is conveyed by our Lemma
7.3, but unlike in [128] we give direct bounds for the eigenvector components, and we use
them to obtain eigenvalue bounds. Moreover, Parlett and Vömel [125] study detecting such
eigenvector decay behavior to devise a process to efficiently compute some of the eigenvalues
of a symmetric tridiagonal matrix. Our results here may be used to foster such developments.
Finally, [82] considers general Hermitian matrices and shows for any eigenpair (λi, x) of A
that the interval [λi−‖Ex‖2, λi+‖Ex‖] contains an eigenvalue of A+E, and gives a condition
under which the interval must contain ith eigenvalue of A+ E.

The rest of this chapter is organized as follows. In Section 7.1 we outline our basic idea
of deriving eigenvalue perturbation bounds via bounding eigenvector components. Section
7.2 treats the 2-by-2 block case and presents a new bound. Section 7.3 discusses the block
tridiagonal case. In Section 7.4 we investigate the above two case studies.

Notations: λi(X) denotes the ith smallest eigenvalue of a Hermitian matrix X. For

simplicity we use λi, λ̂i and λi(t) to denote the ith smallest eigenvalue of A,A + E and
A + tE for t ∈ [0, 1] respectively. λ(A) denotes A’s spectrum, the set of eigenvalues. We
only use the matrix spectral norm ‖ · ‖2.

7.1. Basic approach

We first recall the partial derivative of a simple eigenvalue [146].
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Lemma 7.1. Let A and E be n-by-n Hermitian matrices. Denote by λi(t) the ith eigen-
value of A+tE, and define the vector-valued function x(t) such that (A+tE)x(t) = λi(t)x(t)
where ‖x(t)‖2 = 1 for some t ∈ [0, 1]. If λi(t) is simple, then

(7.1)
∂λi(t)

∂t
= x(t)∗Ex(t).

Our main observation here is that if x(t) has small components in the positions corre-

sponding to the dominant elements of E, then ∂λi(t)
∂t

is small. For example, suppose that E is

nonzero only in the (j, j)th element. Then we have
∣∣∣∂λi(t)

∂t

∣∣∣ ≤ ‖E‖2|xj(t)|2, where xj(t) is jth

element of x(t). Hence if we know a bound for |xj(t)| for all t ∈ [0, 1], then we can integrate

(7.1) over 0 ≤ t ≤ 1 to obtain a bound for |λi − λ̂i| = |λi(0)− λi(1)|. In the sequel we shall
describe in detail how this observation can be exploited to derive eigenvalue perturbation
bounds.

It is important to note that Lemma 7.1 assumes that λi is a simple eigenvalue of A.
Special treatment is needed to get the derivative of multiple eigenvalues. This is shown in
Section 7.5 at the end of this chapter, in which we show that everything we discuss below
carries over even in the presence of multiple eigenvalues. In particular, when λi(t) is multiple
(7.1) still holds for a certain choice of eigenvector x(t) of λi(t). We defer the treatment of
multiple eigenvalues until the final section of the chapter, because it only causes complications
to the analysis that are not fundamental to the eigenvalue behavior. Hence for simplicity
until 7.5 we assume that λi(t) is simple for all t, so that the normalized eigenvector is unique

up to a factor eiθ.

7.2. 2-by-2 block case

In this section we consider the 2-by-2 case. Specifically, we study the difference between
eigenvalues of the Hermitian matrices A and A+ E, where

(7.2) A =

[
A11 A∗

21

A21 A22

]
and E =

[
E11 E∗

21

E21 E22

]
,

in which Ajj and Ejj are square and of the same size for j = {1, 2}.
Since λi(0) = λi and λi(1) = λ̂i, from (7.1) it follows that

|λi − λ̂i| =
∣∣∣∣
∫ 1

0

x(t)∗Ex(t)dt

∣∣∣∣(7.3)

≤
∣∣∣∣
∫ 1

0

x1(t)
∗E11x1(t)dt

∣∣∣∣+ 2

∣∣∣∣
∫ 1

0

x2(t)
∗E21x1(t)dt

∣∣∣∣+
∣∣∣∣
∫ 1

0

x2(t)
∗E22x2(t)dt

∣∣∣∣ ,(7.4)

where we block-partitioned x(t) =

[
x1(t)
x2(t)

]
so that x1(t) and A11 have the same number of

rows. The key observation here is that the latter two terms in (7.4) are small if ‖x2(t)‖2 is
small for all t ∈ [0, 1]. We obtain an upper bound for ‖x2(t)‖2 by the next lemma.
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Lemma 7.2. Suppose that λi /∈ λ(A22) is the ith smallest eigenvalue of A as defined in

(7.2). Let Ax = λix such that ‖x‖2 = 1. Then, partitioning x =

[
x1

x2

]
as above we have

(7.5) ‖x2‖2 ≤
‖A21‖2

min |λi − λ(A22)|
.

proof. The bottom k rows of Ax = λix is

A21x1 + A22x2 = λix2,

so we have

x2 = (λiI − A22)
−1A21x1.

Taking norms we get

(7.6) ‖x2‖2 ≤ ‖(λiI − A22)
−1‖2‖A21‖2‖x1‖2 ≤

‖A21‖2
min |λi − λ(A22)|

,

where we used ‖x1‖2 ≤ ‖x‖2 = 1 to get the last inequality. �
We note that Lemma 7.2 is just a special case of the Davis-Kahan generalized sin θ

theorem [29, Thm. 6.1], in which the two subspaces have dimensions 1 and n−k. Specifically,
7.2 bounds the sin of the angle between an eigenvector x and the first n− k columns of the

identity matrix I. Moreover, by the first inequality of (7.6), we have ‖x2‖2
‖x1‖2 ≤ ‖(λiI −

A22)
−1‖2‖A21‖2. This can be regarded essentially as the Davis-Kahan generalized tan θ

theorem [29, Thm. 6.3] for the 1-dimensional case, which gives tan θ ≤ ‖A21‖2
gap

, where in

the 1-dimensional case tan θ = ‖x2‖2
‖x1‖2 . gap is the distance between λi and λ(A22) such that

λ(A22) ∈ [λi + gap,∞) or λ(A22) ∈ (−∞, λi − gap]. Note that Lemma 7.2 requires less
assumption on the situation between λi and λ(A22), because (7.5) holds when λ(A22) (the set
of Ritz values) lies both below and above λi. This is precisely what we prove in Chapter 10.

Clearly, if λi /∈ λ(A11) then (7.5) holds with x2 replaced with x1 and A22 replaced with
A11. This applies to this entire section, but for definiteness we only present results assuming
λi /∈ λ(A22).

We note that (7.5) is valid for any λi and its normalized eigenvector x, whether or not
λi is a multiple eigenvalue. It follows that in the multiple case, all the vectors that span the
corresponding eigenspace satisfy (7.5).

We now derive refined eigenvalue perturbation bounds by combining Lemmas 7.1 and 7.2.
As before, let (λi(t), x(t)) be the ith smallest eigenpair such that (A + tE)x(t) = λi(t)x(t)
with ‖x(t)‖2 = 1. When min |λi − λ(A22)| > 2‖E‖2, using (7.5) we get an upper bound for
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‖x2(t)‖2 for all t ∈ [0, 1]:

‖x2(t)‖2 ≤
‖A21 + tE21‖2

min |λi(t)− λ(A22 + tE22)|

≤ ‖A21‖2 + t‖E21‖2
min |λi(0)− λ(A22)| − 2t‖E‖2

(by Weyl’s theorem )

≤ ‖A21‖2 + ‖E21‖2
min |λi − λ(A22)| − 2‖E‖2

.(7.7)

We now present a perturbation bound for λi.

Theorem 7.1. Let λi and λ̂i be the ith eigenvalue of A and A+E as in (7.2) respectively,

and define τi =
‖A21‖2 + ‖E21‖2

min |λi − λ(A22)| − 2‖E‖2
. Then for each i, if τi > 0 then

∣∣∣λi − λ̂i

∣∣∣ ≤ ‖E11‖2 + 2‖E21‖2τi + ‖E22‖2τ 2i .(7.8)

proof. Substituting (7.7) into (7.4) we get
∣∣∣λi − λ̂i

∣∣∣ ≤
∣∣∣∣
∫ 1

0

‖E11‖2‖x1(t)‖22dt
∣∣∣∣+ 2

∣∣∣∣
∫ 1

0

‖E21‖2‖x1(t)‖2‖x2(t)‖2dt
∣∣∣∣+
∣∣∣∣
∫ 1

0

‖E22‖2‖x2(t)‖22dt
∣∣∣∣

≤ ‖E11‖2 + 2‖E21‖2τi + ‖E22‖2τ 2i ,
which is (7.8). �

We make three points on Theorem 7.1.

• τi < 1 is a necessary condition for (7.8) to be tighter than the Weyl bound ‖E‖2.
min |λi − λ(A22)| > 2‖E‖2 + ‖A21‖2 + ‖E21‖2. If λi is far from the spectrum of A22

so that τi ≪ 1 and ‖E11‖2 ≪ ‖E‖2, then (7.8) is much smaller than ‖E‖2.
• When A21, E11, E22 are all zero (i.e., when a block-diagonal matrix undergoes an
off-diagonal perturbation), (7.8) becomes

(7.9)
∣∣∣λi − λ̂i

∣∣∣ ≤ 2‖E21‖22
min |λi − λ(A22)| − 2‖E21‖2

,

which shows the perturbation must be O(‖E21‖2) if λi is not an eigenvalue of A22.
We note that much work has been done for such structured perturbation. For

example, under the same assumption of off-diagonal perturbation, [109, 97] prove
the quadratic residual bounds

|λi − λ̂i| ≤
‖E21‖22

min |λi(A)− λ(A22)|

≤ 2‖E21‖22
min |λi(A)− λ(A22)|+

√
min |λi(A)− λ(A22)|2 + 4‖E21‖22

.(7.10)

Our bound (7.8) (or (7.9)) is not as tight as the bounds in (7.10). However, (7.8)
has the advantage that it is applicable for a general perturbation, not necessarily
off-diagonal.
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• (7.8) also reveals that if E =

[
0 0
0 E22

]
and A21 is small, then λi is particu-

larly insensitive to the perturbation E22: the bound (7.8) becomes proportional
to ‖E22‖2‖A21‖22.

For example, consider the n-by-n matrices

[
A11 v
v∗ ε

]
and

[
A11 v
v∗ 0

]
where A11 is

nonsingular. These matrices have one eigenvalue that matches up to ε, and n − 1
eigenvalues that match up to O(ε‖v‖22). Note that when ‖v‖2 = O(ε), ε‖v‖22 scales
cubically with ε.

7.3. Block tridiagonal case

Here we consider the block tridiagonal case and apply the idea we used above to obtain a
refined eigenvalue perturbation bound. Let A and E be Hermitian block tridiagonal matrices
defined by

(7.11) A =




A1 B∗
1

B1
. . . . . .
. . . . . . B∗

n−1

Bn−1 An


 and E =




. . . . . .

. . . 0 0
0 ∆As ∆B∗

s

∆Bs 0 0

0
. . .



,

where Aj,∈ Cnj×nj , Bj ∈ Cnj×nj+1 . The size of ∆As and ∆Bs match those of As and
Bs. Here we consider perturbation in a single block, so E is zero except for the sth blocks
∆As and ∆Bs. When more than one block is perturbed we can apply the below argument
repeatedly.

We obtain an upper bound for |λi − λ̂i| by bounding the magnitude of the eigenvector
components corresponding to the sth and (s+ 1)th blocks. As before we let (λi(t), x(t)) be
the ith eigenpair such that (A + tE)x(t) = λi(t)x(t) for t ∈ [0, 1]. To prove a useful upper
bound for the blocks of the eigenvector x(t) corresponding to λi(t) for all t ∈ [0, 1], we make
the following Assumption 1. Here we say “a belongs to the jth block of A” if

(7.12) a ∈ [λmin(Aj)− ηj, λmax(Aj) + ηj] where ηj = ‖Bj‖2 + ‖Bj−1‖2 + ‖E‖2,

in which for convenience we define B0 = 0, Bn = 0. Note that a can belong to more than
one block.

Assumption 1. There exists an integer ℓ > 0 such that λi does not belong to the first
s+ ℓ blocks of A.

Roughly, the assumption demands that λi be far away from the eigenvalues ofA1, . . . , As+ℓ,
and that the norms of E and B1, . . . , Bs+ℓ are not too large. A typical case where the as-
sumption holds is when A1, A2, . . . , An have a graded structure, so that the eigenvalues of
Ai are smaller (or larger) than those of Aj for all (i, j) with i < j. For example, consider
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the tridiagonal matrix

(7.13) A+ E = tridiag





1 1 . 1 1
1000 999 . . 2 1

1 1 . 1 1



 ,

where E is zero except for the first off-diagonals, which are 1. This means we have s = 1.
In this case we set the block size to one, and see that the interval as in (7.12) for the jth
block is [λmin(Aj) − ηj, λmax(Aj) + ηj] ⊆ [(1001 − j) − 3, (1001 − j) + 3] for all j, in which
for 2 ≤ j ≤ 999 the intervals are equal. Hence for any eigenvalue λi ≤ 100, λi does not
belong to the first 897 blocks, so Assumption 1 is valid with ℓ ≥ 896. More generally, for
any λi ∈ [k, k + 1] for any integer k < 997, Assumption 1 holds with ℓ = 997− k.

We also note that the below argument hold exactly the same for the case where λi does
not belong to the last n−s+1+ ℓ blocks, but for definiteness we proceed under Assumption
1.

We now derive an upper bound for the eigenvector components.

Lemma 7.3. Let A and E be Hermitian block tridiagonal matrices as in (7.11). Suppose
that A’s ith eigenvalue λi satisfies Assumption 1, so that defining gapj = min |λi − λ(Aj)|,
we have gapj > ‖E‖2 + ‖Bj‖2 + ‖Bj−1‖2 for j = 1, . . . , s + ℓ. Let (A + tE)x(t) = λi(t)x(t)
and ‖x(t)‖2 = 1 for t ∈ [0, 1], and block-partition x(t)∗ = [x1(t)

∗ x2(t)
∗ . . . xn(t)

∗]∗ such
that xj(t) and Aj have the same numbers of rows. Let1

(7.14) δ0 =
‖Bs‖2 + ‖∆Bs‖2

gaps − ‖E‖2 − ‖∆AS‖2 − ‖Bs−1‖2
, δ1 =

‖Bs+1‖2
gaps+1 − ‖E‖2 − ‖Bs‖2 − ‖∆Bs‖2

,

and

(7.15) δj =
‖Bs+j‖2

gaps+j − ‖E‖2 − ‖Bs+j−1‖2
for j = 2, . . . , ℓ,

and suppose that the denominators in (7.14) are both positive. Then, for all t ∈ [0, 1] we
have

‖xs(t)‖2 ≤
ℓ∏

j=0

δj,(7.16)

‖xs+1(t)‖2 ≤
ℓ∏

j=1

δj.(7.17)

proof. We first show that ‖x1(t)‖2 ≤ ‖x2(t)‖2 ≤ · · · ≤ ‖xs+ℓ(t)‖2. The first block of
(A+ tE)x(t) = λi(t)x(t) is

A1x1(t) +B∗
1x2(t) = λi(t)x1(t),

so we have

x1(t) = (λi(t)I − A1)
−1B∗

1x2(t).

1δj and gaps depend also on i, but we omit the subscript for simplicity.
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Now since by Weyl’s theorem we have λi(t) ∈ [λi−‖E‖2, λi+‖E‖2] for all t ∈ [0, 1], it follows
that ‖(λi(t)I−A1)

−1‖2 ≤ 1/(gap1−‖E‖2). Therefore, ‖x1(t)‖2/‖x2(t)‖2 can be bounded by

‖x1(t)‖2
‖x2(t)‖2

≤ ‖B1‖2
gap1 − ‖E‖2

≤ 1,

where the last inequality follows from Assumption 1.
Next, the second block of (A+ tE)x(t) = λi(t)x(t) is

B1x1(t) + A2x2(t) + B∗
2x3(t) = λi(t)x2(t),

so we have

x2(t) = (λi(t)I − A2)
−1(B1x1(t) +B∗

2x3(t)).

Using ‖(λi(t)I − A2)
−1‖2 ≤ 1/(gap2 − ‖E‖2) we get

‖x2(t)‖2 ≤
‖B1‖2‖x1(t)‖2 + ‖B2‖2‖x3(t)‖2

gap2 − ‖E‖2

≤ ‖B1‖2‖x2(t)‖2 + ‖B2‖2‖x3(t)‖2
gap2 − ‖E‖2

, (because ‖x1(t)‖2 ≤ ‖x2(t)‖2)

and so
‖x2(t)‖2
‖x3(t)‖2

≤ ‖B2‖2
gap2 − ‖E‖2 − ‖B1‖2

.

By Assumption 1 this is no larger than 1, so ‖x2(t)‖2 ≤ ‖x3(t)‖2.
By the same argument we can prove ‖x1(t)‖2 ≤ ‖x2(t)‖2 ≤ · · · ≤ ‖xs+ℓ(t)‖2 for all

t ∈ [0, 1].
Next consider the sth block of (A+ tE)x(t) = λi(t)x(t), which is

Bs−1xs−1(t) + (As + t∆As)xs(t) + (Bs + t∆Bs)
Hxs+1(t) = λi(t)xs(t),

so we have

xs(t) = (λi(t)I − As − t∆As)
−1
(
Bs−1xs−1(t) + (Bs + t∆Bs)

Hxs+1(t)
)
.

Using ‖(λi(t)I − As − t∆As)
−1‖2 ≤ 1/(gaps − ‖E‖2 − ‖∆AS‖2) and ‖xs−1(t)‖2 ≤ ‖xs(t)‖2

we get

‖xs(t)‖2 ≤
‖Bs−1‖2‖xs(t)‖2 + ‖Bs + t∆Bs‖2‖xs+1(t)‖2

gaps − ‖E‖2 − ‖∆AS‖2
.

Hence we get
‖xs(t)‖2
‖xs+1(t)‖2

≤ ‖Bs‖2 + ‖∆Bs‖2
gaps − ‖E‖2 − ‖∆AS‖2 − ‖Bs−1‖2

= δ0 for all t ∈ [0, 1].

The (s+ 1)th block of (A+ tE)x(t) = λi(t)x(t) is

(Bs + t∆Bs)xs(t) + As+1xs+1(t) + BH
s+1xs+2(t) = λi(t)xs+1(t),

so we get

xs+1(t) = (λi(t)I − As+1)
−1
(
(Bs + t∆Bs)xs(t) +BH

s+1xs+2(t)
)
,
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and hence
‖xs+1(t)‖2
‖xs+2(t)‖2

≤ ‖Bs+1‖2
gaps+1 − ‖E‖2 − ‖Bs‖2 − ‖∆Bs‖2

= δ1. Similarly we can prove

that
‖xs+j(t)‖2
‖xs+j+1(t)‖2

≤ δj for j = 1, . . . , ℓ.

Together with ‖xs+ℓ+1‖2 ≤ ‖x‖2 = 1 it follows that for all t ∈ [0, 1],

‖xs(t)‖2 ≤
ℓ∏

j=0

δj‖xs+ℓ+1(t)‖2 ≤
ℓ∏

j=0

δj,

‖xs+1(t)‖2 ≤
ℓ∏

j=1

δj‖xs+ℓ+1(t)‖2 ≤
ℓ∏

j=1

δj.

�
Above we showed how a small eigenvector component implies a small eigenvalue bound.

We note that Jiang [84] discusses the relation between the convergence of Ritz values ob-
tained in the Lanczos process and eigenvector components of tridiagonal matrices. In patric-
ular, [84] argues that a Ritz value must be close to an exact eigenvalue if the corresponding
eigenvector of the tridiagonal submatrix has a small bottom element. We argue that Lemma
7.3 can be used to extend this to the block Lanczos method (e.g., [6, Ch. 4.6]). Assuming
for simplicity that deflation does not occur, after j steps of block Lanczos with block size p

we have AV = V T +[0 V̂ R] where V ∈ Cn×jp and V̂ ∈ Cn×p have orthonormal columns and

V H V̂ = 0. T ∈ Cjp×jp is a symmetric banded matrix with bandwidth 2p+1, and R ∈ Cp×p.

Then we see that letting U = [V V̂ V2] be a square unitary matrix, we have

UHAU =




T11
. . .

. . . . . . TH
j,j−1

Tj,j−1 Tjj RH

R A2


 .

Note that the top-left jp × jp submatrix is equal to T . Now, if an eigenvalue λ of T does
not belong to the last s > 0 blocks of T (which is more likely to happen if λ is an extremal
eigenvalue), then by Lemma 7.3 we can show that the bottom block xp of the eigenvector x
corresponding to λ is small. Since the Ritz value λ has residual ‖Ay − λy‖2 ≤ ‖xp‖2‖R‖2
where y = Ux, this in turn implies that the there must exist an exact eigenvalue of UHAU
lying within distance of ‖R‖2‖xp‖2 from the Ritz value λ.

We now return to the matrices A and A + E as in (7.11) and present a perturbation
bound for λi.

Theorem 7.2. Let λi and λ̂i be the ith eigenvalue of A and A+E as in (7.11) respectively,
and let δi be as in (7.14). Suppose that λi satisfies Assumption 1. Then

(7.18)
∣∣∣λi − λ̂i

∣∣∣ ≤ ‖∆As‖2
(

ℓ∏

j=0

δj

)2

+ 2‖∆Bs‖2δ0
(

ℓ∏

j=1

δj

)2

.
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proof. Using (7.3) we have

|λi − λ̂i| =
∣∣∣∣
∫ 1

0

x(t)∗Ex(t)dt

∣∣∣∣

≤
∣∣∣∣
∫ 1

0

xs(t)
∗∆Asxs(t)dt

∣∣∣∣+ 2

∣∣∣∣
∫ 1

0

xs+1(t)
∗∆Bsxs(t)dt

∣∣∣∣

≤ ‖∆As‖2
∣∣∣∣
∫ 1

0

‖xs(t)‖22dt
∣∣∣∣+ 2‖∆Bs‖2

∣∣∣∣
∫ 1

0

‖xs(t)‖2‖xs+1(t)‖2dt
∣∣∣∣ .

Substituting (7.16) and (7.17) we get

∣∣∣λi − λ̂i

∣∣∣ ≤ ‖∆As‖2

∣∣∣∣∣∣

(
ℓ∏

j=0

δj

)2 ∫ 1

0

dt

∣∣∣∣∣∣
+ 2‖∆Bs‖2

∣∣∣∣∣
ℓ∏

j=0

δj

ℓ∏

j=1

δj

∫ 1

0

dt

∣∣∣∣∣

= ‖∆As‖2
(

ℓ∏

j=0

δj

)2

+ 2‖∆Bs‖2δ0
(

ℓ∏

j=1

δj

)2

.

�
Below are two remarks on Theorem 7.2.

• Since the bound in (7.18) is proportional to the product of δ2j , the bound can be
negligibly small if ℓ is large and each δj is sufficiently smaller than 1 (say 0.5). Hence
Theorem 7.2 shows that λi is insensitive to perturbation in far-away blocks, if its
separation from the spectrum of the diagonal blocks nearby the perturbed ones is
large compared with the off-diagonal blocks. We illustrate this below by an example
in Section 7.4.1.
• When the bound (7.14) is smaller than the Weyl bound ‖E‖2, we can obtain sharper
bounds by using the results recursively, that is, the new bound (7.18) can be used

to redefine δj :=
‖Bs+j‖2

gaps+j−∆−‖Bs+j−1‖2 , where ∆ is the right-hand side of (7.18). The

new δj is smaller than the one in (7.14), and this in turn yields a refined bound
(7.18) computed from the new δj.

7.4. Two case studies

Here we present two examples to demonstrate the sharpness of our approach. Specifically,
we explain

(1) why aggressive early deflation can deflate many eigenvalues as “converged” when
applied to the symmetric tridiagonal QR algorithm.

(2) why Wilkinson matrices have many pairs of nearly equal eigenvalues.

In both cases A and E are symmetric tridiagonal, and we denote

(7.19) A+ E =




a1 b1

b1
. . . . . .
. . . . . . bn−1

bn−1 an


 ,



7.4. TWO CASE STUDIES 119

where E is zero except for a few off-diagonal elements, as specified below. We assume without
loss of generality that bj ≥ 0 for all j. Note that when bj are all nonzero the eigenvalues
are known to be always simple [127], so the treatment of multiple eigenvalues becomes
unnecessary.

In both case studies, we will bound the effect on an eigenvalue λi of setting some bj to 0.
We note that [84] made the observation that setting bj to 0 perturbs an eigenvalue extremely
insensitively if its eigenvector corresponding to the jth element is negligibly small. However
[84] does not explain when or why the eigenvector element tends to be negligible. Our
approach throughout has been to show that for eigenvalues that are well-separated from the
spectrum of the blocks nearby the perturbed blocks, the corresponding eigenvector elements
can be bounded without computing them.

7.4.1. Aggressive early deflation applied to symmetric tridiagonal QR. Recall
the description in Section 2.6 of aggressive early deflation applied to the symmetric tridi-
agonal QR algorithm. Here we restate it using the notations of this section. Let A + E
as in (7.19) be a matrix obtained in the course of the symmetric tridiagonal QR algorithm.

Here we let A =

[
A1 0
0 A2

]
, where A1 is s × s for an integer parameter s. E has only one

off-diagonal bs. Let A2 = V DV T be an eigendecomposition, where the diagonals of D are
arranged in decreasing order of magnitude. Then, we have

(7.20)

[
I

V

]T
(A+ E)

[
I

V

]
=

[
A1 tT

t D

]
,

where the vector t is given by t = bsV (1, :)T where V (1, :) denotes the first row of V . It often
happens in practice that many elements of t are negligibly small, in which case aggressive
early deflation regards D’s corresponding eigenvalues as converged and deflate them. This
is the case even when none of the off-diagonals of A is particularly small.

This must mean that many eigenvalues of the two matrices A and A + E, particularly
the ones that belong to the bottom-right block, must be nearly equal, or equivalently that
the perturbation of the eigenvalues by the sth off-diagonal bs is negligible. Here we give
an explanation to this under an assumption that is typically valid for a tridiagonal matrix
appearing in the course of the QR algorithm.

It is well-known that under mild assumptions the tridiagonal QR algorithm converges,
in that the diagonals converge to the eigenvalues in descending order of magnitude, and the
off-diagonal elements converge to zero [155]. In light of this, we can reasonably expect the
diagonals aj to be roughly ordered in descending order of their magnitudes, and that the
off-diagonals bj are small. Hence for a target (small) eigenvalue λi ∈ λ(A2), we suppose that
Assumption 1 is satisfied, or that there exists an integer ℓ > 0 such that |aj−λi| > bj−1+bj+bs
for j = 1, . . . , s+ ℓ.

Under these assumptions, to bound
∣∣∣λi − λ̂i

∣∣∣ we can use Theorem 7.2 in which we let

all block sizes be 1-by-1. Since ∆AS = 0, we have δ0 = 2bs
gaps−bs−bs−1

, δ1 = bs+1

gaps+1−3bs
δj =
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bs+j

gaps+j−bs−bs+j−1
for j ≥ 2, and so using gapj = |aj − λi| we get

∣∣∣λi − λ̂i

∣∣∣ ≤ 2bs
2bs

|as − λi| − bs − bs−1

(
bs+1

gaps+1 − 3bs

ℓ∏

j=2

bs+j

|as+j − λi| − bs − bs+j−1

)2

.(7.21)

Simple example. To illustrate the result, let A+E be the 1000-by-1000 tridiagonal matrix
as in (7.13), where here we let E be zero except for the 900th off-diagonals, which are 1 (i.e.,
s = 900). Note that none of the off-diagonals is negligibly small. We focus on λi (the ith
smallest eigenvalue of A) for i = 1, . . . , 9, which are smaller than 10. For such λi we have
ℓ = 87 (since λi /∈ [aj − ηj, aj + ηj] = [998 − j, 1004 − j] for j ≤ 987; recall (7.12)), and so
(7.21) gives a bound

∣∣∣λi − λ̂i

∣∣∣ ≤ 2bs
2bs

|as − λi| − bs − bs−1

(
bs+1

gaps+1 − 3bs

ℓ∏

j=2

bs+j

|as+j − λi| − bs − bs+j−1

)2

= 2
2

|100− λi| − 2

(
1

|100− 1− λi| − 3

87∏

j=2

1

|100− j − λi| − 2

)2

< 2
2

|100− 10| − 2

(
1

|100− 1− 10| − 3

87∏

j=1

1

|100− j − 10| − 2

)2

< 1.05× 10−266(7.22)

for i = 1, . . . , 9. This shows that all the eigenvalues of A2 that are smaller than 10 can be
hardly perturbed by setting the off-diagonal bs to 0.

The same argument as above applied to i = 1, . . . , 80 shows that more than 80 eigenvalues
of A2 match 80 eigenvalues of A to within accuracy 10−16. The general conclusion is that
if the diagonal elements of A are roughly graded and the off-diagonals are not too large
(compared with the difference between the diagonal elements), then we can show by Theorem
7.2 that the smallest eigenvalues of A are determined accurately by a much smaller lower-
right submatrix of A.

We note that [94] shows for the non-symmetric Hessenberg QR algorithm that the process
of aggressive early deflation can be regarded as extracting converged Ritz vectors by the
Krylov-Schur algorithm. Although we treat only the the symmetric tridiagonal case, the

advantage of our analysis above is that it gives computable bounds for the accuracy of λ̂i.
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7.4.2. Eigenvalues of Wilkinson’s matrix. Wilkinson’s matrix [165] appears both
in applications and for theoretical purposes, whose famous 2n+ 1 = 21 case is

(7.23) W+

21 =




10 1

1 9
. . .

. . .
. . . 1
1 1 1

1 0 1

1 1
. . .

. . .
. . .

. . .

. . . 9 1
1 10




.

Such matrices are known to have many pairs of extremely close eigenvalues. For example,
the two largest eigenvalues of W+

21 agree up to about 7 × 10−14. In general, it is observed
that for sufficiently large n the largest eigenvalues of W+

2n+1 always have an extremely close
pair, while smaller eigenvalues have a pair that is not as close. [165, p.308] notes that in
general the two largest eigenvalues of the matrix W+

2n+1 agree up to roughly (n!)−2, but does
not explain this in detail. We shall give an explanation using the framework we described in
this chapter. Define (2n+ 1)-by-(2n+ 1) matrices A and E such that A+ E = W+

2n+1 by

(7.24) A =




n 1

1 n− 1
. . .

. . .
. . . 1
1 1 0

0 0 0
0 1 1

1
. . .

. . .

. . . n− 1 1
1 n




, E =




. . .

. . .
. . .

. . .

. . . 1
1 0 1

1
. . .

. . .
. . .

. . .

. . .




.

Note that A has n pairs of multiple eigenvalues of multiplicity 2, and a simple eigenvalue
0. Hence to prove that large eigenvalues of A + E = W+

2n+1 (those close to n) must have a
very close pair, it suffices to show that large eigenvalues of A are extremely insensitive to
the perturbation E.

7.4.2.1. Bounding
∣∣∣λ̂i − λi

∣∣∣. Unfortunately, the setting (7.24) does not satisfy Assump-

tion 1 which we used to derive Theorem 7.2, because any large eigenvalue of A belongs to
some of the top and bottom blocks, which here are 1-by-1 blocks, that is, simply the diagonal
elements of A. For example, the two largest eigenvalues of A belong to the top and bottom
blocks.

Here we show that by a slight modification of the derivation of Theorem 7.2 we can still

get sharp bounds for |λi − λ̂i| for large i.
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Below we suppose n > 4. First we consider the two largest eigenvalues of A, either
of which we denote by λi (i.e., i can be either 2n or 2n + 1). As before, define x(t) =
[x1(t) . . . x2n+1(t)]

∗ such that (A+ tE)x(t) = λi(t)x(t).
First, the (n+ 1)st row of (A+ tE)x(t) = λi(t)x(t) is

λi(t)xn+1(t) = t(xn(t) + xn+2(t)),

hence

(7.25) |xn+1(t)| ≤
2tmax(|xn(t)|, |xn+2(t)|)

|λi(t)|
, t ∈ [0, 1].

We separately consider the two cases |xn(t)| ≥ |xn+2(t)| and |xn(t)| < |xn+2(t)|, and show
that in both cases a tight bound can be obtained for |λi(A+ E)− λi(A)|.

Suppose |xn(t)| ≥ |xn+2(t)|. Then we also have |xn(t)| ≥ |xn+1(t)| in view of (7.25).
From the nth row of (A+ tE)x(t) = λi(t)x(t) we similarly get

(7.26) |xn(t)| ≤
|xn−1(t)|+ |xn+1(t)|

|λi(t)− 1| , t ∈ [0, 1].

Now since n < λi(t) < n + 1 for all t ∈ [0, 1]2 we must have |xn−1(t)| ≥ |xn(t)| ≥ |xn+1(t)|.
Substituting this into (7.26) yields |xn(t)| ≤

|xn−1(t)|
|λi(t)− 1| − 1

. Therefore we have

|xn(t)| ≤
|xn−1(t)|
n− 2

for t ∈ [0, 1].

By a similar argument we find for all t ∈ [0, 1] that

(7.27) |xn−j(t)| ≤
|xn−j−1(t)|
n− j − 2

for j = 0, . . . , n− 3.

Hence together with (7.25) we get

|xn+1(t)| ≤
2t

n− 1
|x2|

n−3∏

j=0

1

n− j − 2
≤ 2t

n− 1

n−3∏

j=0

1

n− j − 2
,(7.28)

|xn(t)| ≤
n−3∏

j=0

1

n− j − 2
.(7.29)

2We can get n < λ(t) < n + 1 by first following the same argument using n − ‖E‖2 < λ(t) < n + 1, which
follows from Weyl’s and Gerschgorin’s theorems.
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We now plug these into (7.4) to get

|λi(A+ E)− λi(A)| ≤
∣∣∣∣
∫ 1

0

x(t)∗Ex(t)dt

∣∣∣∣

≤
∫ 1

0

2(|xn(t)|+ |xn+2(t)|)|xn+1(t)|dt

≤ 4

n− 1

(
n−3∏

j=0

1

n− j − 2

)2 ∫ 1

0

tdt

=
2

n− 1

(
n−3∏

j=0

1

n− j − 2

)2

.(7.30)

The case |xn(t)| < |xn+2(t)| can also be treated similarly, and we get the same result.
Finally, since (7.30) holds for both i = 2n and i = 2n+ 1, we conclude that

(7.31) |λ2j(W
+
2n+1)− λ2j+1(W

+
2n+1)| ≤

4

n− 1

(
n−3∏

j=0

1

n− j − 2

)2

.

We easily appreciate that the bound (7.31) roughly scales as 1/(n − 1)((n − 2)!)2 as
n→∞, which supports the claim in [165].

We also note that by a similar argument we can prove for j ≥ 1 that the 2j − 1th and
2jth largest eigenvalues of W+

2n+1 match to O((n− j)−1((n− j − 1)!)−2), which is small for
small j, but not as small for larger j. This is an accurate description of what is well known
about the eigenvalues of Wilkinson matrices.

In [168] Ye investigates tridiagonal matrices with nearly multiple eigenvalues, motivated
also by the Wilkinson matrix. We note that we can give another explanation for the nearly
multiple eigenvalue by combining ours with Ye’s. Specifically, we first consider the block

partition W+
2n+1 =

[
W1 E∗

E W2

]
where W1 is (n + 1)-by-(n + 1), and E contains one off-

diagonal of W+
2n+1. We can use Theorem 7.2 to show that the largest eigenvalues of W1 and

W2 are nearly the same; let the distance be δ. Furthermore, we can use Lemma 7.3 to show
the corresponding eigenvectors decay exponentially, so that the eigenvector component for
W1 is of order 1/n! at the bottom, and that for W2 is of order 1/n! at the top. We can
then use Theorem 2.1 of [168] to show that W+

2n+1 must have two eigenvalue within distance
d + O(1/n!). However, this bound is not as tight as the bound (7.31), being roughly its
square root.

7.5. Effect of the presence of multiple eigenvalues

In the text we assumed that all the eigenvalues of A + tE are simple for all t ∈ [0, 1].
Here we treat the case where multiple eigenvalues exist, and show that all the results we
proved still hold exactly the same.

We note that [11, 12] indicate that multiple eigenvalues can be ignored when we take
integrals such as (7.3), because A + tE can only have multiple eigenvalues on a set of t of
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measure zero, and hence (7.1) can be integrated on t such that A + tE has only simple
eigenvalues. However when A,E are both allowed to be arbitrary Hermitian matrices3 we
cannot use this argument, which can be seen by a simple counterexample A = E = I, for
which A+ tE has a multiple eigenvalue for all 0 ≤ t ≤ 1. Hence in a general setting we need
a different approach.

7.5.1. Multiple eigenvalue first order perturbation expansion. First we review
a known result on multiple eigenvalue first order perturbation expansion [150, 112, 95].
Suppose that a Hermitian matrix A has a multiple eigenvalue λ0 of multiplicity r. There
exists a unitary matrix Q = [Q1, Q2], where Q1 has r columns, such that

(7.32) Q∗AQ =

[
λ0I 0
0 Λ

]
,

where Λ is a diagonal matrix that contains eigenvalues not equal to λ0. Then, the matrix

A+ εE has eigenvalues λ̂1, λ̂2, . . . , λ̂r admitting the first order expansion

(7.33) λ̂i = λ0 + µi(Q
∗
1EQ1)ε+ o(ε), for i = 1, . . . , r,

where µi(Q
∗
1EQ1) denotes the ith eigenvalue of the r-by-r matrix Q∗

1EQ1.
Using (7.33), we obtain the partial derivative corresponding to (7.1) when A+ tE has a

multiple eigenvalue λi(t) = λi+1(t) = · · · = λi+r−1(t) of multiplicity r, with corresponding
invariant subspace Q1(t):

(7.34)
∂λi+j−1(t)

∂t
= µj(Q1(t)

∗EQ1(t)) for j = 1, . . . , r.

Now, let Q1(t)
∗EQ1(t) = U∗DU be the eigendecomposition where the diagonals of D are

arranged in descending order. Then D = UQ1(t)EQ1(t)U
∗ = Q̃1(t)EQ̃1(t), where Q̃1(t) =

Q1(t)U
∗, so µj(Q1(t)

∗EQ1(t)) = qj(t)
∗Eqj(t), where qj(t) denotes the jth column of Q̃1(t).

Therefore we can write

(7.35)
∂λi+j−1(t)

∂t
= qj(t)

∗Eqj(t) for j = 1, . . . , r.

Now, since any vector of the form Q1(t)v is an eigenvector corresponding to the eigenvalue
λi(t), so is qj(t). We conclude that we can always write the first order perturbation expansion
of λi(t) in the form (7.1), in which when λi(t) is a multiple eigenvalue x(t) represents a
particular eigenvector among the many possible choices.

Finally, since all our eigenvector bounds (such as (7.5), (7.16) and (7.17)) hold regardless
of whether λi is a multiple eigenvalue or not, we conclude that all the bounds in the text
hold exactly the same without the assumption that λi(t) is simple for all t ∈ [0, 1].

3[12] makes the assumption that λ is a simple eigenvalue at t = 0.
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7.5.2. Note on the trailing term. Here we refine the expansion (7.33) by showing

that the trailing term is O(ε2) instead of o(ε). To see this, we write E =

[
E11 E21

E∗
21 E22

]
, and

see in (7.32) that

Q∗(A+ εE)Q =

[
λ0I + εQ∗

1E11Q1 εQ∗
1E21Q2

εQ∗
2E

∗
21Q1 Λ + εQ∗

2E22Q2

]
.

For sufficiently small ε there is a positive gap in the spectrums of the matrices λ0I+εQ∗
1E11Q1

and Λ + εQ∗
2E22Q2. Hence, using the quadratic eigenvalue perturbation bounds in [97] we

see that the ith eigenvalue of A+ εE and those of

[
λ0I + εQ∗

1E11Q1 0
0 Λ + εQ∗

2E22Q2

]
differ

at most by
2‖εE‖22

gap+
√

gap2 + 4‖εE‖22
. This is of size O(ε2) because gap > 0. Therefore we

conclude that (7.33) can be replaced by

(7.36) λ̂i = λ0 + µi(Q
∗
1EQ1)ε+O(ε2) for i = 1, 2, . . . , r.
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CHAPTER 8

Perturbation of generalized eigenvalues

This chapter concerns eigenvalue perturbation bounds for generalized Her-
mitian definite eigenvalue problems. The goal here is to extend well-known
bounds for the standard Hermitian eigenproblems to the generalized case.
Specifically, we extend two kinds of bounds, the generic Weyl bound and
the quadratic bounds under off-diagonal perturbation.

We first derive Weyl-type eigenvalue perturbation bounds that hold un-
der general perturbation. The results provide a one-to-one correspondence
between the original and perturbed eigenvalues, and give a uniform bound.
We give both absolute and relative perturbation results, defined in the stan-
dard Euclidean metric instead of the chordal metric commonly used in the
context of generalized eigenproblems.

We then turn to the case where 2-by-2 block-diagonal Hermitian definite
pairs undergo off-diagonal perturbation, and show that eigenvalue pertur-
bation generally scales quadratically with the norms of the perturbation
matrices, thereby extending the result by Li and Li [97]. We also briefly
treat non-Hermitian pairs.

Introduction. This chapter is concerned with eigenvalue perturbation in a generalized
Hermitian eigenvalue problem Ax = λBx where A,B ∈ Cn×n are Hermitian and B is positive
definite. The theme here is to derive results that are natural extensions of well-known results
for Hermitian eigenproblems Ax = λx.

As reviewed in Section 2.8, for eigenvalues of a Hermitian definite pair, many properties
analogous to the eigenvalues of a Hermitian matrix carry over. In particular, the pair has
n real and finite eigenvalues satisfying a min-max property similar to that for Hermitian
matrices.

Some perturbation results for generalized eigenvalue problems are known, mostly in the
chordal metric [146, Ch.6.3], [24, 100, 102]. Using the chordal metric is a natural choice
for a general matrix pair because it can deal uniformly with infinite eigenvalues. However,
this metric is not invariant under scaling, and bounds in this metric may be less intuitive
than those defined in the standard Euclidean metric. Most importantly, for a Hermitian
definite pair we know a priori that no infinite eigenvalues exist, so in this case the Euclidean
metric may be a more natural choice. For these reasons, in this chapter we use the standard
Euclidean metric to derive eigenvalue perturbation bounds.

Perhaps the best-known perturbation bound for standard Hermitian eigenproblems is
Weyl’s theorem [164, 127, 31], which gives the uniform bound ‖E‖2 for the difference
between the ith eigenvalues of A and A + E for any i, as we reviewed in Section 2.7.2.
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Despite being merely a special case of the Lidskii-Mirsky-Wielandt theorem [98], Weyl’s
theorem stands out as a simple and useful result that

• Orders and pairs up the original and perturbed eigenvalues, so that we can discuss
in terms of the matching distance [146, pp.167].
• Gives a bound on the largest distance between a perturbed and exact eigenvalue.

Owing to its simple expression and wide applicability, the theorem has been used in many
contexts, e.g., in the basic forward error analysis of standard eigenvalue problems [6, Ch.4.8].
In order to distinguish this theorem from the variants discussed below, in this chapter we
refer to it as the absolute Weyl theorem.

The relative Weyl theorem, which is applicable when the perturbation is multiplicative,
can provide much tighter bounds for small eigenvalues.

Theorem 8.1 (Relative Weyl theorem). Let A be Hermitian and X be nonsingular. Let

the eigenvalues of A be λ1 ≤ λ2 ≤ · · · ≤ λn, let the eigenvalues of X∗AX be λ̃1 ≤ λ̃2 ≤ · · · ≤
λ̃n, and let ǫ = ‖X∗X − I‖2. Then the eigenvalues differ by ǫ in the relative sense, i.e.,

|λi − λ̃i|
|λi|

≤ ǫ, i = 1, 2, . . . , n.

This important observation leads to a number of relative perturbation results, along with
algorithms that compute eigenvalues/singular values to high relative accuracy including small
ones, such as the dqds algorithm (recall Chapter 6), bidiagonal QR and Jacobi’s method
[35, 36].

The first goal of this chapter is to derive Weyl-type theorems for Hermitian definite matrix
pairs, both the absolute (Section 8.1) and relative (Section 8.2) versions. Our results employ
the Euclidean metric, and have the two Weyl-type properties described above. Compared
to known results, our absolute Weyl theorem is simpler than some known bounds (e.g.,
[100]), and our relative Weyl theorem assumes no condition on A. By contrast, the relative
perturbation results for Hermitian definite pairs obtained in [98, 101] are derived under
the assumption that A and B are both positive definite, which limits their applicability;
Hermitian definite pairs that arise in practice may not have this property (e.g., [43]).

The second part of this chapter treats the quadratic eigenvalue perturbation bounds. For
standard Hermitian matrices we summarized the known results in Section 2.7.3, which deal
with 2-by-2 block-diagonal matrices under off-diagonal perturbation. A natural extension to
a Hermitian definite pair (A,B) is when A = diag(A11, A22) and B = diag(B11, B22), and the
two matrices undergo Hermitian perturbations E and F respectively, which are both nonzero
only in the (1, 2) and (2, 1) off-diagonal blocks. The second part of this chapter deals with
such cases and obtain bounds that scale quadratically with the norms of the perturbation
matrices ‖E‖2 and ‖F‖2.

In this chapter, λi(A) denotes the ith smallest eigenvalue of a Hermitian matrix A, and
eig(A,B) denotes the set of eigenvalues of the matrix pair (A,B) and eig(A) ≡ eig(A, I).

8.1. Absolute Weyl theorem

For a Hermitian definite pair (A,B), we have the following generalization of the absolute
Weyl theorem [6, Sec. 5.7], when only A is perturbed.
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Theorem 8.2. Suppose that the Hermitian definite pairs (A,B) and (A +∆A,B) have

eigenvalues λ1 ≤ λ2 ≤ · · · ≤ λn and λ̃1 ≤ λ̃2 ≤ · · · ≤ λ̃n, respectively. Then for all
i = 1, 2, . . . , n,

(8.1) |λi − λ̃i| ≤
‖∆A‖2
λmin(B)

.

Proof. Define Z = B−1/2 (the matrix square root [75, Ch.6] of B). A congruence
transformation that multiplies by Z from both sides shows that the pair (A,B) is equivalent
to the pair (ZAZ, I). Hence, these pairs and the Hermitian matrix ZAZ have the same
eigenvalues. Similarly, the pair (A + ∆A,B) and the Hermitian matrix Z(A + ∆A)Z have
the same eigenvalues.

Now, to compare the eigenvalues of ZAZ and Z(A+∆A)Z, we observe that ‖Z∆AZ‖2 ≤
‖Z2‖2‖∆A‖2 = ‖B−1‖2‖∆A‖2 = ‖∆A‖2/λmin(B), so we obtain (8.1) by using the absolute
Weyl theorem applied to ZAZ and Z(A+∆A)Z. �

Theorem 8.1 takes into account only perturbations in the matrix A. In practical prob-
lems, the matrix B may be obtained from data that may include errors, or may be subject
to floating-point representation errors. Therefore, we are also interested in the impact of
perturbations in B. We shall derive a bound that takes such perturbations into account.

We will use the following Lemma.

Lemma 8.1. Suppose (A,B + ∆B) and (A − µi∆B,B) are Hermitian positive definite
pairs. If µi is the ith eigenvalue of the first pair, then it is also the ith eigenvalue of the
second pair.

Proof. Since the two pairs are Hermitian positive definite, there exist nonsingular Z1

and Z2 such that Z∗
1AZ1 = Λ1, Z

∗
1 (B+∆B)Z1 = I, Z∗

2 (A−µi∆B)Z2 = Λ2 and Z∗
2BZ2 = I,

where Λ1 and Λ2 are diagonal matrices containing the eigenvalues [56, Sec.8.7].
Then, denotingM = A−µi(B+∆B), we have Z∗

1MZ1 = Λ1−µiI and Z∗
2MZ2 = Λ2−µiI.

Note that by assumption both matrices have a zero eigenvalue, which is the ith eigenvalue
of the first matrix. Since by Sylvester’s law of inertia [31, Sec.5.2], Z∗

1MZ1 and Z∗
2MZ2

have the same inertia, it follows that 0 is the ith eigenvalue of both matrices, so µi is the ith
eigenvalue of both Λ1 and Λ2. �

Theorem 8.3 (Absolute Weyl theorem for generalized eigenvalue problems). Suppose
(A,B) and (A + ∆A,B + ∆B) are Hermitian positive definite pairs, and let λ1 ≤ λ1 ≤
· · · ≤ λn be the eigenvalues of (A,B) and let λ̂1 ≤ λ̂1 ≤ · · · ≤ λ̂n be the eigenvalues of
(A+∆A,B +∆B). Then,

(8.2) |λ̂i − λi| ≤ ‖(B +∆B)−1‖2‖∆A− λi∆B‖2
and

(8.3) |λ̂i − λi| ≤ ‖B−1‖2‖∆A− λ̂i∆B‖2
for all 1 ≤ i ≤ n.
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Proof. We prove (8.3). Suppose

(8.4) (A+∆A)x̂i = λ̂i(B +∆B)x̂i.

This is equivalent to

(8.5) (A+∆A− λ̂i∆B)x̂i = λ̂iBx̂i.

(8.5) means the pair (A+∆A− λ̂i∆B,B) has an eigenpair (λ̂i, x̂i). Moreover, using Lemma

8.1 by substituting A + ∆A into A and λ̂i into µi, we know that λ̂i is the ith eigenvalue.
(8.5) can be transformed into a standard Hermitian eigenvalue problem by premultiplying
B−1/2 (the matrix square root of B−1 [75, Ch.5]):

B−1/2(A+∆A− λ̂i∆B)B−1/2yi = λ̂iyi,

where we defined yi = B1/2x̂i. Noting that the matrix B−1/2AB−1/2 and the pair (A,B)
have the same eigenvalues, we conclude by using Weyl’s theorem that

|λi − λ̂i| ≤ ‖B−1/2(∆A− λ̂i∆B)B−1/2‖2 ≤ ‖B−1‖2‖∆A− λ̂i∆B‖2,
which is (8.3). (8.2) can be obtained similarly by starting with Axi = λiBxi in (8.4).

�

Note that if ‖∆B‖2 < λmin(B) then (A +∆A,B +∆B) is a Hermitian positive definite
pair.

Several points are worth noting regarding Theorem 8.3.

• Theorem 8.3 reduces to Theorem 8.2 when ∆B = 0. Moreover, for the standard
Hermitian eigenvalue problem (B = I and ∆B = 0), Theorem 8.3 becomes |λi(A)−
λi(A+∆A)| ≤ ‖∆A‖2, the absolute Weyl theorem.
• The result is sharp. This can be seen by the simple example

(8.6) A =

(
2 0
0 1

)
, B =

(
1 0
0 1

)
,∆A =

(
1 0
0 0

)
, and ∆B =

(
−0.8 0
0 0

)
.

The eigenvalues of (A,B) are {2, 1} and those of (A+∆A,B +∆B) are {15, 0}, so
maxi |λi − λ̃i| = 13. On the other hand, applying ‖A‖2 = 2, ‖∆A‖2 = 1, ‖∆B‖2 =

0.8, λmin(B) = 1 to (8.3) gives maxi |λi − λ̃i| ≤ 1/1 + 0.8(2 + 1)/(1 − 0.8) = 13,
matching the actual perturbation.
• It is worth comparing our result with that of Stewart and Sun [146, Cor. 3.3]. They
give a bound

(8.7) ρ(λi, λ̃i) ≤
√
‖∆A‖2 + ‖∆B‖2

γ(A,B)
,

where γ(A,B) = min‖x‖2=1

√
(x∗Ax)2 + (x∗Bx)2. Here the metric ρ(a, b) = |a −

b|/
√

(1 + a2)(1 + b2) uses the chordal metric. Noting that the distance between any
two numbers a and b is less than 1 in the chordal metric, we see that (8.7) does not
provide any information when ‖∆A‖2+‖∆B‖2 > (γ(A,B))2. In fact, (8.7) is useless
for the matrices in (8.6), because ‖∆A‖2 + ‖∆B‖2 = 3 while (γ(A,B))2 = 2. On
the other hand, Theorem 8.3 gives a nontrivial bound as long as ‖∆B‖2 < λmin(B).
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However, when ‖∆B‖2 ≥ λmin(B) our result is not applicable, whereas it may still
be that ‖∆A‖2 + ‖∆B‖2 > (γ(A,B))2, in which case (8.7) is a nontrivial bound.
Therefore the two bounds are not comparable in general. An advantage of our result
is that it is defined in the Euclidean metric, making its application more direct and
intuitive.
• In [100] a result similar to Theorem 8.3 is proved, using the chordal metric but
directly applicable to the Euclidean metric:

|λi − λ̃i| ≤
1√

λmin(B)λmin(B +∆B)
‖∆A‖2

+
‖A‖2/

√
λmin(B) + ‖A+∆A‖2/

√
λmin(B +∆B)

λmin(B)λmin(B +∆B)(‖B‖−1/2
2 + ‖B +∆B‖−1/2

2 )
‖∆B‖2.

Compared to this bound, our result is simpler and requires less information.

8.2. Relative Weyl theorem

We now discuss a generalization of the relative Weyl theorem to Hermitian definite pairs.
We show two classes of perturbations that preserve relative accuracy of eigenvalues.

First we observe that a simple analogy from the relative Weyl theorem for standard
eigenvalue problems does not work, in the sense that the pairs (XTAX,B) and (A,B) can
have totally different eigenvalues for X such that ‖X∗X − I‖2 is small. This is seen by the

simple example A = B =

(
100 0
0 1

)
and X =

(
0 1
1 0

)
; the first pair has eigenvalues {1, 1}

while those of the second are {100, 0.01}. Therefore, the allowed types of multiplicative
perturbations have to be more restricted. The following result claims that perturbations of
the form (I +∆A)TA(I +∆A) are acceptable.

Theorem 8.4 (Relative Weyl theorem for generalized eigenvalue problems 1). Let a Her-

mitian definite pair (A,B) have eigenvalues λ1 ≤ λ2 ≤ · · · ≤ λn, and let
√
κ2(B)‖∆A‖2 = ǫ.

If ‖∆B‖2 < λmin(B), then ((I+∆A)TA(I+∆A), B+∆B) is a Hermitian definite pair whose

eigenvalues λ̃1 ≤ λ̃2 ≤ · · · ≤ λ̃n satisfy

(8.8) |λi − λ̃i| ≤
(
ǫ(2 + ǫ) + (1 + ǫ)2

‖∆B‖2
λmin(B)− ‖∆B‖2

)
|λi|, i = 1, 2, . . . , n.

Proof. The fact that ((I +∆A)TA(I +∆A), B +∆B) is Hermitian definite is trivial.
Define Z = B−1/2 and Z1 = (I + Z∆BZ)−1/2. Note that

(8.9) ‖Z1Z1 − I‖2 ≤
1

(1− ‖∆B‖2)/λmin(B)
− 1 =

‖∆B‖2
λmin(B)− ‖∆B‖2

.

We see that the comparison between the eigenvalues of A−λB and (I +∆A)TA(I +∆A)−
λ(B+∆B) is equivalent to a comparison between the eigenvalues of the Hermitian matrices
ZAZ and Z1Z(I +∆A)∗A(I +∆A)ZZ1, so our goal is to compare the eigenvalues of these
two matrices.
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The key idea is to consider the matrix X = I+Z−1∆AZ, which satisfies Z(I+∆A)∗A(I+

∆A)Z = X∗ZAZX. Note that ‖Z−1∆AZ‖2 ≤ κ2(Z)‖∆A‖2 =
√
κ2(B)‖∆A‖2(≡ ǫ), so

‖X∗X − I‖2 = ‖Z−1∆AZ + (Z−1∆AZ)∗ + (Z−1∆AZ)∗Z−1∆AZ‖2 ≤ ǫ(2 + ǫ).

Therefore, by using the relative Weyl theorem for ZAZ and Z(I + ∆A)∗A(I + ∆A)Z and
recalling that λi(ZAZ) = λi, we obtain

|λi(Z(I +∆A)∗A(I +∆A)Z)− λi(ZAZ)| = |λi(X
∗ZAZX)− λi(ZAZ)|

≤ |λi(ZAZ)| · ‖X∗X − I‖2
≤ ǫ(2 + ǫ)|λi|.(8.10)

Now to compare the eigenvalues between Z(I +∆A)∗A(I +∆A)Z and Z1Z(I +∆A)∗A(I +
∆A)ZZ1, we use the relative Weyl theorem again to get

|λi(Z1Z(I +∆A)∗A(I +∆A)ZZ1)− λi(Z(I +∆A)∗A(I +∆A)Z)|
≤|λi(Z(I +∆A)∗A(I +∆A)Z)| · ‖Z1Z1 − I‖2

≤(1 + ǫ)2|λi| ·
‖∆B‖2

λmin(B)− ‖∆B‖2
. (by (8.10) and (8.9))

Combining the above yields (8.8):

|λi(Z1Z(I +∆A)∗A(I +∆A)ZZ1)− λi|

≤ǫ(2 + ǫ)|λi|+ (1 + ǫ)2|λi| ·
‖∆B‖2

λmin(B)− ‖∆B‖2

≤
(
ǫ(2 + ǫ) + (1 + ǫ)2

‖∆B‖2
λmin(B)− ‖∆B‖2

)
|λi|.

�

The next result shows that a simpler result can be obtained when both perturbations are
multiplicative and the pair can be expressed as ((I+∆A)∗A(I+∆A), (I+∆B)∗B(I+∆B)).

Theorem 8.5 (Relative Weyl theorem for generalized eigenvalue problems 2). Let the
Hermitian definite pairs (A,B) and ((I + ∆A)TA(I + ∆A), (I + ∆B)∗B(I + ∆B)) have

eigenvalues λ1 ≤ λ2 ≤ · · · ≤ λn and λ̃1 ≤ λ̃2 ≤ · · · ≤ λ̃n, respectively. Suppose that√
κ2(B)‖∆A‖2 = ǫ and

√
κ2(B)‖∆B‖2 = δ < 1. Then, λ̃i (1 ≤ i ≤ n) satisfy

(8.11) |λi − λ̃i| ≤
(
ǫ(2 + ǫ) +

(1 + ǫ)2δ(2− δ)

(1− δ)2

)
|λi|, i = 1, 2, . . . , n.

Proof. Define Z = B−1/2 and consider Y = I + Z−1∆BZ, which satisfies (I +
∆B)TB(I + ∆B) = Z−1Y ∗Y Z−1. We observe that the pair ((I + ∆A)TA(I + ∆A), (I +
∆B)TB(I + ∆B)) = ((I + ∆A)TA(I + ∆A), Z−1Y ∗Y Z−1) has the same eigenvalues as the
matrix Y −HZ(I + ∆A)TA(I + ∆A)ZY −1. Hence we shall compare the eigenvalues of the
matrices ZAZ and Y −HZ(I +∆A)TA(I +∆A)ZY −1.

Using the same argument as in the proof of Theorem 8.4, we have (cf. (8.10))

(8.12) |λi(Z(I +∆A)∗A(I +∆A)Z)− λi| = ǫ(2 + ǫ)|λi|.



8.3. QUADRATIC PERTURBATION BOUNDS 132

Next we recall that Y = I + Z−1∆BZ, and see that ‖Z−1∆BZ‖2 ≤ κ2(Z)‖∆B‖2 =√
κ2(B)‖∆B‖2(≡ δ). It follows that the singular values of Y −1 lie in [1/(1 + δ), 1/(1− δ)],

so we have

‖Y −HY −1 − I‖2 ≤ 1/(1− δ)2 − 1 =
δ(2− δ)

(1− δ)2
.

Therefore, using the relative Weyl theorem and (8.12) we have

|λi(Y
−HZ(I +∆A)∗A(I +∆A)ZY −1)− λi(Z(I +∆A)∗A(I +∆A)Z)|

≤|λi(Z(I +∆A)∗A(I +∆A)Z)| · ‖Y −HY −1 − I‖2

≤(1 + ǫ)2
δ(2− δ)

(1− δ)2
|λi|.

Therefore, (8.11) is obtained by

|λi(Y
−HZ(I +∆A)∗A(I +∆A)ZY −1)− λi|

≤ǫ(2 + ǫ)|λi|+
(1 + ǫ)2δ(2− δ)

(1− δ)2
|λi|.

�
Theorems 8.4 and 8.5 do not directly match the relative Weyl theorem for standard

eigenvalue problems by letting B = I and ∆B = 0, because a general unitary transformation
on A is not allowed.

Nonetheless, our results are consistent, as the following argument indicates. Consider
the pair (X∗AX, I). If ‖X∗X − I‖2 = ǫ and ǫ < 1 then the singular values of X must lie
in [
√
1− ǫ,

√
1 + ǫ]. Hence, X can be written as X = U + ∆U , in which U is the unitary

polar factor of X (the closest unitary matrix to X [75, pp.197]) and ‖∆U‖2 ≤ 1 −
√
1− ǫ.

Then, the pair (X∗AX, I) is rewritten as (U∗(I + (∆UU∗)∗)A(I + ∆UU∗)U, I), which a
unitary transformation shows is equivalent to ((I +(∆UU∗)∗)A(I +∆UU∗), I). Noting that
‖∆UU∗‖2 = ‖∆U‖2 ≤ 1 −

√
1− ǫ and using Theorem 8.4 (or 8.5) for the pairs (A, I) and

((I+(∆UU∗)∗)A(I+∆UU∗), I), we see that the pair (X∗AX, I) has eigenvalues that match
those of the pair (A, I) to relative accuracy (1 −

√
1− ǫ)(2 + 1 −

√
1− ǫ). Notice that

(1 −
√
1− ǫ)(2 + 1 −

√
1− ǫ) ≃ ǫ when ǫ ≪ 1, yielding the relative Weyl theorem. Hence,

Theorems 8.4 and 8.5 become equivalent to the relative Weyl theorem when B = I, ∆B = 0
and ǫ≪ 1.

8.3. Quadratic perturbation bounds for Hermitian definite pairs

The rest of this chapter is concerned with the Hermitian definite generalized eigenvalue
problem Ax = λBx for block diagonal matrices A = diag(A11, A22) and B = diag(B11, B22).
As before, both A and B are Hermitian and B is positive definite. We establish bounds on
how its eigenvalues vary when A and B are perturbed by Hermitian matrices. These bounds
are generally of linear order with respect to the perturbations in the diagonal blocks and
of quadratic order with respect to the perturbations in the off-diagonal blocks. The results
for the case of no perturbations in the diagonal blocks can be used to bound the changes
of eigenvalues of a Hermitian definite generalized eigenvalue problem after its off-diagonal
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blocks are dropped, a situation that occurs frequently in eigenvalue computations. The
presented results extend those of Li and Li [97].

In the rest of this chapter we assume that A and B are 2-by-2 block diagonal

(8.1) A =

[
m︷︸︸︷ n︷︸︸︷

m

{
A11

n

{
A22

]
, B =

[
m︷︸︸︷ n︷︸︸︷

m

{
B11

n

{
B22

]
.

When A and B are perturbed to

(8.2) Ã
def
= A+ E =

[
A11 + E11 E12

E21 A22 + E22

]
, B̃

def
= B + F =

[
B11 + F11 F12

F21 B22 + F22

]

by two Hermitian matrices E and F , we are interested in bounding how much the eigenvalues
of (A,B) change. Two kinds of bounds will be established:

• bounds on the difference between the eigenvalues of (A,B) and those of (Ã, B̃;
• bounds on the difference between the eigenvalues of (A11, B11) and some m eigen-

values of (Ã, B̃).

There are two immediate applicable situations of such bounds. The first situation is when
we have a nearly block diagonal pair, that is, Eii = Fii = 0 in (8.2) and all Eij and Fij

for i 6= j are small in magnitude relative to Aii and Bii. Such a situation naturally arises
when one uses a Jacobi-type algorithm [127, p.353] that iteratively reduces both A and B
to diagonal form. The second situation arises from the solution of a large-scale generalized
Hermitian eigenvalue problem, where one may have an approximate eigenspace. Projecting
the pair onto the approximate eigenspace via the Rayleigh-Ritz process leads to (8.2) with
again Eii = Fii = 0 for i = 1, 2 and some norm estimates on Eij and Fij for i 6= j but usually
unknown A22 and B22. In such a case, we would like to estimate how well the eigenvalues of

(A11, B11) approximate some of those of (Ã, B̃).

The special case when B = B̃ = IN , the identity matrix can be dealt with well by
some existing theories. For example, if all blocks in E have similar magnitudes, we may
simply bound the eigenvalue changes using the norms of E by the Weyl-Lidskii theorem
[14, 127, 146]; if Eij for i 6= j have much smaller magnitudes relative to Eii for i = 1, 2, we
may write

Â = A+

[
E12

E21

]
, Ã = Â+

[
E11

E22

]
,

then the eigenvalue differences for A and Ã can be bounded in two steps: bounding the

differences for A and Â and the differences for Â and Ã. The eigenvalue differences for A

and Â are potentially of the second order in Eij (i 6= j) and are no worse than of the first

order in Eij (i 6= j) [22, 97, 109, 149], while the eigenvalue differences for Â and Ã can be
again bounded using the norms of E by the Weyl-Lidskii theorem.

The rest of the chapter is organized as follows. In Section 8.3 we present our main results:
error bounds on the differences between the eigenvalues of pairs (8.1) and (8.2). These error
bounds are usually quadratic in the norms of E21 and F21. The case when B = I and
F21 = 0 has been investigated in [97] and in fact our bounds here reduce to the ones there
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in this case. In Section 8.4 we briefly consider perturbation of partitioned matrices in the
non-Hermitian case.

Set N = m+ n, and denote the eigenvalues of (A,B) and (Ã, B̃) by

(8.3) λ1 ≥ λ2 ≥ · · · ≥ λN and λ̃1 ≥ λ̃2 ≥ · · · ≥ λ̃N ,

respectively. Here we define the spectrum gap by

ηi
def
=





min
µ2∈eig(A22,B22)

|λi − µ2|, if λi ∈ eig(A11, B11),

min
µ1∈eig(A11,B11)

|λi − µ1|, if λi ∈ eig(A22, B22),
(8.4a)

η
def
= min

1≤i≤N
ηi = min

µ1∈eig(A11,B11), µ2∈eig(A22,B22)
|µ1 − µ2|.(8.4b)

For the sake of this definition, we treat a multiple eigenvalue as different copies of the same
value. If the multiple eigenvalue comes from both eig(A11, B11) and eig(A22, B22), each copy
is regarded as an eigenvalue of only one of (Aii, Bii) for i = 1, 2 but not both.

8.3.1. Special Case. We will start by considering the special case:

(8.5) Eii = Fii = 0, B11 = Im, B22 = In.

For this case,

(8.6) Ã =

[
A11 E∗

21

E21 A22

]
, B̃ =

[
Im F ∗

21

F21 In

]
.

We shall bound the differences λ̃j − λj via three different approaches. Throughout this
subsection we assume that

‖F21‖2 < 1,

so that B̃ is Hermitian positive definite.
Method I. Noting that I − F21F

∗
21 is Hermitian definite, we let

(8.7) X =

[
Im −F ∗

21

0 In

]
, W =

[
Im 0
0 [I − F21F

∗
21]

1/2

]
.

Then

B̂
def
= X∗B̃X =

[
Im 0
0 I − F21F

∗
21

]
= W 2,(8.8a)

Â
def
= X∗ÃX =

[
A11 −A11F

∗
21 + E∗

21

−F21A11 + E21 A22 − E21F
∗
21 − F21E

∗
21 + F21A11F

∗
21

]
.(8.8b)

We now consider the following four eigenvalue problems:

EIG (a) : (Ã, B̃) which has the same eigenvalues as (W−1ÂW−1, IN),

EIG (b) : (Â, IN),

EIG (c) :

([
A11 −A11F

∗
21 + E∗

21

−F21A11 + E21 A22

]
, IN

)
,

EIG (d) : (A, IN).
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Denote the eigenvalues for EIG (x) by λ
(x)
j in descending order, i.e.,

(8.9) λ
(x)
1 ≥ λ

(x)
2 ≥ · · · ≥ λ

(x)
N .

Then we have λ
(a)
j = λ̃j and λ

(d)
j = λj for all j, recalling (8.3) and (8.5). There are existing

perturbation bounds for any two adjacent eigenvalue problems in the above list.

(a-b) There exist tj (1 ≤ j ≤ N) satisfying

1/[σmax(W )]2 = [σmin(W
−1)]2 ≤ tj ≤ [σmax(W

−1)]2 = 1/[σmin(W )]2

such that

λ
(a)
j = tjλ

(b)
j , or equivalently λ

(b)
j = t−1

j λ
(a)
j , for 1 ≤ j ≤ N.

It can be seen that σmax(W ) = 1 and σmin(W ) =
√

1− ‖F21‖22. Thus
0 ≤ 1− t−1

j ≤ ‖F21‖22.

(b-c) By Weyl’s theorem, we have |λ(b)
j − λ

(c)
j | ≤ ‖E21F

∗
21 + F21E

∗
21 − F21A11F

∗
21‖2 for

1 ≤ j ≤ N .
(c-d) By (2.25), for 1 ≤ j ≤ N

|λ(c)
j − λ

(d)
j | ≤

2‖A11F
∗
21 − E∗

21‖22
ηj +

√
η2j + 4‖A11F ∗

21 − E∗
21‖22

≤ 2‖E21 − F21A11‖22
η +

√
η2 + 4‖E21 − F21A11‖22

.

Combining these three bounds we get for 1 ≤ j ≤ N ,

|λ̃j − λj| =|λ(a)
j − λ

(d)
j |

=|λ(a)
j − λ

(b)
j + λ

(b)
j − λ

(c)
j + λ

(c)
j − λ

(d)
j |

≤|1− t−1
j | |λ

(a)
j |+ |λ

(b)
j − λ

(c)
j |+ |λ

(c)
j − λ

(d)
j |

≤‖F21‖22 |λ̃j|+ ‖E21F
∗
21 + F21E

∗
21 − F21A11F

∗
21‖2

+
2‖E21 − F21A11‖22

ηj +
√

η2j + 4‖E21 − F21A11‖22
.(8.10)

Remark 4. If ηj > 0, the right-hand side of (8.10) is of O(max{‖E21‖22, ‖F21‖22}) for that
j. If η > 0, it is of O(max{‖E21‖22, ‖F21‖22}) for all 1 ≤ j ≤ N . We can establish more bounds

between λ̃j and λj by using various other existing bounds available to bound the differences

among λ
(x)
j ’s. Interested readers may find them in [14, 41, 98, 101, 103, 109, 127, 146].

Symmetrically permute Ã and B̃ in (8.2) to
[
A22 E21

E∗
21 A11

]
,

[
In F21

F ∗
21 Im

]

and then apply (8.10) to get

|λ̃j − λj| ≤‖F21‖22 |λ̃j|+ ‖E∗
21F21 + F ∗

21E21 − F ∗
21A22F21‖2
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+
2‖E21 − A22F21‖22

ηj +
√
η2j + 4‖E21 − A22F21‖22

.(8.11)

The following theorem summarizes what we have obtained so far.

Theorem 8.6. Assume (8.5) and ‖F21‖2 < 1 for the Hermitian definite pairs (A,B) and

(Ã, B̃) with A, B, Ã, and B̃ as in (8.1) and (8.2). Denote their eigenvalues as in (8.3) and
define gaps ηi and η as in (8.4). Then both (8.10) and (8.11) hold for all 1 ≤ j ≤ N .

We now investigate how accurate the eigenvalues of A11 are as approximations to a subset

of the eigenvalues of (Ã, B̃). Recall (8.5). We have

(8.12) R
def
= Ã

[
Im
0

]
− B̃

[
Im
0

]
A11 =

[
0

E21 − F21A11

]
.

Note that B̃ = X−∗W 2X−1 and WX−1

[
Im
0

]
= XW−1

[
Im
0

]
=

[
Im
0

]
by (8.7) and (8.8).

Thus eig(Ã, B̃) = eig(W−1X∗ÃXW−1), and

W−1X∗R ≡
[
W−1X∗ÃXW−1

] [Im
0

]
−
[
Im
0

]
A11

=

[
0

[I − F21F
∗
21]

−1/2(E21 − F21A11)

]
.(8.13)

Hence we obtain the following.

Theorem 8.7. Assume the conditions of Theorem 8.6. There are m eigenvalues µ1 ≥
· · · ≥ µm of (Ã, B̃) such that

|µj − θj| ≤
‖E21 − F21A11‖2√

1− ‖F21‖22
for 1 ≤ j ≤ m,

√√√√
m∑

j=1

|µj − θj|2 ≤
‖E21 − F21A11‖F√

1− ‖F21‖22
,

where θ1 ≥ · · · ≥ θm are the m eigenvalues of A11.

Method II. Much of this approach is adapted from [97] for the standard eigenvalue prob-
lem. We shall begin by seeking motivation from a 2-by-2 example.

Example 8.1. Consider the 2× 2 Hermitian matrices

(8.14) Ã =

[
α ǫ∗

ǫ β

]
, B̃ =

[
1 δ∗

δ 1

]
,

where α > β and 1−|δ|2 > 0 (i.e., B is positive definite). The eigenvalues of (Ã, B̃), denoted
by λ±, satisfy

(1− |δ|2)λ2 − (α + β − ǫ∗δ − ǫδ∗)λ+ αβ − |ǫ|2 = 0.
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Let

∆ = (α + β − ǫ∗δ − ǫδ∗)2 − 4(1− |δ|2)(αβ − |ǫ|2)
= (α− β)2 + 2[(αδ − ǫ)∗(βδ − ǫ) + (αδ − ǫ)(βδ − ǫ)∗] + (ǫ∗δ − ǫδ∗)2.

The eigenvalues of (Ã, B̃) are

λ± =
(α + β − ǫ∗δ − ǫδ∗)±

√
∆

2(1− |δ|2) .

It is not obvious to see λ+ ≥ α and λ− ≤ β from this expression. A better way to see λ+ ≥ α
and λ− ≤ β is through the min-max principle, see Section 2.8.1. Namely

λ+ = max
x

x∗Ãx

x∗B̃x
≥ e∗1Ãe1

e∗1B̃e1
= α, λ− = min

x

x∗Ãx

x∗B̃x
≤ β,

where e1 is the first column of the identity matrix. Consider

Ã− λ+B̃ =

[
α− λ+ (ǫ− λ+δ)

∗

ǫ− λ+δ β − λ+

]
.

Since λ+ ≥ α > β, we can define

X =

[
1 0

−(β − λ+)
−1(ǫ− λ+δ) 1

]
.

We have

X∗(Ã− λ+B̃)X =

[
α− λ+ − (ǫ− λ+δ)

∗(β − λ+)
−1(ǫ− λ+δ) 0

0 β − λ+

]

which must be singular. Since λ+ ≥ α > β , we have

α− λ+ − (ǫ− λ+δ)
∗(β − λ+)

−1(ǫ− λ+δ) = 0,

α− λ+ =
|ǫ− λ+δ|2

(β − α) + (α− λ+)
,

(λ+ − α)2 + (α− β)(λ+ − α)− |ǫ− λ+δ|2 = 0.

The last equation gives, upon noticing that λ+ − α ≥ 0, that

(8.15) λ+ − α =
2|ǫ− λ+δ|2

(α− β) +
√

(α− β)2 + 4|ǫ− λ+δ|2
.

We also apply (8.15) to (−Ã, B̃) to get

(8.16) β − λ− =
2|ǫ− λ−δ|2

(α− β) +
√

(α− β)2 + 4|ǫ− λ−δ|2
.

We next show that an inequality similar to (8.15) and (8.16) holds for the general case as
stated in Theorem 8.8 below. �
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Theorem 8.8. Under the conditions of Theorem 8.6, we have for all 1 ≤ i ≤ N

(8.17) |λ̃i − λi| ≤
2‖E21 − λ̃iF21‖22

ηi +

√
η2i + 4‖E21 − λ̃iF21‖22

≤ 2‖E21 − λ̃iF21‖22
η +

√
η2 + 4‖E21 − λ̃iF21‖22

.

Proof. We shall prove (8.17) by induction. We may assume that A11 and A22 are
diagonal with their diagonal entries arranged in descending order, respectively; otherwise

replace Ã and B̃ by

(U ⊕ V )∗Ã(U ⊕ V ) and (U ⊕ V )∗B̃(U ⊕ V ),

respectively, where U and V are unitary such that U∗A11U and V ∗A22V are in such diagonal
forms.

We may perturb the diagonal of A so that all entries are distinct, and apply the continuity
argument for the general case.

If N = 2, the result is true by Example 8.1. Assume that N > 2, and that the result is
true for Hermitian matrices of size N − 1.

First, we show that (8.17) holds for i = 1. Assume that the (1, 1)th entry of A11 equals
λ1. By the min-max principle, we have

λ̃1 ≥
e∗1Ãe1

e∗1B̃e1
= λ1 .

No proof is necessary if λ̃1 = λ1. Assume λ̃1 > λ1 and let

X =

[
Im 0

−(A22 − λ̃1In)
−1(E21 − λ̃1F21) In

]
.

Then

X∗(Ã− λ̃1B̃)X =

[
M(λ̃1) 0

0 A22 − λ̃1In

]
,

where

M(λ) = A11 − λIm − (E21 − λF21)
∗(A22 − λIn)

−1(E21 − λF21).

Since Ã− λ̃1B̃ and X∗(Ã− λ̃1B̃)X have the same inertia, we see that M(λ̃1) has zero as the

largest eigenvalue. Notice that the largest eigenvalue of A11 − λ̃1I is λ1 − λ̃1 ≤ 0. Thus, for

δ1
def
= |λ̃1 − λ1| = λ̃1 − λ1, we have

δ1 = |0− (λ1 − λ̃1)| ≤ ‖(E21 − λ̃1F21)
∗(A22 − λ̃1In)

−1(E21 − λ̃1F21)‖2
≤ ‖E21 − λ̃1F21‖22‖(A22 − λ̃1In)

−1‖2

≤ ‖E21 − λ̃1F21‖22
δ1 + η1

,
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where we have used [‖A22 − λ̃1In)
−1‖2]−1 = λ̃1 − max

µ∈eig(A22)
µ = δ1 + η1. Consequently,

δ1 ≤
2‖E21 − λ̃1F21‖22

η1 +

√
η21 + 4‖E21 − λ̃1F21‖22

as asserted. Similarly, we can prove the result if the (1, 1)th entry of A22 equals λ1. In this

case, we will apply the inertia arguments to Ã− λ̃1B̃ and Y (Ã− λ̃1B̃)Y ∗ with

Y =

[
Im 0

−(E21 − λ̃1F21)(A11 − λ̃1Im)
−1 In

]
.

Applying the result of the last paragraph to ((−Ã, B̃), we see that (8.17) holds for i = N .

Now, suppose 1 < i < N . The result trivially holds if λ̃i = λi. Suppose λ̃i 6= λi. We

may assume that λi > λ̃i. Otherwise, replace {(A,B), (Ã, B̃), i} by {(−A,B), (−Ã, B̃), N −
i + 1}. Delete the row and column of Ã that contain the diagonal entry λN and delete the

corresponding row and column of B̃ as well. Let Â and B̂ be the resulting matrices. Write

the eigenvalues of the pair (Â, B̂) as ν1 ≥ · · · ≥ νN−1. By the interlacing inequalities (2.28),
we have

(8.18) λ̃i ≥ νi and hence λi − λ̃i ≤ λi − νi.

Note that λi is the ith largest diagonal entry of Â. Let η̂i be the minimum distance between

λi and the diagonal entries in the diagonal block Âjj in Â not containing λi, where j ∈ {1, 2}.
Then

η̂i ≥ ηi

because Âjj may have one fewer diagonal entries than Ajj. Let Ê21 and F̂21 be the off-

diagonal block of Â and B̂, respectively. Then

(8.19) ‖Ê21 − λ̃iF̂21‖2 ≤ ‖E21 − λ̃iF21‖2.
Finally, we have

|λ̃i − λi| = λi − λ̃i because λi > λ̃i

≤ λi − νi by (8.18)

≤ 2‖Ê21 − λ̃iF̂21‖22
η̂i +

√
η̂2i + 4‖Ê21 − λ̃iF̂21‖22

by induction assumption

≤ 2‖Ê21 − λ̃iF̂21‖22
ηi +

√
η2i + 4‖Ê21 − λ̃iF̂21‖22

because η̂i ≥ ηi

=
1

2

(√
η2i + 4‖Ê21 − λ̃iF̂21‖22 − ηi

)

≤ 1

2

(√
η2i + 4‖E21 − λ̃iF21‖22 − ηi

)
by (8.19)
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=
2‖E21 − λ̃iF21‖22

ηi +

√
η2i + 4‖E21 − λ̃iF21‖22

as expected. �

Method III. We now consider the following three eigenvalue problems:

EIG (a) : (Ã, B̃) which has the same eigenvalues as (B̃−1/2ÃB̃−1/2, IN),

EIG (b) : (Ã, IN),

EIG (c) : (A, IN).

Denote the eigenvalues for EIG (x) by λ
(x)
j in descending order as in (8.9). Then we have

λ
(a)
j = λ̃j and λ

(c)
j = λj for all j, recalling (8.3). Now we bound the eigenvalue bounds in

two steps.

(a-b) There exist tj (1 ≤ j ≤ N) satisfying

1/σmax(B̃) = σmin(B̃
−1) ≤ tj ≤ σmax(B̃

−1) = 1/σmin(B̃)

such that

λ
(a)
j = tjλ

(b)
j (or equivalently λ

(b)
j = t−1

j λ
(a)
j ) for 1 ≤ j ≤ N.

It can be seen that 1 − σmax(F21) = σmin(B̃) ≤ σmax(B̃) = 1 + σmax(F21). Thus
|1− t−1

j | ≤ ‖F21‖2, which will be used later.
(b-c) For 1 ≤ j ≤ N we have

|λ(b)
j − λ

(c)
j | ≤

2‖E21‖22
ηj +

√
η2j + 4‖E21‖22

≤ 2‖E21‖22
η +

√
η2 + 4‖E21‖22

.

Finally for 1 ≤ j ≤ N ,

|λ̃j − λj| = |λ(a)
j − λ

(c)
j | = |λ(a)

j − λ
(b)
j + λ

(b)
j − λ

(c)
j |

≤ |1− t−1
j | |λ

(a)
j |+ |λ

(b)
j − λ

(c)
j |

≤ ‖F21‖2 |λ̃j|+
2‖E21‖22

ηj +
√

η2j + 4‖E21‖22
.(8.20)

Remark 5. The derivation here is the shortest (and simplest) among the three methods
that lead to (8.10) and (8.11), (8.17), and (8.20), but not without a sacrifice, namely, it is
likely the weakest when ‖F21‖2 has a much bigger magnitude than ‖E21‖22 because ‖F21‖2
appears linearly in (8.20) vs. quadratically in (8.10), (8.11), and (8.17). Note the similarity
among the third term in the right-hand side of (8.10), the second and last terms in (8.17),
and the second term in the right-hand side of (8.20).

Theorem 8.9. Under the conditions of Theorem 8.6, we have (8.20) for all 1 ≤ j ≤ N .

We point out in passing that Theorems 8.6, 8.8, and 8.9 all reduce to the main result in
[97].
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8.3.2. General Case. We are now looking into the general case, i.e., without assuming
(8.5).

Lemma 8.2. Let ∆ be a Hermitian matrix. If δ
def
= ‖∆‖2 < 1, then I + ∆ is positive

definite, and

‖(I +∆)−1/2 − I‖2 ≤
1√
1− δ

− 1 =
δ√

1− δ (1 +
√
1− δ)

.

Proof. Any eigenvalue of I+∆ is no smaller than 1−δ > 0, so I+∆ is positive definite.
We have

‖(I +∆)−1/2 − I‖2 = max
µ∈eig(∆)

|(1 + µ)−1/2 − 1|

≤ max
{
(1− δ)−1/2 − 1, 1− (1 + δ)−1/2

}

= (1− δ)−1/2 − 1,

as was to be shown. �

Recall that A, Ã, B, B̃, E and F are all Hermitian. Set

∆ij =B
−1/2
ii FijB

−1/2
jj ,(8.21a)

Y =diag([I +∆11]
−1/2B

−1/2
11 , [I +∆22]

−1/2B
−1/2
22 ),(8.21b)

F̂ij =[I +∆ii]
−1/2∆ij[I +∆jj]

−1/2 for i 6= j,(8.21c)

Âii =B
−1/2
ii AiiB

−1/2
ii ,(8.21d)

Êij =[I +∆ii]
−1/2B

−1/2
ii EijB

−1/2
jj [I +∆jj]

−1/2 for i 6= j,(8.21e)

Êii =[I +∆ii]
−1/2B

−1/2
ii (Aii + Eii)B

−1/2
ii [I +∆ii]

−1/2 − Âii(8.21f)

=
(
[I +∆ii]

−1/2 − I
)
Âii

(
[I +∆ii]

−1/2 − I
)

+ Âii

(
[I +∆ii]

−1/2 − I
)
+
(
[I +∆ii]

−1/2 − I
)
Âii

+ [I +∆ii]
−1/2B

−1/2
ii EiiB

−1/2
ii [I +∆ii]

−1/2 ,(8.21g)

and set

(8.22) δij = ‖∆ij‖2 ≤
√
‖B−1

ii ‖2‖B−1
jj ‖2 ‖Fij‖2, γij = (1− δij)

−1/2 − 1.

In obtaining (8.22), we have used ‖B−1/2
ii ‖2 =

√
‖B−1

ii ‖2. To ensure that B̃ is positive
definite, throughout this subsection we assume that

(8.23) max{δ11, δ22} < 1, δ212 < (1− δ11)(1− δ22).

We can bound Êij and F̂ij as follows.

‖Êij‖2 ≤
‖B−1/2

ii EijB
−1/2
jj ‖2√

(1− δii)(1− δjj)
(8.24a)
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≤

√
‖B−1

ii ‖2‖B−1
jj ‖2

(1− δii)(1− δjj)
‖Eij‖2 for i 6= j,(8.24b)

‖Êii‖2 ≤ γii(2 + γii)‖Âii‖2 +
‖B−1/2

ii EiiB
−1/2
ii ‖2

1− δii
(8.24c)

≤ γii(2 + γii)‖Âii‖2 +
‖B−1

ii ‖2
1− δii

‖Eii‖2,(8.24d)

‖F̂ij‖2 ≤
δij√

(1− δii)(1− δjj)
for i 6= j.(8.24e)

We have used Lemma 8.2 to get (8.24c) from (8.21g). We then have

Â
def
= Y ∗ÃY =

[
Â11 + Ê11 Ê12

Ê21 Â22 + Ê22

]
, B̂

def
= Y ∗B̃Y =

[
Im F̂12

F̂21 In

]
.

We now consider the following three eigenvalue problems:

EIG (a) : (Ã, B̃) which is equivalent to (Â, B̂),

EIG (b) :

([
Â11 Ê12

Ê21 Â22

]
,

[
Im F̂12

F̂21 In

])
,

EIG (c) :

([
Â11

Â22

]
, IN

)
.

Denote the eigenvalues for EIG (x) by λ
(x)
j in descending order as in (8.9). Then we have

λ
(a)
j = λ̃j and λ

(c)
j = λj for all j, recalling (8.3). Note ‖F̂21‖2 < 1 because of (8.23). The

eigenvalue differences between any two adjacent eigenvalue problems in the above list can
be bounded as follows.

(a-b) |λ(a)
j − λ

(b)
j | ≤ maxi ‖Êii‖2

1−‖F̂21‖2
for 1 ≤ j ≤ N . This is because

B̂
−1/2

Â B̂
−1/2

= B̂
−1/2

[
Â11 Ê12

Ê21 Â22

]
B̂

−1/2
+ B̂

−1/2
[
Ê11

Ê22

]
B̂

−1/2
,

and ‖B̂−1‖2 =
[
1− ‖F̂21‖2

]−1

.

(b-c) Use Theorems 8.6, 8.8, or 8.9 to bound λ
(b)
j − λ

(c)
j to yield three bounds:

|λ(b)
j − λ

(c)
j | ≤‖F̂21‖22 |λ̃j|+ ‖Ê21F̂

∗
21 + F̂21Ê

∗
21 − F̂21Â11F̂

∗
21‖2

+
2‖Ê21 − F̂21Â11‖22

ηj +
√
η2j + 4‖Ê21 − F̂21Â11‖22

,(8.25)

|λ(b)
j − λ

(c)
j | ≤

2‖Ê21 − λ̃jF̂21‖22
ηj +

√
η2j + 4‖Ê21 − λ̃jF̂21‖22

,(8.26)
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|λ(b)
j − λ

(c)
j | ≤‖F̂21‖2 |λ̃j|+

2‖Ê21‖22
ηj +

√
η2j + 4‖Ê21‖22

.(8.27)

Further bounds in terms of the norms of E, F , and Bii can be obtained by using inequalities

in (8.24). Finally we use λ̃j − λj = λ
(a)
j − λ

(c)
j = λ

(a)
j − λ

(b)
j + λ

(b)
j − λ

(c)
j to conclude

Theorem 8.10. For the Hermitian definite pairs (A,B) and (Ã, B̃) with A, B, Ã, and B̃
as in (8.1) and (8.2), assume (8.23), where δij are as defined in (8.21) and (8.22). Denote
their eigenvalues as in (8.3) and define gaps ηi and η as in (8.4). Then for all 1 ≤ j ≤ N

|λ̃j − λj| ≤
maxi ‖Êii‖2
1− ‖F̂21‖2

+ ǫj ,

where ǫj can be taken to be any one of the right-hand sides of (8.25), (8.26), and (8.27).

Next we estimate the differences between the eigenvalues of (A11, B11) (which is the same

as those of Â11) and some m eigenvalues of (Ã, B̃). This will be done in two steps:

(a) bound the differences between the eigenvalues of Â11+Ê11 and m of those of (Ã, B̃);

(b) bound the differences between the eigenvalues of Â11 + Ê11 and those of Â11.

The first step can be accomplished by using Theorem 8.7, while the second step can be done
by invoking Weyl’s theorem. We thereby get

Theorem 8.11. Assume the conditions of Theorem 8.10. There are m eigenvalues µ1 ≥
· · · ≥ µm of (Ã, B̃) such that

|µj − θj| ≤ ‖Ê11‖2 +
‖Ê21 − F̂21(Â11 + Ê11)‖2√

1− ‖F̂21‖22
for 1 ≤ j ≤ m,

√√√√
m∑

j=1

|µj − θj|2 ≤ ‖Ê11‖F +
‖Ê21 − F̂21(Â11 + Ê11)‖F√

1− ‖F̂21‖22
,

where θ1 ≥ · · · ≥ θm are the m eigenvalues of (A11, B11).

Remark 6. Some comments for comparing Theorems 8.10 and Theorem 8.11 are in
order:

(a) Theorem 8.10 bounds the changes in all the eigenvalues of (A,B), while Theo-
rem 8.11 bounds only a portion of them, namely those of (A11, B11).

(b) Ê22 does not appear in the bounds in Theorem 8.11, while both Êii show up in
those in Theorem 8.10. This could potentially make the bounds in Theorem 8.11

more favorable if Ê22 has much larger magnitude than Ê11. This point will be well

manifested in our analysis later in Section 9.2. Also, note that the quantities ‖Êij‖
are relative quantities as opposed to absolute quantities ‖Eij‖, because Êij has been

multiplied by B
−1/2
ii and B

−1/2
jj .
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(c) Except when ǫj is taken to be the right-hand side of (8.27), bounds in Theorem 8.10

are of quadratic order in Ê21 and F̂21, while those in Theorem 8.11 are of linear

order in Ê21 and F̂21. All bounds are of linear order in Êii and F̂ii. Thus when
Êii = Fii = 0 for i = 1, 2, Theorem 8.10 may lead to sharper bounds.

(d) Theorem 8.10 requires some gap information among the eigenvalues of (Aii, Bii) for
i = 1, 2, while Theorem 8.11 does not.

Example 8.2. To illustrate these comments in Remark 6, we consider the following
parameterized pair

(Ã(α), B̃(α)) ≡ (A+ αE,B + αF ),

where α is a parameter ranging from 0 to 1, A = diag(4, 1), and B = diag(2, 1). Two types
of perturbations E and F will be considered: the general dense perturbations

(8.28) E =

[
1 1
1 5

]
, F =

1

10

[
1 −1
−1 1

]
,

and the off-diagonal perturbations

(8.29) E =

[
0 1
1 0

]
, F =

1

10

[
0 −1
−1 0

]
.

Denote by λ̃j(α) the jth largest eigenvalue of (Ã(α), B̃(α)). Here we take j = 1, so λ1(0) =

λ1 = 2. Figure 8.3.1 shows log-log scale plots for the actual |λ̃1(α) − λ1|, its bound by
Theorem 8.11, and the three bounds by Theorem 8.10 corresponding to ǫj being the right-
hand sides of (8.25), (8.26), and (8.27), respectively. These three bounds are shown as “Thm
8.10(i)”, “Thm 8.10(ii)”, and “Thm 8.10(iii)” in the plots. We assumed the gap η1 = 1 is
known.

In the left plot of Figure 8.3.1 we plot only one curve for the three bounds by Theorem 8.10
because they are visually indistinguishable. The figure illustrates the first two comments.

First, the bound by Theorem 8.11 becomes smaller than |λ̃1(α) − λ1| for α ' 0.25. This is
not an error but because the bound by Theorem 8.11 is for the distance between λ1 = 2 and

an eigenvalue of (Ã(α), B̃(α)), which may not necessarily be λ̃1(α). In fact, for α ' 0.25 the

eigenvalue of (Ã(α), B̃(α)) closer to 2 is λ̃2(α). Second, Theorem 8.11 gives a smaller bound
than Theorem 8.10, reflecting the fact that E22 is much larger than E11.

The right plot of Figure 8.3.1 illustrates the third comment. Specifically, the first two
bounds by Theorem 8.10 are much smaller than the other bounds. They reflect the quadratic

scaling of |λ̃1(α) − λ1| under off-diagonal perturbations, as can be seen by the slope of the
plots. �

We now specialize the results so far in this subsection to the case

(8.30) Eii = Fii = 0 for i = 1, 2.

This corresponds to a practical situation in eigenvalue computations: what is the effect of
dropping off off-diagonal blocks with relatively small magnitudes? Assume (8.30), then

∆ii = 0, Êii = 0, γii = δii = 0, for i = 1, 2,
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Figure 8.3.1. |λ̃1(α)−λ1| and its bounds by Theorem 8.10 and 8.11. Left: Under perturbation
(8.28), the curves for the three bounds by Theorem 8.10 are indistinguishable and the bound by

Theorem 8.11 is smaller. It is interesting to notice that the curve for |λ̃1(α)−λ1| crosses above the
bound by Theorem 8.11 for α about 0.25 or larger. This is because the bound by Theorem 8.11

is actually for mini |λ̃i(α)− λ1|. Right: Under perturbation (8.29), the curve for Thm 8.10(ii) is

the same as for |λ̃1(α)− λ1|, and the bound by Theorem 8.11 is larger.

Ê21 = B
−1/2
22 E21B

−1/2
11 , F̂21 = B

−1/2
22 F21B

−1/2
11 .(8.31)

Theorem 8.10 yields

Corollary 8.3. To the conditions of Theorem 8.10 add Eii = Fii = 0 for i = 1, 2. Let

Ê21 and F̂21 be given as in (8.31) and assume ‖F̂21‖2 < 1. Then for all 1 ≤ j ≤ N

(8.32) |λ̃j − λj| ≤ ǫj,

where ǫj can be taken to be any one of the right-hand sides of (8.25), (8.26), and (8.27).

At the same time Theorem 8.11 gives

Corollary 8.4. Assume the conditions of Corollary 8.3. There are m eigenvalues µ1 ≥
· · · ≥ µm of Ã− λB̃ such that

|µj − θj| ≤
‖Ê21 − F̂21Â11‖2√

1− ‖F̂21‖22
for 1 ≤ j ≤ m,

√√√√
m∑

j=1

|µj − θj|2 ≤
‖Ê21 − F̂21Â11‖F√

1− ‖F̂21‖22
,

where θ1 ≥ · · · ≥ θm are the m eigenvalues of the pair (A11, B11).
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8.4. An extension to non-Hermitian pairs

In this section we will make an attempt to derive a quadratic eigenvalue bound for
diagonalizable non-Hermitian pairs subject to off-diagonal perturbations. Specifically, let

A =

[
m︷︸︸︷ n︷︸︸︷

m

{
A11

n

{
A22

]
, B =

[
m︷︸︸︷ n︷︸︸︷

m

{
B11

n

{
B22

]
,(8.33a)

Ã =

[
A11 E12

E21 A22

]
, B̃ =

[
B11 F12

F21 B22

]
(8.33b)

be non-Hermitian matrices. We assume that B is nonsingular and (A,B) is diagonalizable.
So (A,B) has only finite eigenvalues, and there exist nonsingular matrices X = diag(X1, X2)
and Y = diag(Y1, Y2) such that Y AX = Λ = diag(Λ1,Λ2) and Y BX = I, where X1, Y1

and Λ1 are m-by-m and Λ is the diagonal matrix of eigenvalues. The last assumption loses
little generality, since if (A,B) is regular and diagonalizable but B is singular (hence infinite
eigenvalues exist), we can apply the results below to (A,B−αA) for a suitable scalar α such
that B − αA is nonsingular (the regularity assumption of (A,B) ensures the existence of
such α). The eigenvalues ν of (A,B − αA) and τ of (A,B) are related by ν = τ/(1− ατ).

We will establish a bound on |µ − µ̃|, where µ is an eigenvalue of (A,B) and µ̃ is an

eigenvalue of (Ã, B̃).

Theorem 8.12. Let A,B, Ã, B̃ be as in (8.33a) and (8.33b). Suppose that there exist
nonsingular matrices X = diag(X1, X2) and Y = diag(Y1, Y2) such that Y AX = Λ is diagonal

and Y BX = I. If µ̃ is an eigenvalue of (Ã, B̃) such that

ηk
def
= min

µ∈eig(Akk,Bkk)
|µ̃− µ| > 0

for k = 1 or 2, then (A,B) has an eigenvalue µ such that

|µ̃− µ| ≤ ‖X‖2‖Y ‖2‖E12 − µ̃F12‖2‖E21 − µ̃F21‖2‖(Akk − µ̃Bkk)
−1‖2(8.34a)

≤ κ2(X)κ2(Y )‖E12 − µ̃F12‖2‖E21 − µ̃F21‖2
ηk

.(8.34b)

Proof. We prove the result only for k = 2. The proof for k = 1 is entirely analogous.

Suppose that µ̃ /∈ eig(A22, B22) is an eigenvalue of (Ã, B̃). Thus Ã − µ̃B̃ is singular.
Defining the nonsingular matrices

WL =

[
I −(E12 − µ̃F12)(A22 − µ̃B22)

−1

0 I

]
,

WR =

[
I 0

−(A22 − µ̃B22)
−1(E21 − µ̃F21) I

]
,

we see that

diag(Y1, In)WL(Ã− µ̃B̃)WRdiag(X1, In)
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= diag(Y1, In)

[
A11 − µ̃B11 − (E12 − µ̃F12)(A22 − µ̃B22)

−1(E21 − µ̃F21) 0
0 A22 − µ̃B22

]

× diag(X1, In)

=

[
Λ1 − µ̃Im − Y1(E12 − µ̃F12)(A22 − µ̃B22)

−1(E21 − µ̃F21)X1 0
0 A22 − µ̃B22

]
.

Since this matrix is also singular, it follows that A11 − λB11 must have an eigenvalue µ that
satisfies

|µ̃− µ| ≤ ‖Y1‖2‖(E12 − µ̃F12)(A22 − µ̃B22)
−1(E21 − µ̃F21)‖2‖X1‖2

≤ 1

ηk
‖X1‖2‖X−1

2 ‖2‖Y1‖2‖Y −1
2 ‖2‖E12 − µ̃F12‖2‖E21 − µ̃F21‖2,

where we have used

‖(A22 − µ̃B22)
−1‖2 = ‖X−1

2 (Λ2 − µ̃I)−1Y −1
2 ‖2 ≤ ‖X−1

2 ‖2‖Y −1
2 ‖2/ηk.

Now use ‖X‖2 = max{‖X1‖2, ‖X2‖2} and ‖X−1‖2 = max{‖X−1
1 ‖2, ‖X−1

2 ‖2} to get (8.34b)
for the case k = 2. �

When the pairs (A,B) and (Ã, B̃) are Hermitian definite and (8.5) holds, we have κ2(X) =
κ2(Y ) = 1; so (8.34b) reduces to |µ̃ − µ| ≤ ‖E12 − µ̃F12‖22/ηk. This is similar to our earlier
result (8.17), except for the slight difference in the denominator. If we further let F12 = 0,
then the expression (8.34b) becomes exactly that of the quadratic residual bound in [109]
for Hermitian matrices. However (8.34b) does not give a one-to-one pairing between the

eigenvalues of (A,B) and (Ã, B̃).
The assumption that ηk > 0 is a reasonable one when there is a gap between eig(Akk, Bkk)

for k = 1, 2 because then it is reasonable to expect that µ̃ is very near one of them but away
from the other.



148

CHAPTER 9

Perturbation and condition numbers of a multiple generalized
eigenvalue

This chapter is concerned with the perturbation behavior of a multiple
eigenvalue in generalized eigenvalue problems. In particular, we address a
question raised by Stewart and Sun, which claims a multiple generalized
eigenvalue has different sensitivities under perturbations. We solve this
problem in two ways. First we derive k different eigenvalue perturbation
bounds for a multiple generalized eigenvalue when the matrices undergo
perturbation of finite norms. Second, we consider the asymptotic perturba-
tion behavior and show that a multiple generalized eigenvalue has multiple
condition numbers, even in the Hermitian definite case. We also show how
this difference of sensitivities plays a role in the eigenvalue forward error
analysis after the Rayleigh-Ritz process, for which we present an approach
that provides tight bounds.

Introduction. This chapter is motivated by a question raised in [146, p.300], where
it was pointed out that multiple eigenvalues of a Hermitian positive definite matrix pair
(A,B) (A,B are Hermitian and B is positive definite) tend to behave differently under
perturbations. Specifically, they consider pairs (A,B) such as

(9.1) A =

(
2 0
0 20000

)
, B =

(
1 0
0 10000

)
,

which has a multiple eigenvalue λ = 2 of multiplicity 2. Interestingly, one of the two
eigenvalues react more sensitively to perturbations than the other does. For example, define
the perturbed pair by (A + E,B + F ) where E and F are random Hermitian perturbation
matrices with ||E||2, ||F ||2 ≤ 10−2. We tested for 104 such random matrices (details in
Section 9.1.4), and observed that one eigenvalue of (A+E,B+F ) always lies in the interval
[2− 1.6× 10−4, 2 + 1.6× 10−4], while the other can be more perturbed and lies in [2− 2.0×
10−2, 2 + 2.0× 10−2].

There seems to be a clear sensitivity difference between the two multiple eigenvalues, but
a theoretical explanation for this behavior has remained an open problem. For example, a
general Weyl-type perturbation result [113] applied to (9.1) only gives |λ−2| ≤ 3.03×10−2,
which is a tight bound for the more sensitive eigenvalue, but does not tell anything about
the insensitive one.

The purpose of this chapter is to provide reasonings for this behavior. In the first part
we consider finite perturbation, that is, we derive perturbation bounds in terms of ‖E‖2
and ‖F‖2. Theorem 9.1, gives k different perturbation bounds for a multiple eigenvalue of a
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Hermitian positive definite pair (A,B) of multiplicity k. Applying the theorem to the pair
(9.1) allows us to explain theoretically that the two eigenvalues have different perturbation
behaviors.

The fact that multiple eigenvalues react differently to perturbations has several practical
consequences. One example we discuss here is the the forward error analysis of computed
multiple eigenvalues (Ritz values) obtained by the Rayleigh-Ritz process. We show how the
different sensitivities of a multiple eigenvalue plays a role here, and present an approach that
yields k different error bounds for a multiple eigenvalue of multiplicity k.

In the second part of this chapter we consider the condition numbers of a multiple gen-
eralized eigenvalue, that is, the behavior in the limit E,F → 0. For standard eigenvalue
problems, a closed-form expression for the condition numbers of a multiple eigenvalue is
known. In particular, they are uniformly 1 in the Hermitian case, and generally take differ-
ent values in the non-Hermitian case. We consider the generalized eigenvalue problem and
identify the condition numbers of a multiple eigenvalue. Our main result is that a multiple
eigenvalue generally has multiple condition numbers, even in the Hermitian definite case.
The condition numbers are characterized in terms of the singular values of the outer product
of the corresponding left and right eigenvectors.

The first order perturbation expansion for a simple eigenvalue is a well-known result
[145, 146], and that for a multiple eigenvalue is also studied in [150] for standard eigenvalue
problems, and in [30] for generalized eigenvalue problems, including singular matrix pairs.
Using such results and following the definition of r condition numbers of a multiple eigenvalue
for standard eigenvalue problems introduced in [151], we naturally define condition numbers
for the generalized case, as shown below in (9.37).

Sun shows in [151] that the r condition numbers κi(A, λ0) for i = 1, . . . , r of a nondefec-
tive multiple eigenvalue of a non-Hermitian matrix are expressed by

(9.2) κi(A, λ0) =

(
i∏

j=1

cj(A, λ0)

)1/i

for i = 1, . . . , r,

where cj(A, λ0) are the secants of the canonical angles between the left and right invariant
subspaces corresponding to the multiple eigenvalue. When A is non-Hermitian ci(A, λ0)
generally take different values for different i, hence so do κi(A, λ0) and (9.2) shows that a
multiple eigenvalue has multiple condition numbers. Contrarily, in the Hermitian case we
have cj(A, λ0) ≡ 1, so κi(A, λ0) = 1 for i = 1, . . . , r. Hence (9.2) also shows the well-known
fact that a multiple eigenvalue of a Hermitian matrix always has a uniform condition number
1.

Since a standard non-Hermitian eigenvalue problem can be regarded as a special case
of the generalized non-Hermitian eigenvalue problem Ax = λBx, it is clear that a multiple
eigenvalue in this case must have multiple condition numbers. On the other hand, in the
important case of the generalized Hermitian definite pair (where A and B are Hermitian and
B is positive definite), it is not trivial whether or not the condition numbers κi(A,B, λ0)
for i = 1, . . . , r take different values. In this chapter we identify their expression, which
shows that they generally do take r different values. We shall see that there are two sources
for this different conditioning, namely the difference between the left and right eigenvectors
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(as present in non-Hermitian standard eigenproblems), and the fact that the B-orthonormal
eigenvectors have different 2-norms (as present in the case B 6= I).

It is important to note that in the Hermitian definite case, a natural choice of metric
can be based on the B-based inner product (x, y)B = x∗By instead of the standard inner
product (x, y) = x∗y. This leads to the standard eigenvalue problem for the Hermitian
matrix B−1/2AB−1/2, so in this inner product all the condition numbers are the same (see
the second remark in Section 9.5.2). Our discussion in this chapter assumes the use of the
standard inner product.

The structure of this chapter is as follows. In Section 9.1 we present k different pertur-
bation bounds for a multiple eigenvalue of a Hermitian positive definite pair. In Section 9.2
we use the results in the previous Chapter to give another explanation. In Section 9.3 we
describe an approach that provides refined forward error bounds for a computed multiple
eigenvalue after the Rayleigh-Ritz process. Section 9.4 starts the discussion of condition
numbers. We present condition numbers of a multiple generalized eigenvalue in both the
Hermitian definite and the non-Hermitian cases.

9.1. Perturbation bounds for multiple generalized eigenvalues

Suppose a Hermitian positive definite pair (A,B) has a multiple eigenvalue λ0 of mul-
tiplicity k. In this section we consider a perturbed Hermitian positive definite pair (A +
E,B + F ). We are interested in the eigenvalues of (A + E,B + F ) that are close to λ0:
how the multiple eigenvalue λ0 is perturbed. Our goal is to give k different perturbation
bounds, that is, to derive 0 ≤ b1 ≤ b2 ≤ · · · ≤ bk such that there are at least i eigenvalues of
(A+ E,B + F ) that lie in [λ0 − bi, λ0 + bi].

9.1.1. Choosing eigenvectors. Since (A,B) is a Hermitian positive definite pair with
a multiple eigenvalue λ0 of multiplicity k, there exists a nonsingular matrix X such that

(9.3) X∗AX = Λ = diag(λ0, · · · , λ0, λk+1, · · · , λn), X∗BX = In,

where λk+i 6= λ0 for i ≥ 1. The columns of X are the right eigenvectors of (A,B), and
the first k columns are the eigenvectors corresponding to the multiple eigenvalue λ0. It is
important to note that X is not unique, in that there is freedom of unitary transformations
in the first k columns of X. Specifically, for any unitary matrix Q ∈ Ck×k, X can be replaced
by X · diag(Q, In−k), and (9.3) still holds. Among the possible choices of X, considering the
following specific choice X0 will be essential for our analysis below.

Choice of X0: Among the possible X that satisfy (9.3), we choose X0 such that the first
k columns of X0 = [x1, x2, · · · , xk, · · · , xn] are chosen so that they are mutually orthogonal,
that is,

(9.4) [x1, x2, . . . , xk] = UΣIk

is the SVD, so that U = [u1, u2, . . . , uk] ∈ Cn×k, U∗U = Ik and Σ = diag(σ1, . . . , σk) with
0 < σ1 ≤ · · · ≤ σk.

Note that Σ is unique for any choice of unitary matrix Q as shown above. As for obtaining
such X0, given an arbitrary X̂ that satisfies (9.3), we can get X0 by first computing the SVD

of the first k columns of X̂: X̂(:, 1 : k) = UΣV ∗, and then letting X0(:, 1 : k) = X̂(:, 1 :
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k)V = UΣ and X0(:, k + 1 : n) = X̂(:, k + 1 : n) (we use MATLAB notation, denoting by

X̂(:, 1 : k) the first k columns of X̂).

Now, given an integer t (≤ k), write

(9.5) X∗
0EX0 =

[
E

(t)
11 E

(t)
12

E
(t)
21 O

]
+

[
O O

O E
(t)
22

]
≡ E

(t)
1 + E

(t)
2 ,

and

(9.6) X∗
0FX0 =

[
F

(t)
11 F

(t)
12

F
(t)
21 O

]
+

[
O O

O F
(t)
22

]
≡ F

(t)
1 + F

(t)
2 ,

where E
(t)
11 and F

(t)
11 are t-by-t. Note that the two pairs (A + E,B + F ) and (Λ + E

(t)
1 +

E
(t)
2 , I + F

(t)
1 + F

(t)
2 ) are congruent, so they have the same eigenvalues.

Our next task is to bound ‖E(t)
i ‖2 and ‖F

(t)
i ‖2 (i = 1, 2). We shall show that ‖E(t)

1 ‖2 and
‖F (t)

1 ‖2 are small for t such that σt is small. This in turn implies that a small interval exists
that traps t eigenvalues of (A+ E,B + F ).

9.1.2. Bounding ‖E(t)
1 ‖2 and ‖F (t)

1 ‖2. To bound ‖E(t)
1 ‖2, we use

(9.7) ‖E(t)
1 ‖2 =

∥∥∥∥∥

[
E

(t)
11 E

(t)
12

E
(t)
21 O

]∥∥∥∥∥
2

≤
∥∥∥∥∥

[
0 E

(t)
12

E
(t)
21 0

]∥∥∥∥∥
2

+

∥∥∥∥
[
E

(t)
11 0
0 0

]∥∥∥∥
2

.

The first term can be bounded by∥∥∥∥∥

[
0 E

(t)
12

E
(t)
21 0

]∥∥∥∥∥
2

= ‖E(t)
12 ‖2 ≤ σt

√
‖B−1‖2‖E‖2,

because E
(t)
12 = ΣtU

∗
t EX0(:, t + 1 : n), where Ut = [u1, . . . , ut], Σt = diag(σ1, . . . , σt), so

using ‖Σt‖2 = σt and ‖X0‖2 =
√
‖B−1‖2 (which follows from B = X−H

0 X−1
0 ), we get

‖E(t)
12 ‖2 ≤ ‖Σt‖2‖Ut‖2‖E‖2‖X0‖2 = σt

√
‖B−1‖2‖E‖2.

The second term of (9.7) can be bounded by
∥∥∥∥
[
E

(t)
11 0
0 0

]∥∥∥∥
2

=
∥∥∥E(t)

11

∥∥∥
2
≤ σ2

t ‖E‖2,

because E
(t)
11 = ΣtU

∗
t EUtΣt, from which we get ‖E(t)

11 ‖2 ≤ ‖Σt‖22 · ‖Ut‖22 · ‖E‖2 = σ2
t ‖E‖2.

Substituting these into (9.7) yields

(9.8) ‖E(t)
1 ‖ =

∥∥∥∥∥

[
E

(t)
11 E

(t)
12

E
(t)
21 O

]∥∥∥∥∥
2

≤ σt(
√
‖B−1‖2 + σt)‖E‖2.

Similarly, we can bound ‖F (t)
1 ‖2 by

(9.9) ‖F (t)
1 ‖2 =

∥∥∥∥∥

[
F

(t)
11 F

(t)
12

F
(t)
21 O

]∥∥∥∥∥
2

≤ σt(
√
‖B−1‖2 + σt)‖F‖2.
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As for bounding ‖E(t)
2 ‖2 and ‖F (t)

2 ‖2, it is straightforward to see from (9.5) and (9.6) that

‖E(t)
2 ‖2 and ‖F (t)

2 ‖2 satisfy

(9.10) ‖E(t)
2 ‖2 ≤ ‖X∗

0EX0‖2 ≤ ‖B−1‖2‖E‖2, ‖F (t)
2 ‖2 ≤ ‖X∗

0FX0‖2 ≤ ‖B−1‖2‖F‖2.

9.1.3. k bounds for multiple generalized eigenvalue. Now we are ready to state
our main result of the section.

Theorem 9.1. Suppose that (A,B) and (A + E,B + F ) are n-by-n Hermitian positive
definite pairs, and that (A,B) has a multiple eigenvalue λ0 of multiplicity k. Let X be a
nonsingular matrix that satisfies (9.3). Denote by 0 < σ1 ≤ σ2 ≤ · · · ≤ σk the singular
values of X(:, 1 : k), the first k columns of X. Then, for any integer t such that 1 ≤ t ≤ k,

(A+ E,B + F ) has at least t eigenvalues λ̂i (i = 1, 2, . . . , t) that satisfy

(9.11) |λ̂i − λ0| ≤ σt(
√
‖B−1‖2 + σt)

‖E‖2 + |λ0|‖F‖2
1− ‖B−1‖2‖F‖2

.

Proof. Recall that the pairs (A+E,B+F ) and (Λ+E
(t)
1 +E

(t)
2 , I+F

(t)
1 +F

(t)
2 ) have the

same eigenvalues, and note that the pair (Λ +E
(t)
2 , I + F

(t)
2 ) has a multiple eigenvalue λ0 of

multiplicity (at least) t. We apply Theorem 8.3 by regarding (Λ+E
(t)
1 +E

(t)
2 , I+F

(t)
1 +F

(t)
2 ) as

a perturbed pair of (Λ+E
(t)
2 , I+F

(t)
2 ). Then we see that the pair (Λ+E

(t)
1 +E

(t)
2 , I+F

(t)
1 +F

(t)
2 )

has at least t eigenvalues λ̂i (i = 1, 2, . . . , t) that satisfy

|λ̂i − λ0| ≤
‖E(t)

1 ‖2 + |λ0|‖F (t)
1 ‖2

λmin(I + F
(t)
1 + F

(t)
2 )

≤σt(
√
‖B−1‖2 + σt)‖E‖2 + |λ0|σt(

√
‖B−1‖2 + σt)‖F‖2

1− ‖B−1‖2‖F‖2

≤σt(
√
‖B−1‖2 + σt)

‖E‖2 + |λ0|‖F‖2
1− ‖B−1‖2‖F‖2

,

where we used (9.8),(9.9) and λmin(I + F
(t)
1 + F

(t)
2 ) ≥ 1− ‖F (t)

1 + F
(t)
2 ‖2 = 1− ‖X∗

0FX0‖2 ≥
1− ‖B−1‖2‖F‖2, which follows from Weyl’s theorem. �

We emphasize that inequality (9.11) holds for t (not k) eigenvalues of (Λ+E
(t)
1 +E

(t)
2 , I+

F
(t)
1 + F

(t)
2 ). The upper bound in (9.11) for t = t0 is much smaller than that for t = k

if σt0 ≪ σk. In such a case, among the k eigenvalues of (A,B) equal to λ0, there are t0
eigenvalues that are much less sensitive than the most sensitive one.

9.1.4. Simple example. Let us return to the simple example shown in the introduction
and examine the sharpness of our results. For the pair (9.1), we formed perturbed Hermitian
positive definite pairs (A + E,B + F ) using MATLAB version 7.4 by defining E and F by
α(C∗ + C), where the entries of the 2-by-2 matrix C are random numbers in [−1/2, 1/2]
generated by the MATLAB function rand− 0.5 and α is defined by 10−2 · rand/‖C∗ + C‖2
to force ‖E‖2, ‖F‖2 ≤ 10−2. Experimenting with 104 such pairs, we observed that one
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eigenvalue is always trapped in [2 − 1.6 × 10−4, 2 + 1.6 × 10−4], but the interval that traps
both eigenvalues needs to be as large as [2− 2.0× 10−2, 2 + 2.0× 10−2].

We give an explanation for this phenomenon by using Theorem 9.1. Here |λ0| = 2,
‖B−1‖2 = 1, ‖E‖2 ≤ 10−2, ‖F‖2 ≤ 10−2, σ1 = 10−2 and σ2 = 1, so letting t = 1 in (9.11) we
get

|λ1 − 2| ≤ 10−2(1 + 10−2) · 10
−2 + 2× 10−2

1− 1 · 10−2

= 3.0606× 10−4,(9.12)

which means at leaset one eigenvalue of (A+E,B+F ) exists in [2−3.1×10−4, 2+3.1×10−4].
To bound both eigenvalues we let t = 2, which yields

|λ1,2 − 2| ≤ 1 · (1 + 1) · 10
−2 + 2× 10−2

1− 1 · 10−2

= 6.06× 10−2,

a bound that is larger than (9.12) by more than a factor of 100.
We observe that these bounds reflect our experiments pretty accurately. Thus we claim

Theorem 9.1 is one explanation for the different behaviors of multiple eigenvalues in gener-
alized Hermitian eigenvalue problems.

9.1.5. Comparison with known results. Here we compare Theorem 9.1 with known
perturbation results for a multiple eigenvalue in generalized Hermitian eigenvalue problems.
To our knowledge, no result has been known that gives different a priori perturbation bounds
using only the norms of the perturbation matrices (in the case of the standard eigenvalue
problem, different condition numbers of a multiple eigenvalue are derived in [147, 151]).
Here we give a comparison with known first-order perturbation approximations in [12] and
[95], and see that both of them require more information than just the norms of E and F .

Below is a special case of Corollary 2.3 in [12], when (A,B) is a positive definite pair
that has a multiple eigenvalue.

Theorem 9.2. Let (A,B) be a Hermitian positive definite pair that has a multiple eigen-

value λ0 of multiplicity k. The perturbed pair (A+E,B+F ) has k eigenvalues λ̂i (1 ≤ i ≤ k)
such that

(9.13) exp(−κi) ≤
λ̂i

λ0

≤ exp(κi),

where

(9.14) κi = max
ζ∈[0,1]

∣∣∣∣
x∗
i (ζ)Exi(ζ)

x∗
i (ζ)A(ζ)xi(ζ)

− x∗
i (ζ)Fxi(ζ)

x∗
i (ζ)B(ζ)xi(ζ)

∣∣∣∣ (≡ max
ζ∈[0,1]

gi(ζ)),

where the maximum in (9.14) is taken over ζ such that λi(ζ) is not a multiple eigenvalue.
Here we denoted A(ζ) = A+ ζE, B(ζ) = B + ζF , and let (λi(ζ), xi(ζ)) for 1 ≤ i ≤ k be the

k eigenpairs such that λi(0) = λ0, λi(1) = λ̂i and

A(ζ)xi(ζ) = λi(ζ)B(ζ)xi(ζ), ζ ∈ [0, 1].
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In practice, bounds (9.13) are not available because κi cannot be computed. [12] suggests
obtaining estimates of them by approximating κi by taking gi(ζ) at a specific ζ, such as ζ = 0,
which results in first-order approximations of (9.13). Unfortunately we cannot take ζ = 0
here because λi(0) is a multiple eigenvalue. Instead, we can for example compute κ̂i = gi(1)
for 1 ≤ i ≤ k. Substituting such computed κ̂i into κi in (9.13) yields estimates (but not

bounds) of the perturbed eigenvalues λ̂i, which are accurate when E and F are small.
To see how accurate these estimates are, let us consider again the simple example (9.1).

If E = 10−2

[
1 0
0 1

]
and F = 10−2

[
0 1
1 0

]
, using Theorem 9.2 by estimating each κi by gi(1),

we get estimates for the eigenvalues of (A + E,B + F ): |λ̂1 − 2| . 2.998784 × 10−6 and

|λ̂2 − 2| . 9.980 × 10−3. The true eigenvalues are ≃ (2 − 2.998789 × 10−6, 2 + 1.00040 ×
10−2). The estimates are much sharper than the bounds given by Theorem 9.1 (see previous
section). However the estimates are not strict bounds, as seen by the fact that the estimated

interval for λ̂2 does not trap the true eigenvalue. More importantly, Theorem 9.2 requires
the eigenvectors of a perturbed pair, which is not available if the perturbations are unknown.

Another way to obtain approximations to the perturbed eigenvalues is to use the first-
order eigenvalue perturbation expansion result, for example Theorem 4.1 in [95]. This
involves computing eigenvalues of the matrixX∗

k(E−λ0F )Xk, whereXk is the first k columns
of X in (9.3). Note that this also requires more information than just ‖E‖2 and ‖F‖2.

In summary, the above known results that give approximations to the multiple eigenvalue
perturbations are generally sharper than the bound obtained by Theorem 9.1, but require
more information of the perturbation matrices E and F . Theorem 9.1 has the advantage
that it gives a priori bounds for arbitrary E and F using only their norms, revealing the fact
that a multiple eigenvalue has different sensitivities.

9.2. Another explanation

Here we show that another explanation to the behavior can be made using Theorem 8.10
in Chapter 8.

Suppose a Hermitian definite pair (A,B) has a multiple eigenvalue λ0 of multiplicity m.
Then there is an (m+n)-by-(m+n) matrix X = (X1, X2) with XH

1 X1 = Im and XH
2 X2 = In

such that

(9.15) XHAX =

[ m n

m λ0B11

n A22

]
, XHBX =

[ m n

m B11

n B22

]
.

This can be seen by letting X1 and X2 be the orthogonal factors in the QR decompositions

of X̂1 and X̂2 respectively, where (X̂1 X̂2) is the nonsingular matrix that diagonalizes (A,B)
[127, p.344].

We may assume that B11 is diagonal:

(9.16) B11 ≡ Ω = diag(ω1, ω2, . . . , ωm), ω1 ≥ ω2 ≥ · · · ≥ ωm > 0.
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Otherwise, we can let the eigendecomposition of B11 (which is Hermitian and positive defi-
nite) be B11 = UΩUH , where Ω is diagonal, and then perform substitutions B11 ← Ω and
X1 ← X1U .

Suppose (A,B) is perturbed to (Ã, B̃) ≡ (A+E,B+F ), where E and F are Hermitian.
Write

(9.17) XHÃX =

[
λ0Ω + E11 E12

E21 A22 + E22

]
, XHB̃X =

[
Ω + F11 F12

F21 B22 + F22

]
.

For any given k (1 ≤ k ≤ m), we re-partition XHAX, XHBX, XHEX, and XHFX with
k-by-k (1, 1) blocks as follows:

(9.18)

[
A

(k)
11 0

0 A
(k)
22

]
,

[
B

(k)
11 0

0 B
(k)
22

]
,

[
E

(k)
11 E

(k)
12

E
(k)
21 E

(k)
22

]
,

[
F

(k)
11 F

(k)
12

F
(k)
21 F

(k)
22

]
.

It can be seen that

A
(k)
11 = λ0Ω(1:k,1:k), A

(k)
22 = diag(λ0Ω(k+1:m,k+1:m), A22),

B
(k)
11 = Ω(1:k,1:k), B

(k)
22 = diag( Ω(k+1:m,k+1:m), B22),

Similarly to those in (8.21) define

∆
(k)
ij = [B

(k)
ii ]−1/2F

(k)
ij [B

(k)
jj ]

−1/2,(9.19a)

Y (k) = diag([I +∆
(k)
11 ]

−1/2[B
(k)
11 ]

−1/2, [I +∆
(k)
22 ]

−1/2[B
(k)
22 ]

−1/2),(9.19b)

F̂
(k)
ij = [I +∆

(k)
ii ]−1/2∆

(k)
ij [I +∆

(k)
jj ]

−1/2 for i 6= j,(9.19c)

Â
(k)
ii = [B

(k)
ii ]−1/2A

(k)
ii [B

(k)
ii ]−1/2 (= λ0I when i = 1),(9.19d)

Ê
(k)
ij = [I +∆

(k)
ii ]−1/2[B

(k)
ii ]−1/2E

(k)
ij [B

(k)
jj ]

−1/2[I +∆
(k)
jj ]

−1/2 for i 6= j,(9.19e)

Ê
(k)
ii = [I +∆

(k)
ii ]−1/2[B

(k)
ii ]−1/2(A

(k)
ii + E

(k)
ii )[B

(k)
ii ]−1/2[I +∆

(k)
ii ]−1/2 − Â

(k)
ii ,(9.19f)

and

(9.20) δ
(k)
ij = ‖∆(k)

ij ‖2 ≤
√
‖[B(k)

ii ]−1‖2‖[B(k)
jj ]

−1‖2 ‖F (k)
ij ‖2, γ

(k)
ij = (1− δ

(k)
ij )−1/2 − 1.

We can bound Ê
(k)
ij and F̂

(k)
ij as follows.

‖Ê(k)
ij ‖2 ≤

‖[B(k)
ii ]−1/2E

(k)
ij [B

(k)
jj ]

−1/2‖2√
(1− δ

(k)
ii )(1− δ

(k)
jj )

(9.21a)

≤

√√√√‖[B
(k)
ii ]−1‖2‖[B(k)

jj ]
−1‖2

(1− δ
(k)
ii )(1− δ

(k)
jj )

‖E(k)
ij ‖2 for i 6= j,(9.21b)

‖Ê(k)
ii ‖2 ≤ γ

(k)
ii (2 + γ

(k)
ii )‖Â(k)

ii ‖2 +
‖[B(k)

ii ]−1/2E
(k)
ii [B

(k)
ii ]−1/2‖2

1− δ
(k)
ii

(9.21c)
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≤ γ
(k)
ii (2 + γ

(k)
ii )‖Â(k)

ii ‖2 +
‖[B(k)

ii ]−1‖2
1− δ

(k)
ii

‖E(k)
ii ‖2,(9.21d)

‖F̂ (k)
ij ‖2 ≤

δ
(k)
ij√

(1− δ
(k)
ii )(1− δ

(k)
jj )

for i 6= j.(9.21e)

The gaps ηj as previously defined, when applied to the current situation with the parti-
tioning as in (9.18), are all zeros, unless when k = m and λ0 is not an eigenvalue of (A22, B22).
This makes Theorem 8.10 less favorable to apply than Theorem 8.11 because of the appear-

ance of maxi ‖Ê(k)
ii ‖2. Also we are interested here only in how different copies of λ0 change

due to the perturbation. The following theorem is a consequence of Theorem 8.11.

Theorem 9.3. Suppose that the Hermitian definite GEP (9.15) is perturbed to (9.17) and
assume (9.16). Let all assignments (9.18) – (9.20) hold. Then for any given k (1 ≤ k ≤ m),

there are k eigenvalues µ1 ≥ · · · ≥ µk of (Ã, B̃) such that

|µj − λ0| ≤ ‖Ê(k)
11 ‖2 +

‖Ê(k)
21 − F̂

(k)
21 (λ0I + Ê

(k)
11 )‖2√

1− ‖F̂ (k)
21 ‖22

for 1 ≤ j ≤ k,(9.22)

√√√√
k∑

j=1

|µj − λ0|2 ≤ ‖Ê(k)
11 ‖F +

‖Ê(k)
21 − F̂

(k)
21 (λ0I + Ê

(k)
11 )‖F√

1− ‖F̂ (k)
21 ‖22

.(9.23)

What makes this theorem interesting is that the right-hand sides of the inequalities may
increase with k, illustrating different sensitivities of different copies of the multiple eigenvalue
λ0.

Example 9.1. Consider matrices A and B in (9.1). It can be seen that

X =

[
0 1
1 0

]
, XHAX =

[
2× 104 0

0 2

]
, XHBX =

[
104 0
0 1

]
.

Suppose we perturb A and B by Hermitian matrices E and F with maxi,j{|E(i,j)|, |F(i,j)|} ≤
ε. Note that maxi,j{|(XHEX)(i,j)|, |(XHFX)(i,j)|} ≤ ε, because X is a permutation matrix.
We shall now use Theorem 9.3 to bound how much the two copies of the multiple eigenvalue
2 may be perturbed. The application is done for k = 1 and 2. Recall that the right-hand
sides of (9.22) and (9.23) depend on k; Let ρk denote the right-hand side of (9.22).

k = 1: δ
(k)
11 ≤ 10−4ε, γ

(k)
11 ≤ (

√
1− 10−4ε)−1 − 1 ≈ 1

2
× 10−4ε, δ

(k)
22 ≤ ε, and

|Ê(k)
11 | ≤ 2γ

(k)
11 (2 + γ

(k)
11 ) +

10−4ε

1− 10−4ε
≈ 3× 10−4ε,

|Ê(k)
21 |, |F̂

(k)
21 | ≤

10−2ε

(1− 10−4ε)(1− ε)
≈ 10−2ε.

Therefore ρ1 / 3× 10−4ε+3× 10−2ε ≈ 3× 10−2ε after dropping higher order terms
in ε. Here and in what follows, this “approximately less than” notation means the
inequality holds up to the first order in ε.
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k = 2: Now the blocks in the second row and column are empty. We have

δ
(k)
11 = ‖∆(k)

11 ‖2 ≤ ‖∆
(k)
11 ‖F ≤

√
1 + 2 · 10−4 + 10−8 ε ≈ (1 + 10−4)ε,

γ
(k)
11 ≤

[
1− (1 + 10−4)ε

]−1/2 − 1 ≈ 1

2
(1 + 10−4)ε,

‖Ê(k)
11 ‖2 ≤ 2γ

(k)
11 (2 + γ

(k)
11 ) +

(1 + 10−4)ε

1− δ
(k)
11

≈ 3(1 + 10−4) ε.

Therefore ρ2 / 3(1 + 10−4) ε, again after dropping higher order terms in ε.

Putting these two facts together, we conclude that the perturbed pair has one eigenvalue
that is away from 2 by approximately no more than 3× 10−2ε, while its other eigenvalue is
away from 2 by approximately no more than 3(1 + 10−4) ε. Further detailed examination
reveals that the copy 20000/10000 is much less sensitive to perturbations than the copy 2/1.
The bounds are rather sharp. For example in (9.1) if the (1, 1)th blocks of A and B are
perturbed to 2 + ε and 1 − ε, respectively, then the more sensitive copy 2/1 is changed to
(2 + ε)/(1− ε) ≈ 2 + 3ε whose first order term is 3 ε, barely less than the bound on ρ2. If A
and B are perturbed to

A→
[
2 ε
ε 20000

]
, B →

[
1 −ε
−ε 10000

]
,

where ε ≥ 0, then the perturbed pair has eigenvalues, to the first order of ε,

2− 3× 10−2ε, 2 + 3× 10−2ε,

which suggests that our estimate on ρ1 is also sharp. �

9.3. Implication in the Rayleigh-Ritz process

In this section we consider the eigenvalue forward error analysis after the Rayleigh-Ritz
process. In particular, our focus is on how our observation in Section 9.1 plays a role in this
context.

9.3.1. Preliminaries. The Rayleigh-Ritz process is frequently used in an algorithm
that computes a subset of eigenvalues and eigenvectors of a large matrix/pair. These
algorithms include Lanczos, steepest descent, conjugate gradient, LOBPCG, generalized
Davidson and Jacobi-Davidson methods [6, 91, 127, 137]. For a N -by-N generalized
Hermitian eigenvalue problem Ax = λBx, given Y ∈ CN×m (N ≫ m) whose columns
ideally contain the desired eigenspace, the Rayleigh-Ritz process computes approximate
eigenvalues/eigenvectors by solving an m × m eigenvalue problem Y ∗AY zi = θiY

∗BY zi
(i = 1, . . . ,m), from which the approximate eigenvalues θi (Ritz values) and approximate
eigenvectors wi = Y zi (Ritz vectors) are obtained such that denoting W = [w1 w2 · · · wm],
W ∗AW = Λ = diag(θ1, θ2, . . . , θm) and W ∗BW = Im. We are particularly interested in the
case where a multiple Ritz value (of multiplicity k) exists, i.e., when θ0 ≡ θ1 = θ2 = · · · = θk.
We also have the residual vectors

(9.24) ri = Awi − θiBwi, i = 1, 2, . . . ,m,
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which are nonzero but expected to be small. Conventionally, an eigenvalue forward error
analysis that bounds the closeness of the Ritz values to a true eigenvalue is obtained as
follows [6]. First note that (9.24) is equivalent to

B−1/2ri = (B1/2AB−1/2)(B1/2wi)− θi(B
1/2wi).

Suppose the Ritz vectors wi (1 ≤ i ≤ m) are B-orthonormalized, so ‖wi‖B = 1, where

‖v‖B =
√
v∗Bv. Then, it is known [127, p.73] that there exists an eigenvalue λ of the pair

(A,B) such that

(9.25) |λ− θi| ≤
‖B−1/2ri‖2
‖B1/2wi‖2

=
‖ri‖B−1

‖wi‖B
≤
√
‖B−1‖2‖ri‖2.

A quadratic error bound

(9.26) |λ− θi| ≤
1

gap
·
(‖B−1/2ri‖2
‖B1/2wi‖2

)2

≤ ‖B
−1‖2‖ri‖22
gap

can also be used when an estimate of gap (the smallest gap between θi and any eigenvalue
of A− λB but the one closest to θi) is available [6, Sec.5.7.1].

9.3.2. Questions. Bounds (9.25) and (9.26) have the following caveats, regarding the
multiple Ritz value θ0.

(1) They do not reflect the different perturbation behaviors of a multiple eigenvalue
that we observed in Section 9.1.

(2) They only give an interval in which at least one true eigenvalue exists, so there is
no known bi ≥ 0 such that [θ0 − bi, θ0 + bi] contains at least i true eigenvalues for
2 ≤ i ≤ k.

We use a simple example to illustrate these two issues. Consider a 4-by-4 Hermitian
positive definite pair (A,B), defined by

(9.27) A = diag(104, 1, 2, 2) +

[
0 C∗

1

C1 0

]
, B = diag(104, 1, 1, 1) +

[
0 C∗

2

C2 0

]
,

where C1, C2 ∈ C2×2. When C1 and C2 are small, the pair (A,B) has two eigenvalues close
to 1 and another two close to 2. Furthermore, using Theorem 9.1 we see that among the two
eigenvalues close to 1, one has to satisfy |λ− 1| . 10−2(‖C1‖2 + ‖C2‖2), while the other has
the bound |λ− 1| . ‖C1‖2 + ‖C2‖2, suggesting different sensitivities.

Consider for example the case C1 = 0.1

[
1 1
1 1

]
and C2 = 0.1

[
1 0
0 1

]
(any choice of

sufficiently small random matrices C1, C2 yields similar results for the following arguments).
Suppose we have an approximate eigenspace spanned by (1 0 0 0)T and (0 1 0 0)T . The
Rayleigh-Ritz process yields the 2-by-2 pair (Ã, B̃) where Ã = B̃ = diag(104 1), so the
Ritz values are both 1. The resulting B−orthonormalized Ritz vectors may be for example
w1 = (10−2 0 0 0)T and w2 = (0 1 0 0)T , which yield the residual vectors

(9.28) r1 = Aw1 −Bw1 = (0 0 0 10−3)T , r2 = Aw2 − Bw2 = (0 0 10−1 0)T .
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Hence the forward eigenvalue error bound (9.25) yields

(9.29) |λ− 1| ≤
√
‖B−1‖2‖r1‖2 ≤

√
1/0.9/1000 < 1.06× 10−3,

which at least one eigenvalue has to satisfy (here we used ‖B−1‖2 ≤ 1/0.9, which is easily
obtained by Weyl’s theorem. In practical problems, estimating ‖B−1‖2 is a nontrivial task,
which is beyond the scope of this chapter).

Note that any set of vectors written as [w1 w2]Q, where Q is any unitary matrix, is a
pair of Ritz vectors that yields the same Ritz values. Hence one may instead have as Ritz
vectors for example w̃1 = ( 1

100
√
2

1√
2
0 0)T and w̃2 = ( 1

100
√
2
− 1√

2
0 0)T . In this case, the

residual vectors become

(9.30) r̃1 =
1√
2
(0 0 10−1 10−3), r̃2 =

1√
2
(0 0 − 10−1 10−3)T .

Applying these to (9.25) yields only |λ− 1| ≤ 7.5× 10−2, which is a much looser bound than
(9.29). Now the obvious question is, how can we ensure to choose the “right” Ritz vectors
so we have “good” bound such as (9.28)? This is the first question we raised.

The second question concerns the eigenvalue that is more sensitive to perturbations. It
is important to note that the union of 2 bounds using r1 and r2 in (9.28) or (9.30) does
not necessarily bound two eigenvalues, as is warned in [127, Sec.11.5]. How can we obtain a
bound that is guaranteed to contain two eigenvalues? And for a general pair, if a multiple Ritz
value has multiplicity k, can we get k different bounds to reflect the different sensitivities?

9.3.3. Choosing the “right” Ritz vectors. This subsection answers the above two
questions. We consider the issue of choosing the set of “right” Ritz vectorsW = {w1, w2, . . . , wk}
for a multiple Ritz value θ0 of multiplicity k. Here, ’right’ means the particular choice of
Ritz vectors provides the tightest forward error bounds for the Ritz values. In view of the
bound (9.25), it is natural to attempt to minimize

√
‖B−1‖2‖ri‖2 for i = 1, 2, . . . , k. We do

this by the following approach.

Suppose we have a set of computed Ritz vectors Ŵ ∈ CN×k such that Ŵ ∗AŴ = θ0Ik
and Ŵ ∗BŴ = Ik. Recall that we can replace Ŵ by ŴQ for any unitary matrix Q. In

our approach, we compute R̂ = AŴ − θ0BŴ and its SVD: R̂ = URΣRV
∗
R, where ΣR =

diag(σ1(R̂), . . . , σk(R̂)) with 0 ≤ σ1(R̂) ≤ · · · ≤ σk(R̂). Then define W and R by W = ŴVR

and R = R̂VR = URΣR(= AW − θ0BW ). This is equivalent to letting Q = VR.

Note that this choice Q = VR is optimal in the sense that denoting R̄ = R̂Q, it minimizes
‖R̄(:, 1 : i)‖2 over all unitary Q for all integers i ≤ k. To see this, we use the property of
singular values [142, p.68] that for any matrix X, its ith smallest singular value σi(X) is
characterized by

(9.31) σi(X) = min
dim(S)=i

max
w∈S

‖w‖2=1

‖Xw‖2.

Using (9.31) and denoting by Si the subspace spanned by the first i columns of Ik, we have

(9.32) ‖R̄(:, 1 : i)‖2 = max
w∈Si

‖w‖2=1

‖R̄w‖2 = max
w∈Si

‖w‖2=1

‖R̂Qw‖2 = max
v∈QSi
‖v‖2=1

‖R̂v‖2 ≥ σi(R̂),



9.3. IMPLICATION IN THE RAYLEIGH-RITZ PROCESS 160

because dim(Si) = dim(QSi) = i. Since ‖R(:, 1 : i)‖2 = σi(R̂), we see that the equality in
(9.32) is attained for all integers i ≤ k when Q = VR, so the claim is proved.

Now, consider W2 ∈ CN×(N−k) such that W1 = [W W2] satisfies W ∗
1BW1 = IN (such

W1 exists, which can be obtained for example by B-orthonormalizing a nonsingular matrix

[W Ŵ2]). Then, we have

(9.33) W ∗
1AW1 =

[
θ0I R∗

2

R2 A22

]
,

where R2 = W ∗
2R. The matrix W ∗

1AW1 and the pair (A,B) have the same eigenvalues.

Here, since we know that ‖R(:, 1 : i)‖2 = σi(R̂), we have

‖R2(:, 1 : i)‖2 ≤ ‖R(:, 1 : i)‖2‖W2‖2 = σi(R̂)‖W2‖2 ≤ σi(R̂)
√
‖B−1‖2,

for i = 1, . . . , k. Here we used ‖W2‖2 ≤ ‖W1‖2 = ‖B−1/2‖2. Then, by using Weyl’s theorem,
we can conclude that for any integer i ≤ k, there are at least i eigenvalues of the pair (A,B)
that satisfy

(9.34) |λ− θ0| ≤ σi(R̂)
√
‖B−1‖2.

Note that we only need to compute the singular values of R̂ (besides an estimate of ‖B−1‖)
to get (9.34). Note also that for i = 1, (9.34) is equivalent to (9.25) obtained by substituting
the residual vector R(:, 1), which is the smallest possible error bound for the Ritz value θ0
one can get using (9.25). Our bound (9.34) gives bounds also for i ≥ 2.

9.3.4. Simple example. Let us return to the pair (9.27), and again consider the case

C1 = 0.1

[
1 1
1 1

]
and C2 = 0.1

[
1 0
0 1

]
to demonstrate the approach described above. Suppose

the Ritz vectors Ŵ = [ŵ1, ŵ2] (not unique: for example, Ŵ can be [w1, w2] or [w̃1, w̃2] in Sec-

tion 9.3.2) are computed so that Ŵ ∗AŴ = θ0I2(= I2) and Ŵ ∗BŴ = I2. Our approach com-

putes ΣR in the SVD R̂ = (A− B)Ŵ = URΣRV
∗
R. In this case, ΣR = diag(σ1(R̂), σ2(R̂)) =

diag(10−3, 10−1), regardless of the choice of Ŵ . Then, again using ‖B−1‖2 ≤ 1/0.9, we use

(9.34) to conclude that one eigenvalue satisfies |λ−1| ≤
√
‖B−1‖2σ1(R̂) < 1.06×10−3 (= δ1),

and that two eigenvalues satisfy |λ− 1| ≤
√
‖B−1‖2σ2(R̂) < 1.06× 10−1 (= δ2).

The true eigenvalues of (A,B) are ≃ (1 − 10−6, 1 − 10−2, 2, 2 + 2 · 10−2). Note that
the sensitivity difference between the two eigenvalues close to 1 is a result of the difference

between σ1(R̂) and σ2(R̂), which is justified by observing that if we replace the (1, 1) elements

of A and B by 1, then σ1(R̂) = σ2(R̂) = 0.1, and the eigenvalues become ≃ (1−9.7 ·10−3, 1−
10−2, 2, 2 + 4 · 10−2), so both eigenvalues exhibit similar sensitivities.

Unfortunately our error estimates δ1 and δ2 for the two eigenvalues close to 1 are both
overestimates, and in particular we observe that their squares δ21, δ

2
2 seem to be accurate

estimates of the true errors. This behavior is rather general, and in fact was true for all
randomly constructed C1 and C2 that we tried. However we cannot make this observation
precise; the known quadratic error bound ‖ri‖22/gap in [6] is not helpful here, because gap ≃
10−2 is small (or unavailable in practice when a multiple Ritz value exists) and the bounds
will not be improved. We can also apply quadratic residual bounds [109, 97] to the matrix
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(9.33), in which case we get an error bound ‖R2‖2/1 = 10−2. However this is an error
bound for both eigenvalues, and does not describe the less sensitive eigenvalue. A rigorous
explanation for the observation is an open problem.

9.4. Condition numbers of a multiple generalized eigenvalue

So far in this chapter we have investigated perturbation bounds of a multiple generalized
eigenvalue when the matrices A,B undergo finite perturbation E,F . In the rest of this
chapter we focus on the case E,F → 0.

Table 9.4.1 summarizes what follows in the rest of the chapter, which shows the condition
numbers κi for i = 1, . . . , r of a nondefective finite multiple eigenvalue in four situations,
expressed in terms of σ1, . . . , σr, the r positive singular values of X1Y

H
1 (see Section 9.4.1).

The contribution of this chapter is that we fill in the second row, that is, we identify the
condition numbers of a multiple eigenvalue in a generalized eigenvalue problem, both for the
Hermitian definite case and the non-Hermitian case. Here τ is a prescribed positive constant
that accounts for perturbation scalings, see Section 9.4.1.

Table 9.4.1. Summary of condition numbers κi of a multiple eigenvalue for i = 1, . . . , r.

Hermitian Non-Hermitian

Ax = λx 1
(∏i

j=1 σj

)1/i

Ax = λBx (1 + τ |λ0|)min1≤j≤i
√
σjσi−j+1 (1 + τ |λ0|)

(∏i
j=1 σj

)1/i

There are a number of related studies in the literature. [95] investigates the Hölder
condition number, which is essentially κ1 in our terminology when λ0 is nondefective. The
focus of [95] is the effect of the structure of the perturbation on the Hölder condition number,
and in Section 9.6.1 we discuss how our results are related to those in [95].

An observation that a multiple generalized eigenvalue has different sensitivities under
perturbations was first made in [146, p.300], which mentions that a multiple eigenvalue of a

pair such as A =

[
2000 0
0 2

]
, B =

[
1000 0
0 1

]
tends to behave differently under perturbations

in A and B. We note that as shown in [161], for Hermitian definite pairs, small compo-
nentwise relative changes in A and B can introduce only small relative perturbation to any
eigenvalue, and it is easy to see the two eigenvalues of the above pair (A,B) have similar
perturbation behaviors. However, in terms of “standard” normwise perturbation, that is,
when (A,B) is perturbed to (A+ ǫE,B + ǫF ) under ‖E‖2, ‖F‖2 ≤ 1 and ǫ→ 0, a multiple
eigenvalue can exhibit different behaviors. [114, 104] consider the Hermitian definite case
and give an explanation for this behavior, presenting r different perturbation bounds for λ0

under perturbations of finite norm. The approach of this chapter is different in that our
focus is on the condition numbers, which are attainable perturbation bounds in the first
order sense in the limit E,F → 0. The bounds in [114, 104] are valid for non-asymptotic
E,F but are less tight (generally not attainable) when E,F → 0.



9.4. CONDITION NUMBERS OF A MULTIPLE GENERALIZED EIGENVALUE 162

Our arguments closely follow that of [151], in which the condition numbers are called
worst-case condition numbers, to emphasize the difference from the typical-case condition
numbers, as presented in [147]. In this sense, our results should also be regarded as worst-
case condition numbers, in that κi are the largest attainable bounds in the first order sense.
Experiments show that these bounds are not likely to be attained in practice for randomly
generated perturbations, especially for large i (see the example in Section 9.6.1).

9.4.1. Definition. For an n-by-n matrix pair (A,B), suppose that λ0 is a nondefective
finite multiple eigenvalue (we discuss the infinite and defective cases later in Section 9.6.3)
of multiplicity r, so that there exist nonsingular matrices X = (X1, X2) and Y = (Y1, Y2)
with X1, Y1 ∈ Cn×r that satisfy

(9.35) Y HAX =

[
λ0Ir 0
0 JA

]
, Y HBX =

[
Ir 0
0 JB

]
.

Here the spectrum of the pair (JA, JB) does not contain λ0. Then, the pair (A+ ǫE,B+ ǫF )

has eigenvalues λ̂1, λ̂2, . . . , λ̂r admitting the first order expansion [112, 95]

(9.36) λ̂i = λ0 + λi(Y
H
1 (E − λ0F )X1)ǫ+ o(ǫ), i = 1, 2, . . . , r,

where λi(Y
H
1 (E − λ0F )X1) are the eigenvalues of Y H

1 (E − λ0F )X1 for i = 1, . . . , r. In light
of (9.36) and following the definition presented in [151], we define r condition numbers
κi(A,B, λ0) for i = 1, . . . , r of the multiple eigenvalue λ0 as follows.

Definition 9.2. Let an n-by-n matrix pair (A,B) have the decomposition (9.35), and let
τ > 0 be a prescribed constant. We define the condition numbers of λ0, a multiple eigenvalue
of (A,B) of multiplicity r, by

(9.37) κi(A,B, λ0) ≡ sup
‖E‖2≤1,‖F‖2≤τ

|λi(Y
H
1 (E − λ0F )X1)|, i = 1, . . . , r,

where the eigenvalues λi(Y
H
1 (E − λ0F )X1) are ordered such that |λ1(Y

H
1 (E − λ0F )X1)| ≥

|λ2(Y
H
1 (E − λ0F )X1)| ≥ · · · ≥ |λr(Y

H
1 (E − λ0F )X1)|.

In words, κi(A,B, λ0) measures by how much small changes in A and B can be magnified
in the multiple eigenvalue λ0, in the first order sense. τ is a positive constant that allows for
the case where perturbations in A and B occur in different magnitudes, which is a notion
adopted for example in [72].

9.4.2. Equivalent characterization of κi(A,B, λ0). Here we show that κi(A,B, λ0)
can be expressed in an equivalent form, just as in the standard (B = In) case κi(A, λ0)
can be expressed as (9.2) using the secants of the canonical angles cj(A, λ0) between the
left and right invariant subspaces corresponding to λ0. Note that cj(A, λ0) = σj(X1Y

H
1 ) for

j = 1, . . . , r. In this chapter we use the quantity σj(X1Y
H
1 ) instead of the canonical angles to

identify the condition numbers, because it allows us to treat generalized eigenvalue problems
in a uniform way.

We use the proof of Theorem 2.1 in [151], whose crucial identity is

|λi(Y
H
1 (E − λ0F )X1)| = |λi((E − λ0F )X1Y

H
1 )| = |λi((E − λ0F )UΣV H)|

= |λi(V
H(E − λ0F )UΣ)|
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for i = 1, . . . , r, where X1Y
H
1 = UΣV H is the “thin” SVD. Here, to get the first and last

equalities we used the fact [146, p.27] that for general X ∈ Cn×m and Y ∈ Cm×n, the nonzero
eigenvalues of XY and those of Y X are the same. Since V and U have orthonormal columns
and E,F can take arbitrary matrices with ‖E‖2 ≤ 1, ‖F‖2 ≤ τ , it follows that V HEU, V HFU
can also take arbitrary matrices such that ‖V HEU‖2 ≤ 1, ‖V HFU‖2 ≤ τ . Hence, redefining
E := V HEU and F := V HFU , we see that the condition numbers κi(A,B, λ0) have the
following equivalent characterization.

Lemma 9.1. Under the assumptions in Definition 9.2, suppose that X1Y
H
1 = UΣV H is

the SVD where Σ = diag(σi) is r-by-r (σ1 ≥ σ2 ≥ . . . ≥ σr > 0). Then, κi(A,B, λ0) in
(9.37) can be expressed as

(9.38) κi(A,B, λ0) ≡ sup
‖E‖2≤1,‖F‖2≤τ

|λi(Σ(E − λ0F ))|, i = 1, . . . , r.

Here we have σr > 0 because both X1 and Y1 have full column-rank. Note that the size
of E and F in (9.38) is r-by-r, which is smaller than n-by-n as in (9.37). In the sequel we
use the expression (9.38) to identify κi(A,B, λ0).

9.5. Hermitian definite pairs

9.5.1. Specifications. When (A,B) is a Hermitian definite pair, all the eigenvalues are
always real and nondefective, and there exists a nonsingular matrix X such that [56]

(9.39) XHAX =

[
λ0Ir 0
0 Λ1

]
, XHBX = In,

where Λ1 is a diagonal matrix containing the eigenvalues not equal to λ0. Hence the diagonals
of Σ in (9.38) are the r positive singular values of the matrix X1X

H
1 , which are equal

to the eigenvalues of the matrix XH
1 X1. Since (A,B) is a Hermitian definite pair it is

natural to require that the perturbation matrices preserve the property, so (9.38) becomes
the “structured” condition numbers κi(A,B, λ0; S), expressed by

(9.40) κi(A,B, λ0; S) ≡ sup
‖E‖2≤1,‖F‖2≤τ

E=EH,F=FH

|λi(Σ(E − λ0F ))|, i = 1, . . . , r.

Denoting D = Σ1/2 = diag(
√
σ1, . . . ,

√
σr), we see that the eigenvalues of Σ(E − λ0F )

are equal to those of the Hermitian matrix D(E − λ0F )D.
We further observe that E − λ0F can represent an arbitrary Hermitian matrix H with

‖H‖2 ≤ 1 + τ |λ0|, which can be done by letting E = H/‖H‖2 and F = −τE|λ0|/λ0.
Conversely, it is easily seen that the class of Hermitian matrices H with ‖H‖2 ≤ 1 + τ |λ0|
includes all the matrices expressed by E − λ0F . Together with the fact that the singular
values of a Hermitian matrix are simply the absolute values of the eigenvalues, we have yet
another characterization of condition numbers in the Hermitian definite case

(9.41) κi(A,B, λ0; S) = (1 + τ |λ0|) sup
‖H‖2≤1

H=HH

σi(DHD), i = 1, . . . , r.
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9.5.2. Identifying the condition numbers. Now we are ready to identify the condi-
tion numbers κi(A,B, λ0; S) using the expression (9.41).

Theorem 9.4. In the Hermitian definite case, κi(A,B, λ0; S) as in (9.40),(9.41) is

(9.42) κi(A,B, λ0; S) = (1 + τ |λ0|) min
1≤j≤i

√
σjσi−j+1, i = 1, . . . , r.

Note that
√
σjσi−j+1 is the geometric mean of σj and σi−j+1, the jth largest and smallest

of (σ1, σ2, . . . , σi), which is the set of the i largest singular values of XH
1 X1.

Proof In view of (9.41), to prove the theorem it suffices to prove that for any Hermitian
H such that ‖H‖2 = 1, σi(DHD) is bounded above by minj

√
σjσk−j+1 for i = 1, . . . , r, and

that this bound is attainable.
First, proving attainability is simply done by considering the case where H is zero except

for its i× i leading principal submatrix, which is set to the antidiagonal matrix (which has
1 on the antidiagonals and 0 elsewhere). This choice of H makes the i× i leading principal
submatrix ofDHD also an anti-diagonal matrix, whose jth antidiagonal is

√
σjσi−j+1. Hence

we have σi(DHD) = minj
√
σjσi−j+1.

Our remaining task is to prove that minj
√
σjσi−j+1 is an upper bound of σi(DHD) for

any Hermitian H with ‖H‖2 ≤ 1. Using the max-min characterization of singular values
[142, p. 68], we have

σi(DHD) = max
QHQ=Ii

min
‖v‖2=1

‖DHDQv‖2,

so it suffices to show that for any Q ∈ Cr×i with orthonormal columns, there exists a unit
vector v such that ‖DHDQv‖2 ≤ minj

√
σjσi−j+1.

To prove this, let j0 = argminj≤(i+1)/2
√
σjσi−j+1. Since for any Q we have rank(Q(1 :

i−j0, :)) ≤ i−j0, there are at least j0 linearly independent vectors in Ci×1 that are orthogonal
to the rows of Q. Therefore there must exist P ∈ Ci×j0 with orthonormal columns such that
the first i− j0 rows of the r-by-j0 matrix QP are all zeros. For such P , we have

‖DQP‖2 = ‖diag(0, . . . , 0,
√
σi−j0+1, . . . ,

√
σr)QP‖2 ≤

√
σi−j0+1.

Furthermore, since rank(HDQP (1 : j0 − 1, :)) ≤ j0 − 1, there must exist a unit vector
w ∈ Cj0×1 that is orthogonal to HDQP (1 : j0−1, :), so that the first j0−1 rows of HDQPw
are all zeros. We easily see that for such w we have ‖DHDQPw‖2 ≤ √σj0σi−j0+1. Therefore

we have shown that for any Q ∈ Ck×i with orthonormal columns there exists a unit vector
v0 = Pw such that

min
‖v‖2=1

‖DHDQv‖2 ≤ ‖DHDQv0‖2 ≤
√
σj0σi−j0+1 = min

j

√
σiσi−j+1.

�
Three remarks are in order.

• When B 6= In, σi for i = 1, . . . , r generally take different values, so (9.42) shows
that a multiple generalized eigenvalue has multiple condition numbers, which is
our main result. Note that the ratio among the condition numbers is bounded
by κ1(A,B, λ0; S)/κr(A,B, λ0; S) ≤ σ1/σr. Now since σmin(B

−1) ≤ σr ≤ σ1 ≤
σmax(B

−1), we have σ1/σr ≤ σmax(B)/σmin(B) = κ2(B), the standard 2−norm
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condition number of B. It follows that if B is well-conditioned then a multiple
eigenvalue of a Hermitian definite pair must have similar condition numbers.
• For standard Hermitian eigenvalue problems (B = In), we have di ≡ 1 and τ = 0,
so (9.42) reduces to κi = 1 for all i, the well-known result that a multiple eigen-
value of a Hermitian matrix has a uniform condition number 1. When one allows
for perturbation in B = In, the condition numbers are 1 + τ |λ0| regardless of the
multiplicity. The second term suggests that larger changes occur in larger eigenval-
ues. This observation can be summarized as follows: for perturbation in A, all the
eigenvalues have the same sensitivity in the absolute sense, while for perturbation
in B, all the eigenvalues have the same sensitivity in the relative sense.
• The above arguments show that the difference among condition numbers of a mul-
tiple eigenvalue is due to the difference among the r singular values of X1Y

H
1 , the

outer product of the left and right eigenvectors corresponding to λ0. σi(X1Y
H
1 )

are all 1 in the standard Hermitian case because X1 = Y1 and it has orthonormal
columns. In the standard non-Hermitian case X1 6= Y1 and neither is orthogonal,
so σi(X1Y

H
1 ) take r different values. In the generalized Hermitian case we have

X1 = Y1 but X1 is not orthogonal, so σi(X1X
H
1 ) again take r different values. Note

that one uses the B-based inner product this difference disappears because X1 is
B-orthogonal, recall the remark in the introduction.

9.6. Non-Hermitian pairs

Here we consider the case where (A,B) is a general non-Hermitian pair. In view of (9.38),
our task is to bound |λi(XΣ)| for an arbitrary square matrix X such that ‖X‖2 ≤ 1. This
is in fact the exact same problem addressed in [151, Thm.3.1]. Hence the analysis there can
be directly applied to yield the following result.

Theorem 9.5. For a non-Hermitian pair (A,B) that satisfies (9.35), let σ1 ≥ σ2 ≥ . . . ≥
σr > 0 be the positive singular values of the matrix X1Y

H
1 . Then, κi(A,B, λ0) in (9.38) can

be expressed as

(9.43) κi(A,B, λ0) = (1 + τ |λ0|)
(

i∏

j=1

σj

)1/i

, i = 1, . . . , r.

9.6.1. Structured perturbation. It is instructive to revisit the Hermitian definite
case, but now allowing for non-Hermitian perturbations, that is, E,F are general matrices
whose norms are bounded by 1. In this case, the condition numbers κi(A,B, λ0) have the
characterization (9.38) (instead of (9.41)), so they have the expression (9.43), the same as
that for the non-Hermitian pair.

As might be expected, the condition number under Hermitian perturbation (9.42) is
always no larger than that under a non-Hermitian perturbation (9.43):

κi(A,B, λ0; S)

1 + τ |λ0|
=

(
min
1≤j≤i

(σjσi−j+1)
i

)1/2i

≤
(

i∏

j=1

(σjσi−j+1)

)1/2i
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=

(
i∏

j=1

σ2
j

)1/2i

=

(
i∏

j=1

σj

)1/i

=
κi(A,B, λ0)

1 + τ |λ0|
.

The above arguments imply that if the singular values of X1Y
H
1 are the same, then under

a general non-Hermitian perturbation the condition numbers κi(A,B, λ0) are all the same1,
regardless of whether (A,B) is Hermitian definite or non-Hermitian. Therefore, the structure
of the perturbation matrices plays an important role in the perturbation sensitivity of a
multiple generalized eigenvalue. We note that the standard Hermitian case with B ≡ I is an
exception, in which the condition numbers are always all 1 whether or not the perturbation
matrices are Hermitian.

This point of view, to focus on the effect of the structure of the perturbation, was
investigated extensively in [95], in which (Theorem 4.5) it is shown that (among other
structures they consider) the Hermitian structure of the perturbation matrices does not
have any effect on the Hölder condition number.

At first sight this seems to contradict our results, which show that the Hermitian structure
of the perturbation matrices does affect the condition numbers of the multiple eigenvalue λ0.
The explanation is that [95] treats only the Hölder condition number, which is equivalent to
κ1(A,B, λ0) in the nondefective case. Here we are identifying individual condition numbers
of each of the r eigenvalues. In fact, we can see that for i = 1, κi in (9.42) and (9.43) are the
same, both equal to (1 + τ |λ0|)σ1. We can easily see that they are equal also for i = 2. The
difference between (9.42) and (9.43) starts to take effect only for i ≥ 3, so λ0’s multiplicity
r must be at least 3. In particular, for a simple eigenvalue the Hermitian structure of the
perturbation has no effect on the condition number, which is a trivial consequence of the
results in [95].

9.6.2. Examples. Here we present two simple examples to illustrate the above results
and observations.

Example 9.3. For the Hermitian definite pair A =

[
2000 0
0 2

]
, B =

[
1000 0
0 1

]
pre-

sented in [146, p.300], we have κ1(A,B, λ0; S) = κ1(A,B, λ0) = 3 and κ2(A,B, λ0; S) =
κ2(A,B, λ0) = 3/

√
1000, which explains why the multiple eigenvalue λ0 = 2 has different

sensitivities. Note that in this case the structure of the perturbation has no effect on the
condition numbers, because the multiplicity of λ0 is r < 3.

Example 9.4. We consider a 4-by-4 Hermitian definite pair (A,B) expressed by

A = WHΛW, B = WHW,

where Λ = diag(1, 1, 1, 2) andW = diag(1, 2, 100, 1), so the eigenvalues of (A,B) are 1, 1, 1, 2.
Since X that diagonalizes A,B (as in (9.39)) is X = W−1 = diag(1, 0.5, 0.01, 1) and X1 is its
first three columns, the singular values of X1X

H
1 are σ1 = 12, σ2 = 0.52, σ3 = 0.012 (where in

this example we let τ = 1), hence by (9.42) it follows that κ1(A,B, 1; S) = 2, κ2(A,B, 1; S) =
1 and κ3(A,B, 1; S) = 0.02. Using MATLAB version 7.10 we generated 106 sets of random
Hermitian perturbation matrices E and F such that ||E||2, ||F ||2 ≤ 1, and examined the

1In fact the entire first order perturbation expansions become the same.
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behavior of the three eigenvalues of the pair (A + ǫE,B + ǫF ) that are closest to λ0 = 1,

where we let ǫ = 10−5. Specifically, denoting by λ̂i for i = 1, 2, 3 the three eigenvalues of

(A+ ǫE,B + ǫF ) that are closest to 1 such that |λ̂1 − 1| ≥ |λ̂2 − 1| ≥ |λ̂3 − 1|, we examine

how large |λ̂i − 1|/ǫ can be for i = 1, 2, 3.
We also experimented with non-Hermitian perturbations, in which case we let E,F be

arbitrary non-Hermitian matrices with ||E||2, ||F ||2 ≤ 1. In this case the condition numbers
(9.43) are κ1(A,B, 1) = 2, κ2(A,B, 1) = 2(1 · 0.52)1/2 = 1 and κ3(A,B, 1) = 2(1 · 0.52 ·
0.012)1/3 ≃ 0.058, in which we confirm that the first two are the same as in the above
Hermitian case.

Lastly, in order to see how the Hermitian property of the matrices plays a role in the
eigenvalue perturbation behaviors, we also tested with a non-Hermitian pair (A,B) that has
the same eigenvalues and σi (of X1Y

H
1 ) as the above Hermitian pair. We formed such a pair

(A,B) by defining A = Y −HΛX−1 and B = Y −HX−1, where Λ = diag(1, 1, 1, 2), Y H
1 (the

first 3 rows of Y ) is set to ZΣV H and X1 (the first 3 columns of X) is set to UZ−1, where U
and V are randomly generated matrices with orthonormal columns, Σ = diag(σ1, σ2, σ3) =
(12, 0.52, 0.012) and Z is an arbitrary nonsingular matrix2. Elements of the last row of Y and
the last column of X were taken as random numbers. Since we have X1Y

H
1 = UΣV H , we

have κ1(A,B, 1) = 2, κ2(A,B, 1) = 1 and κ3(A,B, 1) = 0.058, the same condition numbers as
the above second case with non-Hermitian perturbation, as was intended. The perturbations
E and F are taken as arbitrary non-Hermitian matrices.

In summary we tested under three different situations, all of which have the same
σi(X1Y

H
1 ): (i) Both (A,B) and (E,F ) are Hermitian (shown as “Her + Her” in Table

9.6.1), (ii) (A,B) is Hermitian but (E,F ) is non-Hermitian (“Her + NonHer”), and (iii)
Both (A,B) and (E,F ) are non-Hermitian (“NonHer + NonHer”).

The results are summarized in Table 9.6.1 below, which shows the average and maximum

(shown as avg. and max respectively) values of ∆λi/ǫ = |λ̂i − 1|/ǫ among the 106 runs with
randomly generated E and F , along with the condition numbers κi(A,B, λ0) (which are first
order upper bounds for ∆λi/ǫ) for i = 1, 2, 3.

Table 9.6.1. Average and maximum perturbation ∆λi/ǫ of 106 runs for i = 1, 2, 3.

Her + Her Her + NonHer NonHer + NonHer
i avg. max κi avg. max κi avg. max κi

1 0.579 1.98 2.0 0.41 1.86 2.0 0.42 1.90 2.0
2 0.141 0.84 1.0 0.136 0.76 1.0 0.137 0.76 1.0
3 0.00018 0.012 0.02 0.00021 0.027 0.058 0.00021 0.027 0.058

We make the following observations.

• We confirm that κi is an upper bound of max∆λi/ǫ for all i in all three cases
(which is necessarily true in the limit ǫ → 0). Interestingly, for i = 1 the bound κi

is nearly attained while for i = 2, 3, max∆λi/ǫ is noticeably smaller than κi, which

2Note that the choice of Z does not affect the condition numbers κi(A,B, 1).
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suggests that for larger i it becomes more and more rare that the largest-possible
perturbation is attained.
• Reflecting the fact that κi are the same for all the three cases for i = 1 and 2, we
can see that max∆λi/ǫ are similar in all three cases, so two eigenvalues have similar
maximum sensitivities regardless of whether A,B,E, F are Hermitian or not. On
the contrary, max∆λi/ǫ for i = 3 show the somewhat different sensitivities of the
third eigenvalue depending on the structure of E,F .
• The behavior of the multiple eigenvalue is remarkably similar for the latter two
cases, not only in terms of max∆λi/ǫ but also avg.∆λi/ǫ. This reflects the fact
that the first order expansions of λ0 are the same for the two cases, so that the local
behavior of an eigenvalue is determined solely by the singular values of X1Y

H
1 , and

does not depend on the structure of the matrices A and B.
• Comparing avg.∆λi/ǫ with max∆λi/ǫ, we see that the former is much smaller than
the latter for larger i. For i = 1 the difference seems less significant.

A precise explanation for the last two observations, which necessarily involves statistical
analysis, is an open problem: our discussions deal only with the maximum attainable per-
turbation max∆λi/ǫ, not with avg.∆λi/ǫ.

9.6.3. Defective and infinite cases. So far we have treated only the case where λ0 is
a finite and nondefective multiple eigenvalue. Here we briefly consider the cases where λ0 is
infinite and/or defective.

The case λ0 = ∞ can be treated as in [30, 95] simply by considering the multiple zero
eigenvalue of the pair (B,A), for which the exact same discussion as above is valid.

When λ0 is defective, Lidskii’s perturbation theory [30, 95] shows that the leading term
in λ0’s perturbation expansion is not linear in ǫ. Specifically, if λ0 is an eigenvalue of (A,B)
of multiplicity n1r belonging to a Jordan block of dimension n1 repeated r times, then there
are n1r eigenvalues of (A+ ǫE,B + ǫF ) admitting the expansion

(9.44) λ̂i,ℓ = λ0 +
(
λi(Y

H
1 (E − λ0F )X1)

)1/n1

ǫ1/n1 + o(ǫ1/n1)

for i = 1, 2, . . . , r and ℓ = 1, 2, . . . , n1. Here Y H
1 ∈ Cr×n and X1 ∈ Cn×r represent the

linearly independent left and right eigenvectors of (A,B) corresponding to λ0, and the value(
λi(Y

H
1 (E − λ0F )X1)

)1/n1 takes all the n1 distinct n1th roots.
We observe in (9.44) that although the leading exponent is different from that in (9.36),

the sensitivities of the multiple eigenvalue are still governed by |λi(Y
H
1 (E − λ0F )X1)| for

i = 1, . . . , r, for which we gave a bound in the above discussions. Hence all our previous
results carry over to this case, and the condition numbers of λ0 with the exponent 1/n1,
which we define by the theoretical bounds for sup‖E‖2≤1,‖F‖2≤τ |λi(Y

H
1 (E−λ0F )X1)|1/n1 , are

κi,n1
(A,B, λ0) =


(1 + τ |λ0|)

(
i∏

j=1

σj

)1/i



1/n1

, i = 1, . . . , r.

By (9.44), we must have |λ̂i,ℓ − λ0|/ǫ1/n1 ≤ κi,n1
(A,B, λ0) for i = 1, . . . , r in the limit

ǫ → 0 for any E and F . Note that κi,n1
(A,B, λ0) does not depend explicitly on ℓ. We
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observe that in the defective case n1 ≥ 2, the exponent 1/n1 makes the difference among the
condition numbers less significant than in the nondefective case. See the example below for
an illustration.

9.6.3.1. Example. To examine the behavior of a defective multiple eigenvalue, we generate
a 7-by-7 pair (A,B) defined by

(9.45) A = Y −H




J
J

J
2


X−1, and B = Y −HX−1,

where J =

[
1 1
0 1

]
is a 2-by-2 Jordan block. (A,B) has a multiple eigenvalue λ0 = 1 of

multiplicity six and a simple eigenvalue 2. Y H
1 ≡ [Y (:, 2) Y (:, 4) Y (:, 6)]H = ZΣV H and

X1 ≡ [X(:, 1) X(:, 3) X(:, 5)] = UZ−1 are the left and right eigenvectors corresponding to
λ0, where U and V are random matrices with orthonormal columns and Z is an arbitrary
nonsingular matrix. The other rows of Y H and columns of X do not affect the condition
numbers of λ0, so we let them take random values. We let Σ = diag(12, 0.52, 0.012), so
that σi(X1Y

H
1 ) take the same values as in the non-Hermitian case of the second example in

Section 9.6.2.
Recall from (9.44) that perturbation in (A,B) generally makes λ0 split into n1r perturbed

eigenvalues λ̂i,ℓ for i = 1, . . . , r and ℓ = 1, . . . , n1. (9.44) also shows that for a fixed i, |λ̂i,ℓ−λ0|
must be nearly equal for all ℓ up to o(ǫ1/n1). For the matrix pair (9.45) we have r = 3 and

n1 = 2, so we separate the six eigenvalues λ̂i,ℓ into three groups according to the value of
i, so that the two eigenvalues of the ith group have perturbation sensitivity governed by∣∣λi(Y

H
1 (E − λ0F )X1)

∣∣1/n1 .
With τ = 1, the condition numbers κi,2(A,B, 1) for the ith group for i = 1, 2, 3 are

κ1,2(A,B, 1) = (2 · 1)1/2 =
√
2, κ2,2(A,B, 1) =

(
2 · (1 · 0.52)1/2

)1/2
= 1 and κ3,2(A,B, 1) =(

2 · (1 · 0.52 · 0.012)1/3
)1/2 ≃ 0.24. Comparing these with κi(A,B, 1) in the example in Sec-

tion 9.6.2 we see that that although σi(X1Y
H
1 ) take the same values, the relative difference

among the condition numbers is smaller here, due to the exponent 1/2.

Recalling that we must have |λ̂i,ℓ−1|/ǫ1/2 ≤ κi,2(A,B, 1) for small ǫ, here we examine how

large |λ̂i,ℓ−1|/ǫ1/2 becomes for i = 1, 2, 3. To do this, of the six eigenvalues of (A+ǫE,B+ǫF )
close to λ0, we check the perturbation of the most perturbed, third perturbed, and the fifth
perturbed ones.

In the experiment we let E,F be random non-Hermitian matrices with ||E||2, ||F ||2 ≤ 1,
let ǫ = 10−6 and tested with 106 pairs. In table 9.6.2 we report the average and maximum

values of |λ̂i,ℓ − 1|/ǫ1/2 for i = 1, 2, 3.
Similarly to the experiments in Section 9.6.2 for nondefective multiple eigenvalues, we see

that a defective multiple eigenvalue also exhibits different sensitivities under perturbation.
We also tested with Hermitian perturbations E = EH and F = FH , and obtained nearly
the same results as in Table 9.6.1. This suggests that the structure of the perturbation does
not play a role here.
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Table 9.6.2. Defective matrix pair (9.45) with three 2×2 Jordan blocks, average and maximum

perturbation |λ̂i,ℓ − 1|/ǫ1/2 of 106 runs for i = 1, 2, 3.

i avg. max κi,2

1 0.511 1.21 1.41
2 0.282 0.733 1
3 0.0089 0.138 0.24

In all our experiments we had |λ̂i,1 − λ̂i,2|/ǫ1/2 < 0.04 for i = 1, 2, 3, which matches the

theoretical result indicated by (9.44) that for a given i, |λ̂i,ℓ − 1| are equal up to o(ǫ1/n1) for
all ℓ.

Finally, a comparison between Table 9.6.2 and the third case of Table 9.6.1 suggests
that the relative difference among the multiple eigenvalues is smaller in the defective case,
reflecting the last remark before this example.

9.7. Multiple singular value

In this section we identify the condition numbers of a multiple singular value. We start
by presenting a first order perturbation expansion of a multiple singular value, which we use
to define its condition numbers.

9.7.1. First order perturbation expansion of a multiple singular value. The
first order perturbation expansion of a simple singular value is well-known (e.g., [145]):
suppose a matrix A’s simple singular value σi has left and right singular vectors ui and vi
respectively. Then the ith singular value σ̂i of A+ ǫE has the first order expansion

(9.46) σ̂i = σi + uH
i Eviǫ+O(ǫ2).

Such a result for a multiple singular value does not appear to be widely known. [70] charac-
terizes the first order expansions of a multiple singular value in terms of the eigenvalues of
(A + ǫE)H(A + ǫE) − AHA, but here we develop a simpler expression, which is completely
analogous to that for a simple singular value (9.46).

Suppose A ∈ Cm×n has the SVD

A = UΣV H = U

[
σ0Ir

Σ̂

]
V H ,

where Σ̂ contains the singular values not equal to σ0 (the multiple singular value of multi-
plicity r). Then, denoting U = [U1 U2] and V = [V1 V2] where U1 and V1 have r columns,

A+ ǫE for E =

[
E11 E12

E21 E22

]
with ‖E‖2 = 1 can be expressed as

A+ ǫE = U

[
σ0Ir

Σ̂

]
V H + ǫ

[
E11 E12

E21 E22

]

= U

[
σ0Ir + ǫUH

1 EV1 ǫUH
1 EV2

ǫUH
2 EV1 Σ̂ + ǫUH

2 EV2

]
V H .
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Hence the singular values of A + ǫE are those of

[
σ0Ir + ǫUH

1 EV1 ǫUH
1 EV2

ǫUH
2 EV1 Σ̂ + ǫUH

2 EV2

]
. Since

‖UH
1 EV2‖2, ‖UH

2 EV1‖2 ≤ 1, denoting by σ̂i for i = 1, . . . , r the singular values of the matrix
σ0Ir + ǫUH

1 EV1 and using Theorem 3 in [97], we see that there are r singular values ηi (1 ≤
i ≤ r) of A+ ǫE that satisfy

|ηi − σ̂i| ≤
2ǫ2

gap+
√
gap2 + 4ǫ2

,

where gap denotes the minimum distance between σ0 and the singular values of Σ̂. Since
gap > 0 by assumption, this bound is O(ǫ2), therefore σ̂i and ηi match up to first order in ǫ.
Therefore we conclude that the multiple singular value of A has the first order expansion

(9.47) σ̂i = σi(σ0Ir + ǫUH
1 EV1) +O(ǫ2) for i = 1, . . . , r.

Comparing (9.46) with (9.47) we easily see that the latter is a direct generalization of (9.46),
much in the same way (9.36) generalizes the expansion of a simple eigenvalue.

9.7.2. Condition numbers of a multiple singular value. Now we identify the per-
turbation sensitivities of A’s multiple singular value σ0 of multiplicity r. In light of (9.47),
a natural way to define the condition numbers of σ0 analogously to (9.37) is

(9.48) κi(A, σ0) ≡ lim
ǫ→0

sup
‖E‖2≤1

1

ǫ

∣∣σ0 − σi(σ0Ir + ǫUH
1 EV1)

∣∣ for i = 1, . . . , r.

We show that κi(A, σ0) for i = 1, . . . , r are always uniformly 1.

Theorem 9.6.
κi(A, σ0) = 1 for i = 1, . . . , r.

Proof By Weyl’s theorem [142, p. 69] we have |σi(σ0Ir + ǫUH
1 EV1) − σ0| ≤ ǫ for any

ǫ > 0, hence κi(A, σ0) ≤ 1. Therefore it suffices to prove that σ0Ir + ǫUH
1 EV1 can have r

singular values equal to σ0+ ǫ, which is true when UH
1 EV1 = Ir. This is the case for example

when E = U1V
H
1 . �
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CHAPTER 10

Perturbation of eigenvectors

We now turn to the perturbation of eigenvectors or eigenspaces. The cele-
brated Davis-Kahan tan θ theorem bounds the tangent of the angles be-
tween an approximate and an exact invariant subspace of a Hermitian
matrix. When applicable, it gives a sharper bound than the sin θ theo-
rem. However, the tan θ theorem requires more restrictive conditions on
the spectrums, demanding that the entire approximate eigenvalues (Ritz
values) lie above (or below) the set of exact eigenvalues corresponding to
the orthogonal complement of the invariant subspace. In this chapter we
show that the conditions of the tan θ theorem can be relaxed, in that the
same bound holds even when the Ritz values lie both below and above the
exact eigenvalues, but not vice versa.

We then investigate the Rayleigh-Ritz process and present new bounds
for the accuracy of the Ritz vectors, which can be regarded as refined ver-
sions of the theorems by Saad and Knyazev. We also derive what we call the
cos θ and 1/ tan θ theorems, which measure the distance instead of nearness
of two subspaces.

Introduction. Recall the description of the Davis-Kahan tan θ and sin θ theorems in
Section 2.10.1. For ease of reference here we restate the tan θ theorem.

Let A be an n-by-n Hermitian matrix, and let X = [X1 X2] where X1 ∈ Cn×k be an
exact unitary eigenvector matrix of A so that X∗AX = diag(Λ1,Λ2) is diagonal. Also let
Q1 ∈ Cn×k be an orthogonal matrix Q∗

1Q1 = Ik, and define the residual matrix

(10.1) R = AQ1 −Q1A1, where A1 = Q∗
1AQ1.

The eigenvalues of A1 are the Ritz values with respect to Q1. Suppose that the Ritz values
λ(A1) lie entirely above (or below) λ(Λ2), the exact eigenvalues corresponding to X2. Specif-
ically, suppose that there exists δ > 0 such that λ(A1) lies entirely in [β, α] while λ(Λ2) lies
entirely in [α+ δ,∞), or in (−∞, β − δ]. Then, the tan θ theorem gives an upper bound for
the tangents of the canonical angles between Q1 and X1,

(10.2) ‖ tan∠(Q1, X1)‖ ≤
‖R‖
δ

,

where ‖ · ‖ denotes any unitarily invariant norm. tan∠(Q1, X1) is the matrix whose singular
values are the tangents of the k canonical angles between the n-by-k orthogonal matrices Q1

and X1.



10.1. RELAXED tan θ THEOREM 173

The sin θ theorem, on the other hand, asserts the same bound, but in terms of the sine
instead of tangent:

(10.3) ‖ sin∠(Q1, X1)‖ ≤
‖R‖
δ

.

In the context of the Rayleigh-Ritz process, we have the matrix

(10.4) Ã = Q∗AQ =

[
A1 R̃∗

R̃ A2

]
,

in which A,Q1 and A1 are known. Note that ‖R̃‖ can be computed because ‖R̃‖ = ‖AQ1−
Q1A1‖ = ‖R‖ for any unitarily invariant norm.

Recall the comparison between the tan θ theorem (10.2) and the sin θ theorem (10.3),
as described in Section 2.10.1. In particular, we mentioned that the tan θ theorem requires
more restricted conditions on the condition of the spectrums of Λ2 and A1).

The goal of this chapter is to show that the condition in the tan θ theorem can be relaxed
by proving that the bound (10.2) still holds true in the first (but not in the second) case in
Section 2.10.1. In other words, the conclusion of the tan θ theorem is valid even when the
Ritz values λ(A1) lie both below and above the exact eigenvalues λ(Λ2).

We will also revisit the counterexample described in [29] that indicates the restriction on
the spectrums is necessary in the tan θ theorem. This does not contradict our result because,
as we will see, its situation corresponds to the second case above. We also extend the result
to the generalized tan θ theorem, in which the dimensions of Q1 and X1 are allowed to be
different.

In the second part this chapter we investigate the Rayleigh-Ritz process, which we re-
viewed in Section 2.10.2. We derive refined bounds for the angles between exact eigenvectors
and approximate eigenvectors (Ritz vectors) computed by the Rayleigh-Ritz process. We

first point out the structure and properties of the residual matrix R = AX̂ − X̂Λ̂ that are
typically observed in practice when computing extremal eigenpairs of a large Hermitian ma-
trix. We then present bounds for the accuracy of the Ritz vectors, which can be arbitrarily
sharper than previously known bounds by Saad (Theorem 2.5) and Knyazev (Theorem 2.6).
The bounds are also tighter than those given by directly applying the tan θ or sin θ theo-
rems. We then derive what might be called the cos θ theorem, which measures the distance,
not nearness, of subspaces. This hints on an efficient execution of an inexact Rayleigh-Ritz
process, whose further investigation is left as a future research topic.

Notations of the chapter: Recall that ‖ · ‖ denotes an arbitrary unitarily invariant norm.
In this chapter λ(A) denotes the spectrum, or the set of eigenvalues of a square matrix A.

10.1. The tan θ theorem under relaxed conditions

10.1.1. Preliminaries. We first prove a lemma that we use in the proof of our main
result.

Lemma 10.1. Let X ∈ Cm×n, Y ∈ Cn×r, Z ∈ Cr×s have the singular value decompositions
X = UXΣXV

∗
X , Y = UYΣY V

∗
Y and Z = UZΣZV

∗
Z , where the singular values are arranged in
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descending order. Then for any unitarily invariant norm ‖ · ‖,

(10.5) ‖XY Z‖ ≤ ‖Y ‖2‖Σ̃XΣ̃Z‖,

where Σ̃X = diag(σ1(X), . . . , σp(X)), Σ̃Z = diag(σ1(Z), . . . , σp(Z)) are diagonal matrices
of the p largest singular values where p = min{m,n, r, s}. Moreover, analogous results

hold for any combination of {X, Y, Z}, that is, ‖XY Z‖ ≤ ‖X‖2‖Σ̃Y Σ̃Z‖ and ‖XY Z‖ ≤
‖Z‖2‖Σ̃XΣ̃Y ‖.

proof. In the majorization property of singular values of a matrix product
∑k

i=1 σi(AB) ≤∑k
i=1 σi(A)σi(B) for all k = 1, . . . , p [81, p.177], we let A := X and B := Y Z to get

k∑

i=1

σi(XY Z) ≤
k∑

i=1

σi(X)σi(Y Z)

≤
k∑

i=1

σi(X)σi(Z)‖Y ‖2

= ‖Y ‖2
k∑

i=1

σi(ΣXΣZ) for k = 1, . . . , p.

(10.5) now follows from Ky-Fan’s theorem [80, p.445]. A similar argument proves the in-
equality for the other two combinations. �

We next recall the CS decomposition (2.35), summarized in Section 2.10.1. Applied to

the unitary matrix W = Q∗X =

[
Q∗

1X1 Q∗
1X2

Q∗
2X1 Q∗

2X2

]
, the CS decomposition states that there

exist unitary matrices U1 ∈ Ck×k, U2 ∈ C(n−k)×(n−k), V1 ∈ Ck×k and V2 ∈ C(n−k)×(n−k) such

that

[
U1 0
0 U2

]∗
W

[
V1 0
0 V2

]
can be expressed as




C 0 −S
0 In−2k 0
S 0 C


 when k <

n

2
,

[
C −S
S C

]

when k =
n

2
, and




I2k−n 0 0
0 C −S
0 S C


 when k >

n

2
, where C = diag(cos θ1, . . . , cos θp)

and S = diag(sin θ1, . . . , sin θp), in which p = min{k, n − k}. The nonnegative quantities
θ1 ≤ · · · ≤ θp are the canonical angles between Q1 and V1. Note that they are also the
canonical angles between Q2 and V2.

10.1.2. Main result. We now prove the tan θ theorem under a relaxed condition.

Theorem 10.1. Let A ∈ Cn×n be a Hermitian matrix and let X = [X1 X2] be its
unitary eigenvector matrix so that X∗AX = diag(Λ1,Λ2) is diagonal where X1 and Λ1 have
k columns. Let Q1 ∈ Cn×k be orthogonal, and let R = AQ1 − Q1A1, where A1 = Q∗

1AQ1.



10.1. RELAXED tan θ THEOREM 175

Suppose that λ(Λ2) lies in [a, b] and λ(A1) lies in the union of (−∞, a − δ] and [b + δ,∞).
Then

(10.6) ‖ tan∠(Q1, X1)‖ ≤
‖R‖
δ

.

proof. Note that W = Q∗X is the unitary eigenvector matrix of Ã = Q∗AQ =[
A1 R̃∗

R̃ A2

]
as in (10.4). Partition W =

[
Q∗

1X1 Q∗
1X2

Q∗
2X1 Q∗

2X2

]
= [W1 W2], so that the columns of W2

are the eigenvectors of Ã corresponding to λ(Λ2). Further partition W2 =

[
Q∗

1X2

Q∗
2X2

]
=

[
W

(1)
2

W
(2)
2

]

so that W
(1)
2 is k-by-(n− k). The first k rows of ÃW2 = W2Λ2 is

A1W
(1)
2 + R̃∗W

(2)
2 = W

(1)
2 Λ2,

which is equivalent to

(10.7) A1W
(1)
2 −W

(1)
2 Λ2 = −R̃∗W

(2)
2 .

For definiteness we discuss the case k ≤ n
2
. The case k > n

2
can be treated with few

modifications. By the CS decomposition we know that there exist unitary matrices U1 ∈
Ck×k, U2 ∈ C(n−k)×(n−k) and V ∈ C(n−k)×(n−k) such that W

(1)
2 = U1S̃V

∗ and W
(2)
2 = U2C̃V ∗,

where C̃ = diag(In−2k, C) ∈ C(n−k)×(n−k), S̃ = [0k,n−2k − S] ∈ Ck×(n−k) in which C =
diag(cos θ1, . . . , cos θk) and S = diag(sin θ1, . . . , sin θk). Hence we can express (10.7) as

(10.8) A1U1S̃V
∗ − U1S̃V

∗Λ2 = −R̃∗U2C̃V ∗.

We claim that C̃ is nonsingular. To see this, suppose on the contrary that there exists i such

that cos θi = 0, which makes C̃ singular. Defining j = n − 2k + i this means W
(2)
2 V ej = 0

where ej is the jth column of In−k, so the jth column of W
(2)
2 V is all zero.

Now, by ÃW2 = W2Λ2 we have ÃW2V = W2V (V ∗Λ2V ). Taking the jth column yields

ÃW2V ej = W2V (V ∗Λ2V )ej.

Since W2V ej is nonzero only in its first k elements, we get
[
A1

R̃

]
W

(1)
2 V ej = W2V (V ∗Λ2V )ej,

the first k elements of which is

A1W
(1)
2 V ej = W

(1)
2 V (V ∗Λ2V )ej.

Now define v = W
(1)
2 V ej and let γ = (a+ b)/2. Subtracting γv we get

(A1 − γI)v = W
(1)
2 V (V ∗(Λ2 − γI)V )ej.

Defining Â1 = A1 − γI and Λ̂2 = Λ2 − γI and taking the spectral norm we get

‖Â1v‖2 = ‖W (1)
2 Λ̂2V ej‖2.
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Note by assumption that defining c = 1
2
(b− a) the eigenvalues of Λ̂2 lie in [−c, c] and those

of Â1 lie in the union of [c + δ,∞) and (−∞, c − δ], so noting that ‖v‖2 = ‖ej‖2 = 1 and

‖W (1)
2 ‖2 = ‖C̃‖2 ≤ 1, we must have σmin(Â1) ≤ ‖W (1)

2 Λ̂2V ej‖2 ≤ ‖Λ̂2‖2. However, this

contradicts the assumptions, which require δ + c < σmin(Â1) and ‖Λ̂2‖2 ≤ c. Therefore we

conclude that C̃ must be invertible.
Hence we can right-multiply V C̃−1 to (10.8), which yields

−R̃∗U2 = A1U1S̃V
∗V C̃−1 − U1S̃V

∗Λ2V C̃−1

= A1U1S̃C̃
−1 − U1S̃C̃

−1 · (C̃V ∗Λ2V C̃−1).

As above we introduce a “shift” γ = (a+ b)/2 such that

−R̃∗U2 = A1U1S̃C̃
−1 − (γU1S̃C̃

−1 − γU1S̃C̃
−1)− U1S̃C̃

−1 · (C̃V ∗Λ2V C̃−1)

= (A1 − γI)U1S̃C̃
−1 − U1S̃C̃

−1 · (C̃V ∗(Λ2 − γI)V C̃−1)

= Â1U1S̃C̃
−1 − U1S̃V

∗Λ̂2V C̃−1.

Taking a unitarily invariant norm and using ‖R̃‖ = ‖R‖ and the triangular inequality yields

‖R‖ ≥ ‖Â1U1S̃C̃
−1‖ − ‖(U1S̃)(V

∗Λ̂2V )C̃−1‖
≥ σmin(Â1)‖S̃C̃−1‖ − ‖(U1S̃)(V Λ̂2V

∗)C̃−1‖.

We now appeal to Lemma 10.1 substituting X ← U1S̃, Y ← V ∗Λ̂2V, Z ← C̃−1. In do-

ing so we note that Σ̃XΣ̃Z = diag(tan θk, . . . , tan θ1) so ‖Σ̃XΣ̃Z‖ = ‖SC−1‖ = ‖S̃C̃−1‖ =
‖ tan∠(Q1, X1)‖, so we get

‖R‖ ≥ σmin(Â1)‖SC−1‖ − ‖V ∗Λ̂2V ‖2‖SC−1‖
= σmin(Â1)‖SC−1‖ − ‖Λ̂2‖2‖SC−1‖

= ‖ tan∠(Q1, X1)‖
(
σmin(Â1)− ‖Λ̂2‖2

)
.

Using σmin(A1)− ‖Λ2‖2 ≥ (c+ δ)− c = δ, we conclude that

‖ tan∠(Q1, X1)‖ ≤
‖R‖

σmin(A1)− ‖Λ2‖2
≤ ‖R‖

δ
.

�
Remarks. Below are two remarks on the tan θ theorem with relaxed conditions, Theorem

10.1.

• Practical situations to which the relaxed theorem is applicable but not the original
include the following two cases:
(i) When extremal (both smallest and largest) eigenpairs are sought, for exam-

ple by the Lanczos algorithm (e.g., [6, 127]). In this case Q1 tends to ap-
proximately contain the eigenvectors corresponding to the largest and smallest
eigenvalues of A, so we may directly have the situation in Theorem 10.1.
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(ii) When internal eigenpairs are sought. In this case the exact (undesired) eigenval-
ues λ(Λ2) lie below and above λ(A1), so Theorem 10.1 is not applicable. How-
ever, if the residual ‖R‖ is sufficiently small then we must have λ(A1) ≃ λ(Λ1)
and λ(A2) ≃ λ(Λ2), in which case the Ritz values λ(A2) lie both below and
above the eigenvalues λ(Λ1). We can then invoke Theorem 10.1 with the sub-
scripts 1 and 2 swapped, see below for an example.

• For the tan 2θ theorem we cannot make a similar relaxation in the conditions on the
spectrums. Note that in the tan 2θ theorem the gap δ is defined as the separation
between the two sets of Ritz values λ(A1) and λ(A2) (instead of λ(Λ2)), so there
is no separate situations in which one spectrum lies both below and above the

other, unlike in the tan θ theorem. To see that in such cases ‖R‖
δ̃

(where δ̃ is the

separation between λ(A1) and λ(A2)) is not an upper bound of ‖1
2
tan 2∠(Q1, X1)‖,

we consider the example (10.9) below, in which we have ‖R‖2
δ̃

= 1/
√
2

1/
√
2
= 1 but

‖1
2
tan 2∠(Q1, X1)‖2 =∞.

The counterexample in [29]. [29] considers the following example in which the spectrums
of A1 and Λ2 satisfy the conditions of the sin θ theorem but not the original tan θ theorem.

(10.9) A =



0 0 1√

2

0 0 1√
2

1√
2

1√
2

0


 , Q1 =



1
0
0


 .

A has eigenvalues 0, 1,−1, and the exact angle between Q1 and the eigenvector X1 =
[ 1√

2
, 1√

2
, 0]T corresponding to the zero eigenvalue satisfies tan∠(Q1, X1) = 1. We can also

compute A1 = 0 so δ = 1, and ‖R‖2 = 1/
√
2. In this case λ(Λ2) = {1,−1} lies on both

sides of A1 = 0, which violates the assumption in the original tan θ theorem. In fact,
‖R‖2/δ = 1/

√
2 is not an upper bound of ‖ tan∠(Q1, X1)‖2 = 1.

Let us now examine (10.9) in terms of our relaxed tan θ theorem, Theorem 10.1. The
above setting does not satisfy the assumption in Theorem 10.1 either. In particular, the
situation between λ(A1) and λ(Λ2) corresponds to the second case (b) in Section 2.10.1, which
the relaxed tan θ theorem does not cover. However, in light of the fact ∠(Q1, X1) = ∠(Q2, X2)
for all the p canonical angles, we can attempt to bound ‖ tan∠(Q1, X1)‖ via bounding
‖ tan∠(Q2, X2)‖. We have λ(A2) = ± 1√

2
and λ(Λ1) = 0, so the assumptions in Theorem

10.1 (in which we swap the subscripts 1 and 2) are satisfied with δ = 1/
√
2. Therefore we can

invoke the tan θ theorem, and get the correct and sharp bound ‖ tan∠(Q2, X2)‖ ≤ ‖R‖/δ =
1. We note that the original tan θ theorem still cannot be invoked because the assumptions
are violated.

10.2. The generalized tan θ theorem with relaxed conditions

[29] also proves the generalized tan θ theorem, in which the dimension of Q1 is smaller
than that of X1. Here we show that the same relaxation on the condition can be attained
for the generalized tan θ theorem. We prove the below theorem, in which X1 now has ℓ(≥ k)
columns.
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Theorem 10.2. Let A ∈ Cn×n be a Hermitian matrix and let X = [X1 X2] be its unitary
eigenvector matrix so that X∗AX = diag(Λ1,Λ2) is diagonal where X1 and Λ1 have ℓ(≥ k)
columns. Let Q1 ∈ Cn×k be orthogonal, and let R = AQ1 − Q1A1, where A1 = Q∗

1AQ1.
Suppose that λ(Λ2) lies in [a, b] and λ(A1) lies in the union of (−∞, a − δ] and [b + δ,∞).
Then

(10.10) ‖ tan∠(Q1, X1)‖ ≤
‖R‖
δ

.

proof. The proof is almost the same as that for Theorem 10.1, so we only highlight the
differences.

We discuss the case k ≤ ℓ ≤ n
2
; other cases are analogous. We partition W2 =[

Q∗
1X2

Q∗
2X2

]
=

[
W

(1)
2

W
(2)
2

]
where W

(1)
2 is k-by-(n− ℓ). There exist unitary matrices U1 ∈ Ck×k, U2 ∈

C(n−k)×(n−k) and V ∈ C(n−ℓ)×(n−ℓ) such that W
(1)
2 = U1S̃V

∗ and W
(2)
2 = U2C̃V ∗, where

C̃ =

[
diag (In−k−ℓ, C)

0ℓ−k,n−ℓ

]
∈ C(n−k)×(n−ℓ) and S̃ = [0k,n−k−ℓ − S] ∈ Ck×(n−ℓ), in which

C = diag(cos θ1, . . . , cos θk) and S = diag(sin θ1, . . . , sin θk). We then right-multiply (10.8)
by diag (In−k−ℓ, C

−1), which yields

−R̃∗U2

[
In−ℓ

0ℓ−k,n−ℓ

]
= A1U1S̃diag

(
In−k−ℓ, C

−1
)
− U1S̃V

∗Λ2V diag
(
In−k−ℓ, C

−1
)
.

Noting that the k largest singular values of diag (In−k−ℓ, C
−1) are 1/ cos θk, . . . , 1/ cos θ1 and

using Lemma 10.1 we get

‖R‖ ≥
∥∥∥∥R̃∗U2

[
In−ℓ

0ℓ−k,n−ℓ

]∥∥∥∥

≥ σmin(Â1)‖SC−1‖ − ‖Λ̂2‖2‖SC−1‖

= ‖ tan∠(Q1, X1)‖
(
σmin(Â1)− ‖Λ̂2‖2

)
,

which is (10.10). �

10.3. Refined Rayleigh-Ritz approximation bound

The rest of this chapter is concerned with the Rayleigh-Ritz process, which we reviewed
in Section 2.10.2.

For simplicity we assume that some of the smallest eigenvalues of A are desired, and so a
k-dimensional trial subspace span(Q1) approximates the corresponding eigenspace. Consider
a Hermitian matrix that is involved in the Rayleigh-Ritz process with the subspace span(Q1):

For a unitary matrix [X̂1 X̂2],

(10.11) [X̂1 X̂2]
∗A[X̂1 X̂2] =

[
Λ̂ R̃∗

R̃ X∗
2AX2

]
,

where Λ̂ = diag(θ1, . . . , θk) is the matrix of Ritz values arranged in increasing order, and

R̃ = X̂∗
2AX̂1. The matrix of Ritz vectors X̂1 = [x̂1, . . . , x̂k] and Q1 are related by X̂ = Q1Y
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where Q∗
1AQ1 = Y Λ̂Y ∗ is the symmetric eigendecomposition of Q∗

1AQ1. After performing

the Rayleigh-Ritz process, the norms of each column of R̃ are known because they are equal

to the norm of the residual: ‖R̃(:, i)‖2 = ‖Ax̂i − θix̂i‖2 = ‖R(:, i)‖2. An important aspect is

that we typically have ‖R̃(:, 1)‖2 . ‖R̃(:, 2)‖2 . . . . ‖R̃(:,m)‖2 with ‖R̃(:, 1)‖2 ≪ ‖R̃(:,m)‖2,
because extremal eigenvalues tend to converge much faster than interior ones [6, 91].

In such circumstances, how accurate can we say a Ritz vector (or subspace) is? In par-
ticular, for the smallest Ritz pairs (which are typically of foremost interest in applications),
can we obtain bounds that are sharper than any existing bound? This was our original to
investigate what follows in the remainder of this chapter.

To get an idea of the situation, perhaps it helps to think of a specific example such as
m = 10 and

(10.12) A =

[
diag(0.1, 0.2, . . . , 1) R̃∗

R̃ A2

]
,

where R̃ = [R̃1 R̃2 . . . R̃10] and ‖R̃1‖2 = 10−5 and ‖R̃i‖2 = 10−1 for i = 2, . . . , 10.
We note that a number of studies exist concerning the accuracy of Ritz values and

vectors. In [83] the convergence of Ritz pairs on a general non-Hermitian matrix is studied.
The authors of [136] investigates the accuracy of Ritz values for the Hermitian case, giving
a priori bounds in the sense that only eigenvalues of the matrix and the angle between the
subspace and eigenvector of interest are involved. The quality of the Galerkin approximation
(a special (orthogonal, for Hermitian A) case of which is the Rayleigh-Ritz) when applied
to a general linear operator in a Hilbert space is studied in [13]. Here our focus is on the
accuracy of the Ritz vectors when applied to a Hermitian matrix A.

10.4. New bounds for the angles between Ritz vectors and exact eigenvectors

Let

(10.13) (Ã =) Q∗AQ =



A1 0 R̃∗

1

0 A2 R̃∗
2

R̃1 R̃2 A3


 ,

where A1 = diag(θ1, . . . , θℓ) and A2 = diag(θℓ+1, . . . , θk) are diagonal matrices of Ritz values
such that θ1 ≤ θ2 ≤ · · · ≤ θk. The known quantities are A1, A2, the 2-norms of each of

the columns of R̃1, R̃2. In the context of the previous subsection, we regard the projection
subspace Q1 as k-dimensional, so the eigenvalues of A1 and A2 are the Ritz values.

LetW =



W1

W2

W3


 be the orthognoal eigenvector matrix of Ã corresponding to the ℓ smallest

eigenvalues Λ1 = diag(λ1, . . . , λℓ). Then the second block of ÃW = WΛ1 gives

A2W2 + R̃∗
2W3 = W2Λ1,

which is equivalent to

A2W2 −W2Λ1 = −R̃∗
2W3.
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Therefore, assuming λℓ < θℓ+1, by Lemma 2.1 we have

‖W2‖ ≤
‖R̃∗

2W3‖
|λℓ − θℓ+1|

.

Hence using the fact [75, p. 327] that ‖XY ‖ ≤ ‖X‖2‖Y ‖ for any unitarily invariant norm
we have

(10.14) ‖W2‖ ≤
‖R̃2‖2
|λℓ − θℓ+1|

‖W3‖ (≡ γ23‖W3‖) .

we note in passing that this is equivalent to Knyazev’s result in [90, Thm. 3.2] for the
finite-dimensional case. We believe the derivation here is much simpler.

10.4.1. Refined versions of theorems by Saad and Knyazev. Now the third block

of ÃW = WΛ1 gives

R̃1W1 + R̃2W2 + A3W3 = W3Λ1,

hence

A3W3 −W3Λ1 + R̃2W2 = −R̃1W1.

Take any unitarily invariant norm, use Lemma 2.1 and the triangular inequality to get
(
gap(A3,Λ1)− ‖R̃2‖2

‖W2‖
‖W3‖

)
‖W3‖ ≤ ‖R̃1‖‖W1‖2,

where gap(A3,Λ1) is the smallest distance between the sets of eigenvalues of A3 and Λ1.

Therefore, provided that gap(A3,Λ1)− ‖R̃2‖22
|λℓ−θℓ+1| > 0, using (10.14) we get

(10.15) ‖W3‖ ≤
‖R̃1‖

gap(A3,Λ1)− ‖R̃2‖22
|λℓ−θℓ+1|

‖W1‖2 (≡ γ31‖W1‖2) ,

which is approximately ‖R̃1‖2/gap(A3,Λ1) if ‖R̃2‖2 is small enough so that
‖R̃2‖22

|λℓ−θℓ+1| ≪
gap(A3,Λ1).

For any unitarily invariant norm, we have

(10.16)

∥∥∥∥
[
W2

W3

]∥∥∥∥ ≤
√
‖W2‖2 + ‖W3‖2 =

√
1 + γ2

23‖W3‖ =

√
1 +

‖R̃2‖22
(λℓ − θℓ+1)2

‖W3‖.

This is a sharper version of Theorem 4.3 in Knyazev [90], which states (using the notations
here)

(10.17) ‖ sin∠(X̂1, X1)‖2 ≤


1 +

∥∥∥
[
R̃1

R̃2

]∥∥∥
2

(λℓ − θℓ+1)2


 ‖ sin∠(Q1, X1)‖2.
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Noting that ‖ sin∠(X̂1, X1)‖ =

∥∥∥∥
[
W2

W3

]∥∥∥∥ and ‖ sin∠(Q1, X1)‖ = ‖ sin∠([X̂1 X̂2], X1)‖ =

‖W3‖, we see that (10.16) is equivalent to

(10.18) ‖ sin∠(X̂1, X1)‖2 ≤
[
1 +

‖R̃2‖22
(λℓ − θℓ+1)2

]
‖ sin∠(Q1, X1)‖2,

which is clearly a sharper bound than (10.17), although the improvement may be marginal

because typically we have ‖R̃2‖2 ≫ ‖R̃1‖2.

10.4.2. Direct bound for ‖ sin∠(X̂1, X1)‖. Another, perhaps more significant, im-
provement that we can make along this argument is that we obtain upper bounds for
‖ sin∠(Q1, X1)‖ that are much sharper than existing bounds suggest. This, combined with

(10.18), yields direct and tight bounds for ‖ sin∠(X̂1, X1)‖.
We first show that we get a new bound on ‖ sin∠(Q1, X1)‖ = ‖ sin∠([X̂1 X̂2], X1)‖ (≡

‖W3‖), which measures how much of X1 is contained in the initial trial subspace Q1. One
way of bounding it is by means of the Davis-Kahan generalized sin θ theorem [29, Thm. 6.1],
which yields

(10.19) ‖ sin∠(Q1, X1)‖ ≤

∥∥∥
[
R̃1

R̃2

]∥∥∥
gap(A3,Λ1)

.

Instead, here we use (10.15) which is

‖ sin∠(Q1, X1)‖ ≤
‖R̃1‖

gap(A3,Λ1)− ‖R̃2‖22
|λℓ−θℓ+1

|
‖W1‖2

≤ ‖R̃1‖
gap(A3,Λ1)− ‖R̃2‖22

|λℓ−θℓ+1
|
.(10.20)

The bound is again approximately ‖R̃1‖2/gap(A3,Λ1) provided that ‖R̂2‖2 is small enough.
Since in practice we typically have ‖R1‖ ≪ ‖R2‖, this bound can be much smaller than the
Davis-Kahan bound (10.19).

Finally, we plug (10.20) into (10.18) to obtain

‖ sin∠(X̂1, X1)‖ ≤

√
1 +

‖R̃2‖22
(λℓ − θℓ+1)2

‖R̃1‖
gap(A3,Λ1)− ‖R̃2‖22

|λℓ−θℓ+1|

.

We regard this as a direct bound for ‖ sin∠(X̂1, X1)‖ because the bound can be computed

from ‖R̃i‖ and the eigenvalues and Ritz values, involving no angle between subspaces.
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One-vector case. Let us briefly consider the one-vector case ℓ = 1, in which we show that
we can derive bounds in terms of the tangent instead of sine, because we have

sin θ =

∥∥∥∥
[
W2

W3

]∥∥∥∥
2

=
√
‖W2‖22 + ‖W3‖22

≤ γ31

√
1 + γ2

23‖W1‖

= γ31

√
1 + γ2

23w1 = γ31

√
1 + γ2

23 cos θ,

and therefore

tan θ ≤ γ31

√
1 + γ2

23w1 = γ31

√
1 + γ2

23.

This means tan∠(x1, x̂1) ≤ γ31
√
1 + γ2

23, which is again approximately ‖R̃1‖2/gap(A3,Λ1).
Recalling the tan θ theorem with relaxed conditions discussed earlier in this chapter, we

note that this argument compares an exact eigenvector Λ1 = λ1 with Ritz values λ(A3) which
may lie below and above λ1, so the situation is the same as in Theorem 10.1. Hence the
natural question becomes, when ℓ > 1, if the Ritz values eig(A3) lie both above and below
the exact eigenvalues (those close to eig(A1), eig(A2)), do all the results above hold in terms
of tan θ? This is an open question as of writing.

10.4.3. When more than 3 blocks exist : A1, . . . , Ak+1. Let

(10.21) (Ã =) Q∗AQ =




A1 R̃∗
1

. . .
...

Ak R̃∗
k

R̃1 · · · R̃k Ak+1


 ,

where A1 = diag(θ1,1, . . . , θ1,ℓ) and Ai = θi for i ≥ 2 are diagonal matrices of Ritz values.

The known quantities are A1, . . . , Ak and the 2-norms of each column of R̃1, . . . , R̃k.

Let W =




W1
...

Wk+1


 be the orthognoal eigenvector matrix of Ã corresponding to the small-

est ℓ eigenvalues Λ1. Then the ith block of ÃW = WΛ1 gives

AiWi + R̃∗
iWk+1 = WiΛ1,

which is equivalent to

(10.22) AiWi −WiΛ1 = −R̃∗
iWk+1.

Therefore by Lemma 2.1 we have

‖Wi‖ ≤
‖R̃∗

iWk+1‖
|λℓ − θi|

≡ ‖R̃
∗
iWk+1‖
di

.

Hence

(10.23) ‖Wi‖ ≤
‖R̃i‖2
di
‖Wk+1‖.
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We therefore have the upper bound

‖ sin∠(X̂1, X1)‖ =

∥∥∥∥∥∥




W2
...

Wk+1



∥∥∥∥∥∥
≤

√√√√
k+1∑

i=2

‖Wi‖2 =

√√√√1 +
k∑

i=2

(
‖R̃i‖2
di

)2

‖Wk+1‖

=

√√√√1 +
k∑

i=2

(
‖R̃i‖2
di

)2

‖ sin∠(Q1, X1)‖.(10.24)

Now the last block of ÃW = WΛ1 gives

R̃1W1 + R̃2W2 + . . .+ R̃kWk + Ak+1Wk+1 = Wk+1Λ1,

hence

Ak+1Wk+1 −Wk+1Λ1 +
k∑

i=2

R̃iWi = −R̃1W1.

Taking norms, using Lemma 2.1 and the triangular inequality yields

(10.25) gap(A3,Λ1)‖Wk+1‖ − ‖
k∑

i=2

R̃iWi‖ ≤ ‖R̃1‖‖W1‖2.

Now we want to bound the second term ‖
∑k

i=2 R̃iWi‖, in particular we want a bound like

‖∑k
i=2 R̃iWi‖ ≤ γ‖Wk+1‖. One way to do this is to use (10.23) and get

(10.26) ‖
k∑

i=2

R̃iWi‖ ≤
k∑

i=2

‖R̃iWi‖ ≤
(

k∑

i=2

‖R̃i‖22
di

)
‖Wk+1‖.

We plug the inequality (10.26) into (10.25) to get a bound on ‖Wk+1‖ as

(10.27) ‖ sin∠(Q1, X1)‖ = ‖Wk+1‖ ≤
‖R̃1‖

gap(A3,Λ1)−
(∑k

i=2
‖R̃i‖2
di

)‖W1‖2.

The bounds (10.24) and (10.27) can be much tighter than those in the previous subsection

(10.18) and (10.20) respectively, especially when ‖R̃i‖2 vary significantly for different i.

Finally, by combining (10.24) and (10.27) we get a direct bound for ‖ sin∠(X̂1, X1)‖:

‖ sin∠(X̂1, X1)‖ ≤

√√√√1 +
k∑

i=2

(
‖R̃i‖2
di

)2
‖R̃1‖

gap(A3,Λ1)−
(∑k

i=2
‖R̃i‖22
di

) .

10.5. Singular vectors

In this section we present natural analogues of the above arguments to the projection-
based method for computing the SVD. In doing so we rederive the well-known result by
Wedin [163], and derive extensions of the theorems by Saad and Knyazev to the SVD.
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Let A be an m-by-n matrix and Ûi, V̂i be approximations to the matrices of singular
vectors such that

(10.28) (Ã =) [Û1 Û2]
∗A[V̂1 V̂2] =

[
A1 R̃

S̃ A2

]
.

When R̃, S̃ are both small we can expect Ûi, V̂i to be good approximations to the singular

vectors. The goal here is to bound the angles ∠(Û1, U1) and ∠(V̂1, V1), which measure the

quality of the singular subspaces computed by projecting A onto the left-subspace [Û1 Û2]

and right-subspace [V̂1 V̂2] (sometimes called the Petrov-Galerkin method [13]). Suppose the
goal is to compute the largest singular values (care is needed when dealing with the subspace
corresponding to the smallest singular values [163]), so the singular values of A1 are larger
than those of A2.

Denoting by U = [U1 U2], V = [V1 V2] the exact singular vectors of Ã corresponding to
the singular value matrices Σ1,Σ2 where Σ1 contains the largest singular values, the key is
to note that the desired angles can be computed via the CS decomposition of U, V .

By the second block of

[
A1 R̃

S̃ A2

] [
V11

V21

]
=

[
U11

U21

]
Σ1 we get

S̃V11 + A2V21 = U21Σ1,

so

U21Σ1 − A2V21 = S̃V11,

taking norms we get

(10.29) σmin(Σ1)‖U21‖ − ‖A2‖2‖V21‖ ≤ ‖S̃‖,

Similarly by the second block (column-wise) of
[
U∗
11 U∗

21

] [A1 R̃

S̃ A2

]
= Σ1

[
V11 V21

]
we get

U∗
11R̃ + U∗

21A2 = Σ1V21,

so

Σ1V21 − U∗
21A2 = U∗

11R̃,

so taking norms we get

(10.30) σmin(Σ1)‖V21‖ − ‖A2‖2‖U21‖ ≤ ‖R̃‖,
Let us eliminate the ‖V21‖ term from (10.29) and (10.30). We get

((σmin(Σ1))
2 − ‖A2‖22)‖U21‖ ≤ σmin(Σ1)‖R̃‖+ ‖A2‖2‖S̃‖,

Hence assuming that σmin(Σ1) > ‖A2‖2 we get

‖U21‖ ≤
σmin(Σ1)‖R̃‖+ ‖A2‖2‖S̃‖

(σmin(Σ1))2 − ‖A2‖22
.
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Similarly we can get a bound for ‖V21‖:

‖V21‖ ≤
‖A2‖2‖R̃‖+ σmin(Σ1)‖S̃‖

(σmin(Σ1))2 − ‖A2‖22
.

Hence we conclude that

(10.31) max{‖V21‖, ‖U21‖} ≤
max{‖R̃‖, ‖S̃‖}
σmin(Σ1)− ‖A2‖2

.

Note that this is the same as the result called generalized sin θ theorem in Wedin [163],
hence above is its new and simpler derivation.

10.5.1. Three blocks case. Now we turn to the case where there are three blocks. Let

(10.32) (Ã =) [Û1 Û2 Û3]
∗A[V̂1 V̂2 V̂3] =



A1 0 R̃1

0 A2 R̃2

S̃1 S̃2 A3


 .

Let (Σ1, U1, V1) be the singular triplets corresponding to the largest singular values of Ã

and let V1 =



V11

V21

V31


 , U1 =



U11

U21

U31


. Note that by the CS decomposition we have

(10.33) ‖ sin∠(Û1, U1)‖ =
∥∥∥∥
[
U21

U31

]∥∥∥∥ , ‖ sin∠(V̂1, V1)‖ =
∥∥∥∥
[
V21

V31

]∥∥∥∥

By the second block of



A1 0 R̃1

0 A2 R̃2

S̃1 S̃2 A3





V11

V21

V31


 =



U11

U21

U31


Σ1 we get

(10.34) A2V21 + R̃2V31 = U21Σ1,

and also by the second block of
[
U∗
11 U∗

21 U∗
31

]


A1 0 R̃1

0 A2 R̃2

S̃1 S̃2 A3


 = Σ1

[
V ∗
11 V ∗

21 V ∗
31

]
we get

(10.35) U∗
21A2 + U∗

31S̃2 = Σ1V
∗
21.

Taking norms and using the triangular inequality in (10.34) and (10.35) we get

‖U21‖σmin(Σ1)− ‖V21‖‖A2‖2 ≤ ‖R̃2V31‖,
‖V21‖σmin(Σ1)− ‖U21‖‖A2‖2 ≤ ‖U∗

31S̃2‖.
We can eliminate the ‖V21‖ term, and assuming that σmin(Σ1) > ‖A2‖2 we get

‖U21‖ ≤
σmin(Σ1)‖R̃2V31‖+ ‖A2‖2‖U∗

31S̃2‖
(σmin(Σ1))2 − ‖A2‖22

.
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We can similarly obtain

‖V21‖ ≤
σmin(Σ1)‖U∗

31S̃2‖+ ‖A2‖2‖R̃2V31‖
(σmin(Σ1))2 − ‖A2‖22

.

Hence we have

max{‖U21‖, ‖V21‖} ≤
max{‖U∗

31S̃2‖, ‖R̃2V31‖}
σmin(Σ1)− ‖A2‖2

(10.36)

≤ max{‖U∗
31‖, ‖V31‖}max{‖R̃2‖, ‖S̃2‖}
σmin(Σ1)− ‖A2‖2

≡ γ23max{‖U∗
31‖, ‖V31‖}.(10.37)

Note that this can be regarded as a generalization of Knyazev’s theorem [90, Thm. 3.2]
to the SVD.

Recalling (10.33) and using the facts

‖ sin∠([Û1 Û2], U1)‖ = ‖U31‖ , ‖ sin∠([V̂1 V̂2], V1)‖ = ‖V31‖
we obtain

max{‖ sin∠(Û1, U1)‖, ‖ sin∠(V̂1, V1)‖}

≤
√
1 + γ2

23 max{‖ sin∠([Û1 Û2], U1)‖, ‖ sin∠([V̂1 V̂2], V1)‖},(10.38)

which claims that the computed singular vectors obtained by the projection method is opti-
mal up to a factor

√
1 + γ2

23. (10.38) can be seen as a direct generalization of (10.18) to the
SVD.

We next show that we can get direct bounds for max{‖ sin∠(Û1, U1)‖, ‖ sin∠(V̂1, V1)‖}

with some more work. Now by the third block of



A1 0 R̃1

0 A2 R̃2

S̃1 S̃2 A3





V11

V21

V31


 =



U11

U21

U31


Σ1 we get

S̃1V11 + S̃2V21 + A3V31 = U31Σ1,

and also by the third block of
[
U∗
11 U∗

21 U∗
31

]


A1 0 R̃1

0 A2 R̃2

S̃1 S̃2 A3


 = Σ1

[
V ∗
11 V ∗

21 V ∗
31

]
we get

U∗
11R̃1 + U∗

21R̃2 + U∗
31A3 = Σ1V

∗
31.

Hence

‖U31‖σmin(Σ1)− ‖A3‖2‖V31‖ ≤ ‖S̃1V11 + S̃2V21‖,
σmin(Σ1)‖V31‖ − ‖A3‖2‖U31‖ ≤ ‖U∗

11R̃1 + U∗
21R̃2‖.

We eliminate ‖V31‖ from the two inequalities to get (assuming that σmin(Σ1) > ‖A3‖2)

((σmin(Σ1))
2 − ‖A3‖22)‖U31‖ ≤ σmin(Σ1)‖S̃1V11 + S̃2V21‖+ ‖A3‖2‖U∗

11R̃1 + U∗
21R̃2‖.
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Similarly we eliminate ‖U31‖ to get

((σmin(Σ1))
2 − ‖A3‖22)‖V31‖ ≤ σmin(Σ1)‖U∗

11R̃1 + U∗
21R̃2‖+ ‖A3‖2‖S̃1V11 + S̃2V21‖.

Combining these we get

max{‖U31‖, ‖V31‖} ≤
(σmin(Σ1) + ‖A3‖2)max{‖U∗

11R̃1 + U∗
21R̃2‖, ‖S̃1V11 + S̃2V21‖}

(σmin(Σ1))2 − ‖A3‖22

=
max{‖U∗

11R̃1 + U∗
21R̃2‖, ‖S̃1V11 + S̃2V21‖}

σmin(Σ1)− ‖A3‖2
.

The last term can be bounded above by

max{‖U11‖2, ‖V11‖2}max{‖R̃1‖, ‖S̃1‖}+ γ23 max{‖U31‖, ‖V31‖}max{‖R̃2‖, ‖S̃2‖}
σmin(Σ1)− ‖A3‖2

,

so assuming γ23 max{‖R̃2‖, ‖S̃2‖}) < σmin(Σ1)− ‖A3‖2, we have

max{‖U31‖, ‖V31‖} ≤
max{‖R̃1‖, ‖S̃1‖}

σmin(Σ1)− ‖A3‖2 − γ23 max{‖R̃2‖, ‖S̃2‖})
max{‖U11‖2, ‖V11‖2}.

Since ‖U11‖2, ‖V11‖2 ≤ 1, recalling (10.33) we conclude that
(10.39)

max{‖ sin∠(Û1, U1)‖, ‖ sin∠(V̂1, V1)‖} ≤
max{‖R̃1‖, ‖S̃1‖}

σmin(Σ1)− ‖A3‖2 − γ23max{‖R̃2‖, ‖S̃2‖})
.

Note that when the residuals ‖Ri‖, ‖Si‖ are small enough the bound is approximately
max{‖R̃1‖,‖S̃1‖}
σmin(Σ1)−‖A3‖2 . (10.39) can be regarded an extension of the theorems by Saad and Knyazev

(on the quality of a Galerkin approximation) to the SVD case, which is new to the author’s
knowledge.

10.6. The cos θ theorem

In this section we first derive what might be called the cos θ theorem, which measures
the distance (instead of nearness as in the sin θ or tan θ theorems) between two susbpaces.
The essential message is simple: two subspaces X, Y are automatically nearly orthogonal if
they are approximate invariant subspaces of disjoint eigenvalues of a Hermitian matrix.

10.6.1. Two vectors. Suppose that x, y are approximate eigenvectors of different eigen-
values so that

Ax− λxx = rx,

Ay − λyy = ry.

Then, left-multiplying the first equality by y∗ and the second by x∗ yields

y∗Ax = λxy
∗x+ y∗rx,

x∗Ay = λyx
∗y + x∗ry.
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Subtracting the second from the first equation we get

(10.40) (λx − λy)y
∗x = x∗ry − y∗rx,

hence noting that |y∗x| = cos∠(x, y), we get the cos θ theorem for the case of two vectors:

(10.41) cos∠(x, y) = |y∗x| ≤ ‖x
∗ry‖2 + ‖y∗rx‖2
|λx − λy|

≤ ‖ry‖2 + ‖rx‖2|λx − λy|
.

Note that in the above argument (λx, x) and (λy, y) need not be Ritz pairs.
We next suppose that (λx, x) and (λy, y) are Ritz pairs, that is, x∗rx = y∗ry = 0. Then

by (10.40) we have

(λx − λy)y
∗x = x∗(I − yy∗)ry − y∗(I − xx∗)rx,

and noting that ‖x∗(I − yy∗)‖ = ‖ sin∠(x, y)‖ = ‖y∗(I − xx∗)‖ we get

cos θ = |y∗x| ≤ ‖ry‖2 + ‖rx‖2|λx − λy|
sin θ.,

hence
1

tan θ
≤ ‖ry‖2 + ‖rx‖2|λx − λy|

.

To summarize the above, the 1/ tan θ theorem holds when the approximate eigenpairs are
Ritz pairs, while the cos θ theorem holds without this condition. This is much the same
relation between the Davis-Kahan sin θ and tan θ theorem, the latter of which requires the
approximate eigenpairs to be Ritz pairs.

10.6.2. A vector and a subspace. Suppose that x is an approximate eigenvector and
Y is an approximate eigenspace of dimension ky, and

Ax− λxx = rx,

AY − Y ΛY = RY ,

where ΛY is a diagonal matrix of approximate eigenvalues corresponding to Y . Then left-
multiplying the first equality by Y ∗ and the second by x∗ yields

Y ∗Ax = Y ∗xλx + Y ∗rx,

x∗AY = x∗Y ΛY + x∗RY .

Subtracting the Hermitian transpose of the second equation from the first equation we get

(λxI − ΛY )Y
∗x = Y ∗rx −R∗

Y x,

hence

(10.42) |Y ∗x| ≤ ‖Y
∗rx −R∗

Y x‖2
gapx,Y

≤ ‖RY ‖2 + ‖rx‖2
gapx,Y

,

where gapx,Y = min(diag(ΛY )− λx).
When we are dealing with Ritz pairs we can get bounds in terms of 1/ tan θ, similarly

to the case of two vectors. Suppose (Λx, x) and (Λy, Y ) are Ritz pairs. Since residuals are
orthogonal to the Ritz vector we get

(λxI − ΛY )Y
∗x = Y ∗(I − xx∗)rx −R∗

Y (I − Y Y ∗)x.
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Therefore, using ‖Y ∗(I − xx∗)‖ = ‖(I − Y Y ∗)x‖ = ‖ sin∠(x, Y )‖ we get

‖ cos∠(x, Y )‖ = ‖Y ∗x‖

≤ ‖Y
∗(I − xx∗)rx −R∗

Y (I − Y Y ∗)x‖
gapx,Y

≤ ‖rx‖2 + ‖RY ‖2
gapx,Y

‖ sin∠(x, Y )‖.

since there is only one angle we conclude that

1

tan∠(x, Y )
≤ ‖Rx‖2 + ‖RY ‖2

gapx,Y
.

10.6.3. Two subspaces. Suppose that X, Y are approximate invariant subspaces of
dimension kx, ky respectively, and

AX −XΛX = RX ,

AY − Y ΛY = RY ,

where ΛX ,ΛY are diagonal matrices. Then left-multiplying the first equality by Y ∗ and the
second by X∗, and taking its complex transpose yields

Y ∗AX = Y ∗XΛX + Y ∗RX ,

Y ∗AX = ΛY Y
∗X +R∗

YX.

Subtracting the second equation from the first we get

Y ∗XΛX − ΛY Y
∗X = Y ∗RX −R∗

YX.

Then using Lemma 2.1 we conclude that

(10.43) ‖Y ∗X‖ ≤ ‖Y
∗RX −R∗

YX‖
δX,Y

≤ ‖RX‖+ ‖RY ‖
δX,Y

,

where gapX,Y = max{min(diag(ΛX)) − max(diag(ΛY )),min(diag(ΛY )) − max(diag(ΛX))}.
Since ‖Y ∗X‖ = ‖ cos∠(X, Y )‖ we have the following result.

Theorem 10.3. Let A be an N -by-N matrix and let X ∈ CN×kx, Y1 ∈ CN×ky be approx-
imate invariant subspaces such that

AX −XΛX = RX ,

AY − Y ΛY = RY ,

where ΛX ,ΛY are diagonal matrices. Then,

(10.44) ‖ cos∠(X, Y )‖ = ‖Y ∗X‖ ≤ ‖Y
∗RX −R∗

YX‖
δX,Y

≤ ‖RX‖+ ‖RY ‖
δX,Y

,

where cos∠(X, Y ) is a matrix whose singular values are the cosines of the k = min{k1, k2}
canonical angles between X and Y .
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A natural question is to ask whether the same type of a bound holds for the ‖1/ tan∠(X, Y )‖,
just like in the case of a vector and a subspace? The answer seems nontrivial and is an open
problem as of writing.

Future study: efficient execution of Rayleigh-Ritz. We conclude this chapter by
suggesting a direction for possible future work. As we have discussed previously, solving a
large sparse symmetric eigenvalue problem of matrix size N typically involves forming an
approximate subspace and performing the Rayleigh-Ritz process. In the common case where
the matrix is highly sparse so that a matrix-vector multiplication can be done in O(N)
flops, the computational bottleneck of the eigensolver lies in the orthogonalization step in
the Rayleigh-Ritz process, which necessarily requires O(Nm2) flops where m is the number
of eigenpairs desired. This issue is raised clearly in [135].

Now, in many applications (for example molecular dynamics simulations) it is required
to solve a sequence of eigenproblems, and solving each of which accurately may not be
necessary. Instead a solution with accuracy 10−4 (say) is sufficient. Recall that the Rayleigh-
Ritz process yields a solution that is orthogonal to working accuracy, that is, gives a solution
that is numerically on the Grassman manifold [40]. On the other hand, the cos θ theorem
guarantees that an approximate eigenvector is nearly orthogonal to another approximate
eigenvector if the corresponding approximate eigenvalues are sufficiently distinct. Our idea
is the following: if the required solution is of accuracy O(10−4), why not relax the requirement
that the solution is nearly orthogonal to orthogonal to within O(10−4), thereby reducing the
cost involved in the Rayleigh-Ritz process?

Let us give more details. In many eigensolvers (such as the Jacobi-Davidson and LOBPCG
algorithms) the Rayleigh-Ritz process computes the eigendecomposition of (Z∗AZ,Z∗BZ)
where Z = [X P ]. Here X is the current approximate solution and P is the search space,
formed as preconditioned residuals. In view of the cos θ theorem, our idea is that to obtain
the next approximate solution xi we need only use the current xi, some neighboring colums
of X, pi and its neighbors. Other vectors are nearly orthogonal to xi (and the exact solution
that xi converges to) so we can safely ignore them as far as updating xi is concerned. Hence
our task is basically to compute many smaller pairs (Z∗

i AZi, Z
∗
i BZi) for i = 1, . . . , where

Zi = [Xi Pi] where X = [X1 X2 . . . Xs], P = [P1 P2 . . . Ps] (in actual calculations we may
need to let Zi have some overlaps, that is, X1 and X2 share some columns).

The process is somewhat similar to the algebraic substructuring method discussed in
[167]. However here we do not take into accout the effect of the lower-right corner matrix.

We are basically approximating the next solution X̂ by first observing that the important

components of the ith column of X̂ come from the ith and nearby columns of X and the
ith column of P , then performing the (perhaps Harmonic or refined) Rayleigh-Ritz process
with the small projected matrix.

This has the potential of significantly reducing the arithmetic cost involved in the Rayleigh-
Ritz process. First recall that the ordinary Rayleigh-Ritz process requires O(Nm2) flops. If
we have s partitions, the cost for each harmonic Rayleigh-Ritz process becomes O(N(m/s)2).
Since we compute s of them, the total cost becomes O(N(m/s)2s) = O(Nm2/s), so the flop
count is s times smaller. Moreover, the s small Rayleigh-Ritz can be processed independently
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on a parallel machine, which is a desirable feature. We intend to further investigate this in
a future work.
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CHAPTER 11

Gerschgorin theory

In this final chapter of the dissertation we develop variants of Gerschgorin’s
theorem. The goal is to derive eigenvalue inclusion regions that are ideally
tight but computationally inexpensive. We first derive a new Gerschgorin-
type region that is tighter than Gerschgorin’s theorem. We then present
an eigenvalue inclusion set applicable to generalized eigenvalue problems.
We argue that the proposed set is computationally more attractive. The
underlying idea for both developments is to obtain bound on the eigenvector
components, from which estimates of eigenvalues can be obtained.

Introduction. For any square matrix A, Gerschgorin’s thoerem gives a set Γ(A) that
includes all the eigenvalues, as reviewed in Section 2.11. For convenience we restate the set
as

(11.1) {λ1(A), λ2(A), · · · , λn(A)} ⊆ Γ(A) ≡
n⋃

i=1

Γi(A),

where Γi(A) ≡
{
z ∈ C : |z − aii| ≤

∑
j∈N\{i} |aij|

}
. Since its discovery, a number of gener-

alizations have been reported and discussed [17, 18, 28, 64, 99]. A typical extension of
Gerschgorin’s theorem defines a set (not necessarily a union of circles) in the complex plane
that contains all the eigenvalues of a matrix, and which is ideally included in the Gerschgorin
set, providing more accurate information on the eigenvalue distribution. The book by Varga
[160] includes a good coverage of such generalizations.

In the first part of this chapter (Sections 11.1–11.2) we propose a new idea of generalizing
Gerschgorin’s theorem, after which we present an eigenvalue inclusion set that is always
included in two known sets.

The second (main) part deals with generalized eigenproblems Ax = λBx, where A and B
are non-Hermitian. Given the simplicity and wide range of applications of Gerschgorin’s the-
orem, it should be useful to have available a similar simple theory to estimate the eigenvalues
for generalized eigenproblems as well.

In fact, Stewart and Sun [140, 146] provide an eigenvalue inclusion set applicable to
generalized eigenvalue problems. The set is the union of n regions defined by

(11.2) Gi(A,B) ≡ {z ∈ C : χ(z, ai,i/bi,i) ≤ ̺i} ,
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where

(11.3) ̺i =

√√√√
(∑

j 6=i |ai,j|
)2

+
(∑

j 6=i |bi,j|
)2

|ai,i|2 + |bi,i|2
.

All the eigenvalues of the pair (A,B) lie in the union of Gi(A,B), i.e., if λ is an eigenvalue,
then

λ ∈ G(A,B) ≡
n⋃

i=1

Gi(A,B).

Note that λ can be infinite. We briefly review the definition of eigenvalues of a pair at the
beginning of Section 11.3.

The region (11.2) is defined in terms of the chordal metric χ, defined by [56, Ch.7.7]

χ(x, y) =
|x− y|√

1 + |x|2
√
1 + |y|2

.

As we discussed in Chapter 8, despite the benefit of a unifying treatment of finite and
infinite eigenvalues, using the chordal metric makes the application of the theory less intuitive
and usually more complicated. In particular, interpreting the set G in the Euclidean metric
is a difficult task, as opposed to the the Gerschgorin set for standard eigenvalue problems,
which is defined as a union of n disks. Another caveat of using G is that it is not clear
whether the region G will give a nontrivial estimate of the eigenvalues. Specifically, since
any two points in the complex plane have distance smaller than 1 in the chordal metric, if
there exists i such that ̺i ≥ 1, then G is the whole complex plane, providing no information.
In view of (11.3), it follows that G is useful only when both A and B have small off-diagonal
elements.

Another Gerschgorin-type eigenvalue localization theory applicable to generalized eigen-
value problems appear in a recent chapter [93] by Kostic et al. Their inclusion set is defined
by

(11.4) Ki(A,B) ≡
{
z ∈ C : |bi,iz − ai,i| ≤

∑

j 6=i

|bi,jz − ai,j|
}
,

and all the eigenvalues of the pair (A,B) exist in the union K(A,B) ≡ ⋃n
i=1 Ki(A,B). This

set is defined in the Euclidean metric, and (11.4) shows that K(A,B) is a compact set in the
complex plane C if and only if B is strictly diagonally dominant. However, the set (11.4) is
in general a complicated region, which makes its practical application difficult.

The goal of the second part of this chapter is to present a different generalization of
Gerschgorin’s theorem applicable to generalized eigenvalue problems, which solves the issues
mentioned above. In brief, our eigenvalue inclusion sets have the following properties:

• They involve only circles in the Euclidean complex plane, using the same information
as (11.2) does. Therefore it is simple to compute and visualize.
• They are defined in the Euclidean metric, but still deal with finite and infinite
eigenvalues uniformly.
• One variant ΓS(A,B) is a union of n disks when B is strictly diagonally dominant.
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• Comparison with G(A,B): Our results are defined in the Euclidean metric. Tight-
ness is incomparable, but our results are tighter when B is close to a diagonal
matrix.
• Comparison with K(A,B): Our results are defined by circles and are much simpler.
K(A,B) is always tighter, but our results approach K(A,B) when B is close to a
diagonal matrix.

In summary, our results provide a method for estimating eigenvalues of (A,B) in a much
cheaper way than the two known results do.

The idea penetrating this entire chapter is to bound eigenvector components in absolute
value, from which eigenvalue bounds can be obtained. This is somewhat in the same vein
as in Chapter 7 where we gave refined perturbation bounds for Hermitian block tridiagonal
matrices, but here we do not assume any matrix structure.

The structure of this chapter is as follows. In Section 11.1 we state the idea of generalizing
Gerschgorin’s theorem. Based on the idea, a new eigenvalue inclusion set is presented. We
show that the new set is always tighter than the Gerschgorin set and Brauer’s ovals of
Cassini. In Section 11.2 we show numerical examples and specifications to the symmetric
tridiagonal case. Section 11.3 embarks on generalized eigenproblems, in which the basic
framework for bounding the eigenvalue location is discussed. We then present a simple
bound and derive two Gerschgorin-type bounds. In addition, we show that our results can
localize a specific number of eigenvalues, a well-known property of G and the Gerschgorin
set for standard eigenvalue problems. Section 11.4 shows examples to illustrate the sets.
Section 11.5 presents applications of our results, where we develop forward error analyses
for the computed eigenvalues of a non-Hermitian generalized eigenvalue problem.

11.1. A new Gerschgorin-type eigenvalue inclusion set

In this section we present our idea of generalizing Gerschgorin’s theorem, followed by a
definition of a new eigenvalue inclusion set.

11.1.1. Idea. In order to derive the basic idea, we start with reviewing the proof of
Gerschgorin’s theorem.

Proof of Theorem 2.7. [160] Let λk be an eigenvalue of A, and let x( 6= 0) ∈ Cn be
its associated eigenvector, so Ax = λkx. Let xkℓ denote the element of x with the ℓth largest
absolute value. In other words, k1, k2, · · · , kn are distinct integers in N = {1, 2, · · · , n} that
satisfy

(11.5) |xk1| ≥ |xk2 | ≥ · · · ≥ |xkn |.

Note that |xk1 | > 0 because x 6= 0. Then the row of Ax = λkx corresponding to xk1 yields

(λk − ak1k1)xk1 =
∑

i∈N\{1}
ak1kixki .
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Since |xk1 | > 0, we obtain

(11.6) |λk − ak1k1 | ≤
∑

i∈N\{1}
|ak1ki |

|xki |
|xk1|

.

From (11.5) we have
|xki |
|xk1 |

≤ 1 for all i ∈ N \ {1}. Therefore,

|λk − ak1k1| ≤
∑

i∈N\{1}
|ak1ki | = Rk1 ,

which implies λk ∈ Γk1(A) ⊂ Γ(A). �

In the proof, the terms |xki |/|xk1 | (i ∈ N\{1}) on the right hand side of (11.6) are
bounded from above uniformly by 1, which would be overestimates. Hence if we can obtain
tighter upper bounds for these terms, we must be able to define a smaller eigenvalue inclusion
set. The following lemma should provide such upper bounds.

Lemma 11.1. For i ∈ N such that λk 6= akiki,

|xki |
|xk1 |

≤ Rki

|λk − akiki |
.

Proof. The kith row in Ax = λkx yields

|λk − akiki ||xki | ≤
∑

j∈N\{i}
|akikj ||xkj |.

From (11.5), we have

(11.7) |λk − akiki ||xki | ≤
∑

j∈N\{i}
|akikj ||xk1 | = Rki |xk1|.

Then, noting that |λk − akiki ||xk1| > 0 by assumption, we obtain

(11.8)
|xki |
|xk1 |

≤ Rki

|λk − akiki |
.

�

11.1.2. A new eigenvalue inclusion set. Now we can define an eigenvalue inclusion
set by substituting the new upper bounds for |xki |/|xk1| into (11.6).

Theorem 11.1. For any n× n complex matrix A, define

Ei(A) ≡



z ∈ C : |z − aii| ≤

∑

j∈N\{i}
|aij|

Rj

|z − ajj|
and z /∈ O(A)



 ∪O(A)

(i = 1, 2, · · · , n),(11.9)
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where O(A) := {a11, a22, · · · , ann}. Then all the eigenvalues of A, λp(A) (p = 1, 2, · · · , n),
lie within the union of all the sets Ei(A), i.e.,

(11.10) {λ1(A), λ2(A), · · · , λn(A)} ⊆ E(A) ≡
⋃

i∈N
Ei(A).

Proof. First, if λk ∈ O(A), then λk is automatically included in E(A). Therefore it
suffices to consider the case where λk /∈ O(A).

If λk /∈ O(A), then by Lemma 11.1 we have
|xki |
|xk1 |

≤ Rki

|λk − akiki |
for all i ∈ N \ {1}. Then

from (11.6) we get

|λk − ak1k1 | ≤
∑

i∈N\{1}
|ak1ki |

Rki

|λk − akiki |
,

which implies λk ∈ Ek1(A) ⊂ E(A). �

We note that this is not the only set we can define using the same idea. Specifically, we
can substitute either Rki/|λk − akiki | or 1 into |xki |/|xk1 |, which yields another eigenvalue
inclusion set, and is possibly a set included in E(A). In this manner, the optimal set using
the idea can be defined by

E∞
i (A) ≡



z ∈ C : |z − aii| ≤

∑

j∈N\{i}
|aij| ·min

{
Rj

|z − ajj|
, 1

}
and z /∈ O(A)



 ∪O(A)

(i = 1, 2, · · · , n),(11.11)

and it can be shown that

(11.12) {λ1(A), λ2(A), · · · , λn(A)} ⊆ E∞(A) ≡
⋃

i∈N
E∞

i (A).

11.1.3. Comparison with known results. Here we compare the new set E in Theo-
rem 11.1 with other well-known eigenvalue inclusion sets to examine its tightness and com-
putational efficiency. We first show a comparison with the original Gerschgorin set.

11.1.3.1. Comparison with Gerschgorin’s theorem. It can be shown that the set E in
Theorem 11.1 is always included in the Gerschgorin set.

Theorem 11.2. For any n× n complex matrix A,

E(A) ⊆ Γ(A) .

Proof. We prove that z /∈ Γ(A)⇒ z /∈ E(A).

If z /∈ Γ(A), then |z − aii| > Ri

(
⇔ Ri

|z − aii|
< 1

)
for all i ∈ N . Hence

|z − aii| > Ri =
∑

j 6=i

|aij| ≥
∑

j 6=i

|aij|
Rj

|z − ajj|
for all i,

which implies z /∈ E(A). �
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11.1.3.2. Comparison with Brauer’s ovals of Cassini. Brauer’s ovals of Cassini is a well-
known Gerschgorin-type eigenvalue inclusion set [17, 158].

Theorem 11.3 (Brauer’s ovals of Cassini). For any n × n (n ≥ 2) complex matrix A ,
define n(n− 1)/2 ovals of Cassini by

Ci,j(A) := {z ∈ C : |z − aii||z − ajj| ≤ Ri · Rj} (i, j ∈ N, i < j).

Then all the eigenvalues of A, λp(A) (p = 1, 2, · · · , n), lie within the union of all of the ovals
Ci,j, i.e.,

(11.13) {λ1(A), λ2(A), · · · , λn(A)} ⊆ C(A) ≡
⋃

i,j∈N
i<j

Ci,j(A).

C(A) is called the Brauer set of A. Its important property is that it is always included
in the Gerschgorin set.

Theorem 11.4. [17, 158] For any n× n (n ≥ 2) complex matrix A,

C(A) ⊆ Γ(A) .

Now we are interested in comparing C(A) with E(A). We prove that the latter is always
a subset of the former.

Theorem 11.5. For any n× n (n ≥ 2) complex matrix A,

E(A) ⊆ C(A) .

Proof. We prove that z ∈ E(A)⇒ z ∈ C(A).
Suppose z ∈ Ei(A). First, if z ∈ O(A), then obviously z ∈ C(A). Therefore we need

only to consider the case where z /∈ O(A). By the definition of Ei(A), we have

(11.14) |z − aii| ≤
∑

j 6=i

|aij|
Rj

|z − ajj|
.

Here, denote by s the integer such that

(11.15)
Rs

|z − ass|
= max

j 6=i

Rj

|z − ajj|
.

(Note that s depends on z). Combined with (11.14) we get

|z − aii| ≤
(∑

j 6=i

|aij|
)

Rs

|z − ass|
= Ri

Rs

|z − ass|
.

Therefore
|z − aii||z − ass| ≤ RiRs ⇐⇒ z ∈ Ci,s(A).

Thus we have proved z ∈ Ei(A)⇒ ∃s( 6= i) ∈ N, z ∈ Ci,s(A). Therefore E(A) ⊆ C(A). �

The proof also reveals that if z ∈ Ei, then by finding the integer s such that
Rs

|z − ass|
=

max
j 6=i

Rj

|z − ajj|
, we know that z belongs to Ci,s. This in turn implies z ∈ Γi

⋃
Γs.
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11.1.3.3. Comparison with Brualdi’s Lemniscate. Next we compare the set E with an-
other well-known Gerschgorin-type result, the Brualdi set [18, 160]. Its description requires
the following definitions from graph theory.

For A ∈ Cn×n, the vertices of A are 1, 2, . . . , n. There is an arc (i, j) from vertices i to
j if and only if i 6= j and aij 6= 0. A directed graph G(A) is the set of all the arcs (i, j).
A strong cycle γ = (i1, i2, · · · , ip, ip+1) in G(A) is a sequence of integers such that p ≥ 2,
ip+1 = i1, {i1, i2, · · · , ip} is a set of distinct integers, and (i1, i2), . . . , (ip, ip+1) are arcs. We
say γ is of length p. If there exists a vertex i such that there is no strong cycle passing
through i, then we say G(A) has a weak cycle γ = (i). The cycle set C(A) is the set of all
strong and weak cycles of G(A).

We also define the reduced row sum R̃i =
∑

j∈Si,j 6=i |aij|, where Si is the set of indices j

such that there exists a strong cycle γ in G(A) that passes through both i and j. We set
R̃i = 0 when γ = (i) is a weak cycle.

Theorem 11.6 (Brualdi’s set). For any n × n (n ≥ 2) complex matrix A, suppose
γ = (i1, i2, · · · , ip, ip+1) is a strong or weak cycle in the cycle set C(A). Define the Brualdi
lemniscate by

Bγ(A) :=

{
z ∈ C :

∏

i∈γ
|z − aii| ≤

∏

i∈γ
R̃i

}
.

All the eigenvalues of A, λp(A) (p = 1, 2, · · · , n), lie within the union of all the Brualdi
lemniscates, i.e.,

(11.16) {λ1(A), λ2(A), · · · , λn(A)} ⊆ B(A) ≡
⋃

γ∈C(A)

Bγ(A).

Note that computing B(A) requires computing k sets, where k is the number of strong
and weak cycles in G(A). In the worst case (when A is dense) k becomes as large as 2n−n−1
[159], making B(A) an unrealistic set.

B(A) is still a useful set in certain cases, because it simplifies significantly for matrices
with some sparsity structures. Furthermore, it is known to be a tighter set than C(A) is.

Theorem 11.7. [160] For any n× n (n ≥ 2) complex matrix A,

B(A) ⊆ C(A) .

We saw above that E(A) and B(A) are both tighter than Γ(A) and C(A). A natural
question is to compare B(A) with E(A). The answer to this is that these are incomparable.
To see this, first consider a dense matrix A, for which it is known that B(A) = C(A),
suggesting E(A) ( B(A) (e.g., see Figure 2 in Section 11.2.1). Next, let A ∈ Cn×n have
nonzero off-diagonal elements only in the (i, j)th elements such that j = i+1 (1 ≤ i ≤ n−1)
and (i, j) = (n, 1). It is known [160, Sec. 2.4] that in such cases B(A) is an optimal set,
in that all the eigenvalues lie on the boundaries of B(A). By contrast, it is easy to see that
E(A) =

{⋃
1≤i≤n−1 Ci,i+1(A)

}⋃
C1,n(A), so that B(A) ( E(A).
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11.1.4. Cost comparison. Our result E(A) may look very attractive in that it is
always tighter than C(A) and Γ(A), and is a union of only n regions. By contrast, C(A)
involves n(n + 1)/2 sets, and B(A) requires finding the cycle set cycle(A), and can involve
as many as 2n − n − 1 sets. However, it should be stressed that this does not mean E(A)
is computationally cheaper than C(A) and B(A). Computing E(A) is generally very costly,
because noting that the set Ei(A) can be rewritten as

Ei(A) ≡



z ∈ C :

n∏

k=1

|z − aii| ≤
∑

j∈N\{i}
|aij|Rj ·

n∏

l 6=i,l 6=j

|z − all|



 ,

we see that (11.9) is essentially an nth order polynomial in terms of |z|. In comparison,
Γi(A) can be computed simply by summing n−1 numbers, Ci,j(A) is a quadratic inequality,
and Bγ(A) is a polynomial of order p, the length of the cycle γ. This suggests that E(A),
along with B(A), is not a practical eigenvalue bound in the general case.

Nevertheless, there are situations in which E(A) and B(A) can be effectively applied,
besides being of theoretical interest. It is known that certain sparsity structures of A simplify
B(A) and make it a useful set. As for E(A), by observing (11.9) we notice that when the
ith row of A has only p nonzero off-diagonal elements, Ei(A) is a (p+1)st-order polynomial
in terms of |z|. Therefore, for certain types of sparse matrices (tridiagonal, banded, etc),
the cost of computing E(A) should be much cheaper than that for dense matrices. In view
of this, in Section 11.2.2 we consider the symmetric tridiagonal case, showing how E(A)
simplifies and becomes computationally realistic, while being a tighter bound than all the
other three sets in this particular case.

11.2. Examples and applications

11.2.1. Examples for specific matrices. In order to illustrate the inclusion properties

discussed above, we consider the matrices

M1 =




2 1

1 2
. . .

. . . . . . 1
1 2


 , M2 =




4 1 1 1
1 4i 1 1
1 1 −4 1
1 1 1 −4i


 ,

M3 =




2 0 0 0 0.2 2
0 1 + i 0.02 0.2 0 1
0 0.02 0 0 0.2 1.4
0 0.2 0 −6 + 2i 0 1.4
0.5 0.5 0.3 0 −7 1
0.1 0.1 0.1 0.1 0.01 −3− 4i



, M4 =




1 1 0 0
1 1 0 0
0 0 1 0
0 0 0 1


 .

Figures 1-4 show the sets Γ(Mi), C(Mi), B(Mi) and E(Mi) (0 ≤ i ≤ 4). Here, B(Mi) and
E(Mi) are plotted in a naive way, i.e., by dividing the complex plane into small regions and
testing for each region whether it is included in each set.
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Figure 11.2.1. The set Γ(M1) = C(M1) =
B(M1) = E(M1). Figure 11.2.2. Sets Γ(M2), C(M2) and

E(M2).

Figure 11.2.3. Sets Γ(M3), C(M3) and E(M3).

Figure 11.2.4. Set Γ(M4) =
C(M4) = B(M4) = E(M4) and the
lemniscate of order 3 (point (1,0)).
Actual eigenvalues: λ = 0, 1, 1, 2.

The inclusion properties E(Mi) ⊆ C(Mi) ⊆ Γ(Mi) and B(Mi) ⊆ C(Mi) are confirmed.
For M1, all the inclusions are equalities. For M2 and M3, strict inclusion properties E(Mi) (
B(Mi) ⊆ C(Mi) ( Γ(Mi) are observed. M3 is a case where E(Mi) gives a much more
accurate estimate than other sets do.

We note that M4 is an example for which the naive extension of Brauer’s ovals of Cassini

⋃

i1,i2,··· ,im

{
z ∈ C :

m∏

j=1

|z − aij ,ij | ≤
m∏

j=1

Rij(A)

}
,

which is called the lemniscate of order m, fails to capture some of the eigenvalues [160, p.44].
Brualdi’s set B is known to be a remedy for this problem, and can be considered a higher
order extension of C. We claim that the eigenvalue inclusion property of E, together with
its form, suggests that E can be regarded as another way of extending the ovals of Cassini
to higher order while maintaining the eigenvalue inclusion property.
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11.2.2. Application: Extremal eigenvalue bounds of a symmetric tridiagonal
matrix. As we saw in Section 11.1.4, E is generally too expensive to compute, albeit being

tighter than Γ and C. Here we present a situation where E can be a useful bound, being
much less computationally challenging than in the general case.

11.2.2.1. Problem statement. Here we consider a n-by-n real symmetric tridiagonal ma-
trix

A =




a1 b1

b1 a2
. . .

. . . . . . bn−1

bn−1 an


 .

Assuming bi > 0 loses no generality. There are several applications in which we need bounds
for the extremal eigenvalues of A. Here we consider getting a tight lower bound for the
smallest eigenvalue λmin(A).

11.2.2.2. Applying known bounds. One way to get a lower bound for λmin(A) is to apply
Gerschgorin’s theorem and find the smallest intersection of the set with the real axis [85],
which yields

(11.17) λmin(A) ≥ min
1≤i≤n

{ai − bi−1 − bi},

where for convenience we set b0 = bn = 0.

An improved bound can be obtained by using Brauer’s ovals of Cassini. This amounts
to finding the smallest root of the equations

|λ− ai||λ− aj| = (bi−1 + bi)(bj−1 + bj)

for i 6= j. Using the fact that λmin(A) < ai for all i, the absolute values can be removed, and
solving for the smaller root yields the lower bound

(11.18) λmin(A) ≥ min
1≤i<j≤n

ηi,j ,

where ηi,j =
1

2

(
ai + aj −

√
(ai − aj)2 + 4(bi−1 + bi)(bj−1 + bj)

)
.

An even tighter bound is obtained by applying the Brualdi set. Fortunately, for tridiag-
onal matrices the cycle set cycle(A) consists of only n− 1 strong cycles of length 2, namely
γ = (i, i + 1) (1 ≤ i ≤ n − 1). Therefore, it follows that the Brualdi set reduces to a union
of n− 1 ovals Cassini, yielding the bound

(11.19) λmin(A) ≥ min
1≤i≤n−1

ηi,i+1.

This bound both improves the estimate and reduces the cost compared with (11.18). We
note that this coincides with the bound that is obtained using the set discussed in [99].
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11.2.2.3. Applying E. Now we consider applying the set E. Computing the set Ei(A)
for 2 ≤ i ≤ n− 1 is equivalent to solving the equation

|λ− ai| =
bi−1(bi−2 + bi−1)

|λ− ai−1|
+

bi(bi + bi+1)

|λ− ai+1|
,

which, after removing the absolute values using λmin(A) < aj (j = i, i± 1), can be reduced
to the cubic equation

gi(λ) ≡ (λ− ai−1)(λ− ai)(λ− ai+1)− bi−1(bi−2 + bi−1)(λ− ai+1)− bi(bi + bi+1)(λ− ai−1) = 0.

This yields the lower bound

(11.20) λmin(A) ≥ min
1≤i≤n

ξi,

where ξi (2 ≤ i ≤ n− 1) is the smallest real root of gi(λ) = 0, and ξ1 = η1,2, ξn = ηn−1,n.
We now consider the analytic expression of ξi. First note that gi(λ) always has 3

real roots. This can be proved by the following. Note that limλ→−∞ gi(λ) = −∞ and
limλ→−∞ gi(λ) =∞. If ai−1 < ai+1, then we see that gi(ai−1) > 0 and gi(ai+1) < 0, so 3 real
roots exist. If ai−1 > ai+1, then similarly gi(ai+1) > 0 and gi(ai−1) < 0 , so 3 real roots exist.
If ai−1 = ai+1, then gi(ai−1) = 0 and g′i(ai−1) < 0, so again 3 real roots exist.

Now to find the analytic smallest real root of gi(λ), we apply Cardano’s method to get

ξi =

√
−4p
3

cos

{
2π

3
+

1

3
cos−1

(
3
√
3q

2p
√−p

)}
− r,

where writing gi(λ) = λ3 + αiλ
2 + βiλ + γi, p, q, r are defined by p = (−α2

i + 3βi)/3, q =
(2α3

i − 9αiβi)/27 + γi and r = αi/3. This closed form expression makes the computation of
E(A) much simpler than in the general case where nth order polynomials are involved.

Comparing its cost with the other bounds discussed above, we see that (11.20) is slightly
more expensive than (11.19), because to compute (11.20) we need to solve n − 2 cubic
equations and 2 quadratic equations, while computing (11.19) involves n quadratic equations.
Still, it can be the choice of bound because (11.20) provides the tightest bound among the
four shown above. To see this, we recall that Theorems 11.2 and 11.4 tell us that the bound
(11.20) is tighter than (11.17) and (11.18). In order to prove that (11.20) is tighter than
(11.19), we recall that (11.20) is a union of n−1 ovals of Cassini, and use a similar argument
to the proof of Theorem 11.5, focusing only on nonzero aij. Specifically, in (11.15) we define

s as the integer such that
Rs

|z − ass|
= max

j 6=i
|aij |6=0

Rj

|z − ajj|
, after which the same argument proves

the claim.
In summary, in the symmetric tridiagonal case E provides a tight and computationally

realistic eigenvalue bound. In a similar manner, E is a useful eigenvalue bound for banded
matrices with small bandwidths.

11.3. Gerschgorin theorems for generalized eigenproblems

We now turn to generalized eigenproblems Ax = λBx, and Recall that λ is a finite
eigenvalue of the pair if det(A− λB) = 0, and in this case there exists nonzero x ∈ Cn such



11.3. GERSCHGORIN THEOREMS FOR GEP 203

that Ax = λBx. If the degree of the characteristic polynomial det(A−λB) is d < n, then we
say the pair has n− d infinite eigenvalues. In this case, there exists a nonzero vector x ∈ Cn

such that Bx = 0. When B is nonsingular, the pair has n finite eigenvalues, matching those
of B−1A.

In what follows we assume that for each i ∈ {1, 2, · · · , n}, the ith row of either A or B is
strictly diagonally dominant, unless otherwise mentioned. Although this may seem a rather
restrictive assumption, its justification is the observation that the set G(A,B) is always the
entire complex plane unless this assumption is true.

11.3.1. Idea. Suppose Ax = λBx (we consider the case λ = ∞ later). We write
x = (x1, x2, · · · , xn)

T and denote by ap,q and bp,qthe (p, q)th element of A and B respectively.
Denote by i the integer such that |xi| = max1≤j≤n |xj|, so that xi 6= 0. First we consider the
case where the ith row of B is strictly diagonally dominant, so |bi,i| >

∑
j 6=i |bi,j|. From the

ith equation of Ax = λBx we have

ai,ixi +
∑

j 6=i

ai,jxj = λ(bi,ixi +
∑

j 6=i

bi,jxj).(11.21)

Dividing both sides by xi and rearranging yields

λ

(
bi,i +

∑

j 6=i

bi,j
xj

xi

)
− ai,i =

∑

j 6=i

ai,j
xj

xi

.

Therefore

(11.22)

∣∣∣∣∣λ
(
bi,i +

∑

j 6=i

bi,j
xj

xi

)
− ai,i

∣∣∣∣∣ ≤
∑

j 6=i

|ai,j|
|xj|
|xi|
≤ Ri,

where we write Ri =
∑

j 6=i |ai,j|. The last inequality holds because |xj| ≤ |xi| for all j. Here,
using the assumption |bi,i| >

∑
j 6=i |bi,j|, we have

∣∣∣∣∣bi,i +
∑

j 6=i

bi,j
xj

xi

∣∣∣∣∣ ≥ |bi,i| −
∑

j 6=i

|bi,j|
|xj|
|xi|

≥ |bi,i| −
∑

j 6=i

|bi,j| > 0,

where we used |xj| ≤ |xi| again. Hence we can divide (11.22) by
∣∣∣bi,i +

∑
j 6=i bi,j

xj

xi

∣∣∣, which
yields

(11.23)

∣∣∣∣∣∣
λ− ai,i(

bi,i +
∑

j 6=i bi,j
xj

xi

)

∣∣∣∣∣∣
≤ Ri∣∣∣bi,i +

∑
j 6=i bi,j

xj

xi

∣∣∣
.

Now, writing γi = (
∑

j 6=i bi,j
xj

xi
)/bi,i, we have |γi| ≤

∑
j 6=i |bi,j|/|bi,i| (≡ ri) < 1, and (11.23)

becomes

(11.24)

∣∣∣∣λ−
ai,i
bi,i
· 1

1 + γi

∣∣∣∣ ≤
Ri

|bi,i|
1

|1 + γi|
.
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Our interpretation of this inequality is as follows: λ lies in the disk of radius Ri/|bi,i||1 + γi|
centered at ai,i/bi,i(1 + γi), defined in the complex plane. Unfortunately the exact value of
γi is unknown, so we cannot specify the disk. Fortunately, we show in Section 11.3.2 that
using |γi| ≤ ri we can obtain a region that contains all the disks defined by (11.24) for any
γi such that |γi| ≤ ri.

Before we go on to analyze the inequality (11.24), let us consider the case where the
ith row of A is strictly diagonally dominant. As we will see, this also lets us treat infinite
eigenvalues.

Recall (11.21). We first note that if |xi| = maxj |xj| and the ith row of A is strictly
diagonally dominant, then λ 6= 0, because |ai,ixi +

∑
j 6=i ai,jxj| ≥ |ai,i||xi| −

∑
j 6=i |ai,j||xj| ≥

|xi|(|ai,i| −
∑

j 6=i |ai,j|) > 0. Therefore, in place of (11.21) we start with the equation

bi,ixi +
∑

j 6=i

bi,jxj =
1

λ

(
ai,ixi +

∑

j 6=i

ai,jxj

)
.

Note that this expression includes the case λ = ∞, because then the equation becomes
Bx = 0. Following the same analysis as above, we arrive at the inequality corresponding to
(11.24):

(11.25)

∣∣∣∣
1

λ
− bi,i

ai,i
· 1

1 + γA
i

∣∣∣∣ ≤
RA

i

|ai,i|
1

|1 + γA
i |

,

where we write RA
i =

∑
j 6=i |bi,j| and γA

i = (
∑

j 6=i ai,j
xj

xi
)/ai,i. Note that

|γA
i | ≤

∑
j 6=i |ai,j|/|ai,i| (≡ rAi ) < 1. Therefore we are in an essentially same situation as in

(11.24), the only difference being that we are bounding 1/λ instead of λ.
In summary, in both cases the problem boils down to finding a region that contains all z

such that

(11.26)

∣∣∣∣z −
s

1 + γ

∣∣∣∣ ≤
t

|1 + γ| ,

where s ∈ C, t > 0 are known and 0 < r < 1 is known such that |γ| ≤ r.

11.3.2. Gerschgorin theorem. First we bound the right-hand side of (11.26). This
can be done simply by

(11.27)
t

|1 + γ| ≤
t

1− |γ| ≤
t

1− r
.

Next we consider a region that contains all the possible centers of the disk (11.24). We
use the following result.

Lemma 11.2. If |γ| ≤ r < 1, then the point 1/(1+γ) lies in the disk in the complex plane
of radius r/(1− r) centered at 1.

Proof. ∣∣∣∣
1

1 + γ
− 1

∣∣∣∣ =
∣∣∣∣

γ

1 + γ

∣∣∣∣
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≤ r

1− |γ|
≤ r

1− r
.

�

In view of (11.26), this means that s/(1 + γ), the center of the disk (11.26), has to lie in
the disk of radius sr/(1− r) centered at s. Combining this and (11.27), we conclude that z

that satisfies (11.26) is included in the disk of radius
sr

1− r
+

t

1− r
, centered at s.

Using this for (11.24) by letting s = |ai,i|/|bi,i|, t = Ri/|bi,i| and r = ri, we see that λ that
satisfies (11.24) is necessarily included in the disk centered at ai,i/bi,i, and of radius

ρi =
|ai,i|
|bi,i|

ri
1− ri

+
Ri

|bi,i|
1

1− ri
=
|ai,i|ri +Ri

|bi,i|(1− ri)
.

Similarly, applying the result to (11.25), we see that 1/λ satisfying (11.25) has to satisfy

(11.28)

∣∣∣∣
1

λ
− bi,i

ai,i

∣∣∣∣ ≤
|bi,i|rAi +RA

i

|ai,i|(1− rAi )
.

This is equivalent to

|ai,i − λbi,i| ≤
|bi,i|rAi +RA

i

(1− rAi )
|λ|.

If bi,i = 0, this becomes
RA

i

(1− rAi )
|λ| ≥ |ai,i|, which is |λ| ≥ |ai,i|

RA
i

(1 − rAi ) when RA
i 6= 0.

If bi,i = RA
i = 0, no finite λ satisfies the inequality, so we say the point λ =∞ includes the

inequality.
If bi,i 6= 0, we have

(11.29)

∣∣∣∣λ−
ai,i
bi,i

∣∣∣∣ ≤
|bi,i|rAi +RA

i

|bi,i|(1− rAi )
· |λ|.

For simplicity, we write this inequality as

(11.30) |λ− αi| ≤ βi|λ|,

where αi =
ai,i
bi,i

and βi =
|bi,i|rAi +RA

i

|bi,i|(1− rAi )
> 0. Notice that the equality of (11.30) holds on a

certain circle of Apollonius [122, sec.2], defined by |λ−αi| = βi|λ|. It is easy to see that the
radius of the Apollonius circle is

ρAi =

∣∣∣∣
1

2

( |αi|
1− βi

− |αi|
1 + βi

)∣∣∣∣ =
|αi|βi

|1− β2
i |
,

and the center is

ci =
1

2

(
αi

1 + βi

+
αi

1− βi

)
=

αi

1− β2
i

.

From (11.30) we observe the following. The Apollonius circle divides the complex plane
into two regions, and λ exists in the region that contains αi = ai,i/bi,i. Consequently, λ lies
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outside the circle of Apollonius when βi > 1, and inside it when βi < 1. When βi = 1, the
Apollonius circle is the perpendicular bisector of the line that connects αi and 0, dividing
the complex plane into halves.

The above arguments motivate the following definition.

Definition 11.1. For n× n complex matrices A and B, denote by SB (and SA) the set
of i ∈ {1, 2, · · · , n} such that the ith row of B (A) is strictly diagonally dominant.

For i ∈ SB, define the disk ΓB
i (A,B) by

(11.31) ΓB
i (A,B) ≡

{
z ∈ C :

∣∣∣∣z −
ai,i
bi,i

∣∣∣∣ ≤ ρi

}
(i = 1, 2, · · · , n),

where denoting ri =
∑

j 6=i

|bi,j|
|bi,i|

(< 1) and Ri =
∑

j 6=i

|ai,j|, the radii ρi are defined by

ρi =
|ai,i|ri +Ri

|bi,i|(1− ri)
.

For i /∈ SB, we set ΓB
i (A,B) = C, the whole complex plane.

We also define ΓA
i (A,B) by the following. For i ∈ SA, denote rAi =

∑

j 6=i

|ai,j|
|ai,i|

(< 1) and

RA
i =

∑

j 6=i

|bi,j|.

If bi,i = RA
i = 0, define ΓA

i (A,B) = {∞}, the point z = ∞. If bi,i = 0 and RA
i > 0,

define ΓA
i (A,B) ≡

{
z ∈ C : |z| ≥ |ai,i|

RA
i

(1− rAi )
}
.

For bi,i 6= 0, denoting αi =
ai,i
bi,i

and βi =
|bi,i|rAi +RA

i

|bi,i|(1− rAi )
,

• If βi < 1, then define

(11.32) ΓA
i (A,B) ≡

{
z ∈ C : |z − ci| ≤ ρAi

}
,

where ci =
αi

1− β2
i

and ρAi =
|αi|βi

|1− β2
i |
.

• If βi > 1, then define

(11.33) ΓA
i (A,B) ≡

{
z ∈ C : |z − ci| ≥ ρAi

}
,

• If βi = 1, then define

(11.34) ΓA
i (A,B) ≡ {z ∈ C : |z − αi| ≤ |z|} .

Finally for i /∈ SA, we set ΓA
i (A,B) = C.

Note that ΓA
i (A,B) in (11.33) and (11.34) contains the point {∞}.

We now present our eigenvalue localization theorem.
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Theorem 11.8 (Gerschgorin-type theorem for generalized eigenvalue problems). Let
A,B be n× n complex matrices.

All the eigenvalues of the pair (A,B) lie in the union of n regions Γi(A,B) in the complex
plane defined by

(11.35) Γi(A,B) ≡ ΓB
i (A,B) ∩ ΓA

i (A,B).

In other words, if λ is an eigenvalue of the pair, then

λ ∈ Γ(A,B) ≡
⋃

1≤i≤n

Γi(A,B).

Proof. First consider the case where λ is a finite eigenvalue, so that Ax = λBx. The
above arguments show that λ ∈ Γi(A,B) for i such that |xi| = maxj |xj|.

Similarly, in the infinite eigenvalue case λ = ∞, let Bx = 0. Note that the ith row
(such that |xi| = maxj |xj|) of B cannot be strictly diagonally dominant, because if it is,
then |bi,ixi +

∑
j 6=i bi,jxj| ≥ |bi,i||xi| −

∑
j 6=i |bi,j||xj| ≥ |xi|(|bi,i| −

∑
j 6=i |bi,j|) > 0. Therefore,

ΓB
i (A,B) = C, so Γi(A,B) = ΓA

i (A,B). Here if i /∈ SA, then Γi(A,B) = C, so λ ∈ Γ(A,B)
is trivial. Therefore we consider the case i ∈ SA. Note that the fact that B is not strictly
diagonally dominant implies |bi,i| < RA

i , which in turn means βi > 1, because recalling that

βi =
|bi,i|rAi +RA

i

|bi,i|(1− rAi )
, we have

|bi,i|rAi +RA
i − |bi,i|(1− rAi ) = |bi,i|(2rAi − 1) +RA

i > 2rAi |bi,i| > 0.

Hence, recalling (11.33) we see that ∞ ∈ ΓA
i (A,B).

Therefore, any eigenvalue of the pair lies in Γi(A,B) for some i, so all the eigenvalues lie
in the union

⋃
1≤i≤n Γi(A,B). �

Theorem 11.8 shares the properties with the standard Gerschgorin theorem that it is an
eigenvalue inclusion set that is easy to compute, and the boundaries are defined as circles
(except for ΓA

i (A,B) for the special case βi = 1). One difference between the two is that
Theorem 11.8 involves n +m circles, where m is the number of rows for which both A and
B are strictly diagonally dominant. By contrast, the standard Gerschgorin always needs n
circles. Also, when B → I, the set does not become the standard Gerschgorin set, but rather
becomes a slightly tighter set (owing to ΓA

i (A,B)). Although these are not serious defects
of out set Γ(A,B), the following simplified variant solves the two issues.

Definition 11.2. We use the notations in Definition 11.1. For i ∈ SB, define ΓS
i (A,B)

by ΓS
i (A,B) = ΓB

i (A,B). For i /∈ SB, define ΓS
i (A,B) = ΓA

i (A,B).

Corollary 11.3. Let A,B be n × n complex matrices. All the eigenvalues of the pair

(A,B) lie in ΓS(A,B) =
⋃

1≤i≤n

ΓS
i (A,B).

Proof. It is easy to see that Γi(A,B) ⊆ ΓS
i (A,B) for all i. Using Theorem 11.8 the

conclusion follows immediately. �

As a special case, this result becomes a union of n disks when B is strictly diagonally
dominant.
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Corollary 11.4. Let A,B be n × n complex matrices, and let B be strictly diagonally
dominant. Then, ΓS

i (A,B) = ΓB
i (A,B), and denoting by λ1, · · · , λn the n finite eigenvalues

of the pair (A,B),

λ ∈ ΓS(A,B) =
⋃

1≤i≤n

ΓB
i (A,B).

Proof. The fact that ΓS
i (A,B) = ΓB

i (A,B) follows immediately from the diagonal dom-
inance of B. The diagonal dominance of B also forces it to be nonsingular, so that the pair
(A,B) has n finite eigenvalues. �

Several points are worth noting regarding the above results.

• ΓS(A,B) in Corollaries 11.3 and 11.4 is defined by n circles. Moreover, it is easy
to see that ΓS(A,B) reduces to the original Gerschgorin theorem by letting B = I.
In this respect ΓS(A,B) might be considered a more natural generalization of the
standard Gerschgorin theorem than Γ(A,B). We note that these properties are
shared by K(A,B) in (11.4) but not shared by G(A,B) in (11.2), which is defined
by n regions, but not circles in the Euclidean metric, and is not equivalent to (always
worse, see below) the standard Gerschgorin set when B = I. Γ(A,B) also shares
with K(A,B) the property that it is a compact set in C if and only if B is strictly
diagonally dominant, as mentioned in Theorem 8 in [93].
• K(A,B) is always included in Γ(A,B). To see this, suppose that z ∈ Ki(A,B) so
|bi,iz − ai,i| ≤

∑
j 6=i |bi,jz − ai,j|. Then for bi,i 6= 0, (note that ΓB

i (A,B) = C so

trivially z ∈ ΓB
i (A,B) if bi,i = 0)

|bi,iz − ai,i| ≤
∑

j 6=i

|bi,jz|+
∑

j 6=i

|ai,j|

⇔|z − ai,i
bi,i
| −
∑

j 6=i

|bi,jz|
|bi,i|

≤ Ri

|bi,i|

(
recall Ri =

∑

j 6=i

|ai,j|
)

⇒|z − ai,i
bi,i
| − ri|z| ≤

Ri

|bi,i|
.

(
recall ri =

∑

j 6=i

|bi,j|
|bi,i|

)

Since we can write |z− ai,i| − ri|z| = |z− ai,i + rie
iθz| for some θ ∈ [0, 2π], it follows

that if z ∈ Ki(A,B) then∣∣∣∣z(1 + rie
iθ)− ai,i

bi,i

∣∣∣∣ ≤
Ri

|bi,i|
.

Since ri < 1, we can divide this by (1 + rie
iθ), which yields

(11.36)

∣∣∣∣z −
ai,i
bi,i

1

1 + rieiθ

∣∣∣∣ ≤
Ri

|bi,i|
1

|1 + rieiθ|
.

Note that this becomes (11.24) if we substitute γi into rie
iθ and λ into z. Now, since

ΓB
i (A,B) is derived from (11.24) by considering a disk that contains λ that satisfies

(11.24) for any γi such that |γi| < ri, it follows that z that satisfies (11.36) is included
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in ΓB
i (A,B). By a similar argument we can prove z ∈ Ki(A,B) ⇒ z ∈ ΓA

i (A,B),
so the claim is proved.
• Although K(A,B) is always sharper than Γ(A,B) is, Γ(A,B) has the obvious ad-
vantage over K(A,B) in its practicality. Γ(A,B) is much easier to compute than
K(A,B), which is generally a union of complicated regions. It is also easy to see
that Γ(A,B) approaches K(A,B) as B approaches a diagonal matrix, see examples
in Section 11.4. Γ(A,B) sacrifices some tightness for the sake of simplicity. For
instance, K(A,B) is difficult to use for the analysis in Section 11.5.2.
• G(A,B) and Γ(A,B) are generally not comparable, see the examples in Section
11.4. However, we can see that Γi(A,B) is a nontrivial set in the complex plane C
whenever Gi(A,B) is, but the contrary does not hold. This can be verified by the
following. Suppose Gi(A,B) is a nontrivial set in C, which means (

∑
j 6=i |ai,j|)2 +

(
∑

j 6=i |bi,j|)2 < |ai,i|2 + |bi,i|2. This is true only if
∑

j 6=i |ai,j| < |ai,i| or
∑

j 6=i |bi,j| <
|bi,i|, so the ith row of at least one of A and B has to be strictly diagonally dominant.
Hence, Γi(A,B) is a nontrivial subset of C.

To see the contrary is not true, consider the pair (A1, B1) defined by

(11.37) A1 =

[
2 3
3 2

]
, B1 =

[
2 1
1 2

]
.

which has eigenvalues −1 and 5/3. For this pair Γ(A1, B1) = {z ∈ C : |z − 1| ≤ 4}.
In contrast, we have G(A1, B1) =

{
z ∈ C : χ(λ, 1) ≤

√
10/8

}
, which is useless be-

cause the chordal radius is larger than 1.
• When B ≃ I, Γ(A,B) is always a tighter region than G(A,B) is, because Gi(A, I)
is

|λ− ai,i|√
1 + |λ|2

√
1 + |ai,i|2

.

√√√√
(∑

j 6=i |ai,j|
)2

1 + |ai,i|2
=

√
R2

i

1 + |ai,i|2
.

Hence
|λ− ai,i| .

√
1 + |λ|2Ri,

whereas ΓS
i (A, I) is the standard Gerschgorin set

|λ− ai,i| ≤ Ri,

from which ΓS
i (A,B) ⊆ Gi(A, I) follows trivially.

11.3.3. A tighter result. Here we show that we can obtain a slightly tighter eigenvalue
inclusion set by bounding the center of the disk (11.26) more carefully. Instead of Lemma
11.2, we use the following two results.

Lemma 11.3. The point 1/(1+ reiθ) where r ≥ 0 and θ ∈ [0, 2π] lies on a circle of radius
r/(1− r2) centered at 1/(1− r2).

Proof. ∣∣∣∣
1

1 + reiθ
− 1

1− r2

∣∣∣∣ =
∣∣∣∣
(1− r2)− (1 + reiθ)

(1 + reiθ)(1− r2)

∣∣∣∣
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=

∣∣∣∣
r(r + eiθ)

(1 + reiθ)(1− r2)

∣∣∣∣

=

∣∣∣∣
reiθ(1 + re−iθ)

(1 + reiθ)(1− r2)

∣∣∣∣

=

∣∣∣∣
r

1− r2

∣∣∣∣ . (because

∣∣∣∣
1 + re−iθ

1 + reiθ

∣∣∣∣ = 1)

�

Lemma 11.4. Denote by M(r) the disk of radius r/(1 − r2) centered at 1/(1 − r2). If
0 ≤ r′ < r < 1 then M(r′) ⊆M(r).

Proof. We prove by showing that z ∈ M(r′) ⇒ z ∈ M(r). Suppose z ∈ M(r′). z

satisfies
∣∣∣z − 1

1−(r′)2

∣∣∣ ≤
∣∣∣ r′

1−(r′)2

∣∣∣, so
∣∣∣∣z −

1

1− r2

∣∣∣∣ ≤
∣∣∣∣z −

1

1− (r′)2

∣∣∣∣+
∣∣∣∣

1

1− (r′)2
− 1

1− r2

∣∣∣∣

≤
∣∣∣∣

r′

1− (r′)2

∣∣∣∣+
∣∣∣∣

r2 − (r′)2

(1− (r′)2)(1− r2)

∣∣∣∣

=
r′(1− r2) + r2 − (r′)2

(1− (r′)2)(1− r2)
.

Here, the right-hand side is smaller than r/(1− r2), because

r

1− r2
− r′(1− r2) + r2 − (r′)2

(1− (r′)2)(1− r2)
=

r(1− (r′)2)− (r′(1− r2) + r2 − (r′)2)

(1− (r′)2)(1− r2)

=
(1− r)(1− r′)(r − r′)

(1− (r′)2)(1− r2)
> 0.

Hence
∣∣z − 1

1−r2

∣∣ ≤ r
1−r2

, so z ∈ M(r). Since the above argument holds for any z ∈ M(r′),
M(r′) ⊆M(r) is proved. �

The implication of these two Lemmas applied to (11.26) is that the center s/(1 + γ) lies
in sM(r). Therefore we conclude that z that satisfies (11.26) is included in the disk centered

at
s

1− r2
, and of radius

sr

1− r2
+

t

1− r
.

Therefore, it follows that λ that satisfies (11.24) lies in the disk of radius
|ai,i|ri +Ri(1 + ri)

|bi,i|(1− r2i )
,

centered at
ai,i

bi,i(1− r2i )
.

Similarly, we can conclude that 1/λ that satisfies (11.25) has to satisfy

(11.38)

∣∣∣∣
1

λ
− bi,i

ai,i
· 1

1− (rAi )
2

∣∣∣∣ ≤
|bi,i|rAi +RA

i (1 + rAi )

|ai,i|(1− (rAi )
2)

.
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Recalling the analysis that derives (11.30), we see that when bi,i 6= 0, this inequality is
equivalent to

(11.39) |λ− α̃i| ≤ β̃i|λ|,
where α̃i = ai,i(1− (rAi )

2)/bi,i, β̃i = rAi +RA
i (1 + rAi )/|bi,i|.

The equality of (11.39) holds on an Apollonius circle, whose radius is ρ̃Ai =
|α̃i|β̃i

|1− β̃2
i |
, and

center is ci =
α̃i

1− β̃2
i

.

The above analyses leads to the following definition, analogous to that in Definition 11.1.

Definition 11.5. We use the same notations S, SA, ri, Ri, r
A
i , R

A
i as in Definition 11.1.

For i ∈ SB, define the disk Γ̃B
i by

(11.40) Γ̃B
i (A,B) ≡

{
z ∈ C :

∣∣∣∣z −
ai,i
bi,i

1

1− (ri)2

∣∣∣∣ ≤ ρ̃i

}
(i = 1, 2, · · · , n),

where the radii ρ̃i are defined by

ρ̃i =
|ai,i|ri +Ri(1 + ri)

|bi,i|(1− r2i )
.

For i /∈ SB, we set Γ̃B
i (A,B) = C.

Γ̃A
i (A,B) is defined by the following. For i ∈ SA and bi,i 6= 0, denote

α̃i =
ai,i
bi,i

(1− (rAi )
2), β̃i = rAi +

RA
i (1 + rAi )

|bi,i|
, c̃i =

αi

1− β2
i

and ρ̃Ai =
|αi|βi

|1− β2
i |
.

Then, Γ̃A
i (A,B) is defined similarly to ΓA

i (A,B) (by replacing αi, βi, ci, ρ
A
i with α̃i, β̃i, c̃i, ρ̃

A
i

respectively in (11.32)-(11.34)), depending on whether β̃i > 1, β̃i < 1 or β̃i = 1.
When bi,i = 0 or i /∈ SA, Γ̃A

i (A,B) = ΓA
i (A,B) defined in Definition 11.1.

Thus we arrive at a slightly tighter Gerschgorin theorem.

Theorem 11.9 (Tighter Gerschgorin-type theorem). Let A,B be n×n complex matrices.
All the eigenvalues of the pair (A,B) lie in the union of n regions Γ̃i(A,B) in the complex

plane defined by

(11.41) Γ̃i(A,B) ≡ Γ̃B
i (A,B) ∩ Γ̃A

i (A,B).

In other words, if λ is an eigenvalue of the pair, then

λ ∈ Γ̃(A,B) ≡
⋃

1≤i≤n

Γ̃i(A,B).

The proof is the same as the one for Theorem 11.8 and is omitted. The simplified results
of Theorem 11.9 analogous to Corollaries 11.3 and 11.4 can also be derived but is omitted.

It is easy to see that Γ̃i(A,B) ⊆ Γi(A,B) for all i, so Γ̃(A,B) is a sharper eigenvalue bound
than Γ(A,B). For example, for the pair (11.37), we have Γ̃i(A1, B1) =

{
z ∈ C :

∣∣z − 4
3

∣∣ ≤ 11
3

}
.

We can also see that Γ̃(A,B) shares all the properties mentioned at the end of Section 11.3.2.
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The reason we presented Γ(A,B) although Γ̃(A,B) is always tighter is that Γ(A,B) has cen-
ters ai,i/bi,i, which may make it simpler to apply than Γ̃(A,B). In fact, in the analysis in
Section 11.5.2 we only use Theorem 11.8.

11.3.4. Localizing a specific number of eigenvalues. We are sometimes interested
not only in the eigenvalue bounds, but also in the number of eigenvalues included in a certain
region. The classical Gerschgorin theorem serves this need [160], which has the property
that if a region contains exactly k Gerschgorin disks and is disjoint from the other disks,
then it contains exactly m eigenvalues. This fact is used to derive a perturbation result for
simple eigenvalues in [165]. An analogous result holds for the set G(A,B) [146, Ch.5]. Here
we show that our Gerschgorin set also possesses the same property.

Theorem 11.10. If a union of k Gerschgorin regions Γi(A,B) (or Γ̃i(A,B)) in the above
Theorems (Theorem 11.8, 11.9 or Corollary 11.3, 11.4) is disjoint from the remaining n− k
regions and is not the entire complex plane C, then exactly k eigenvalues of the pair (A,B)
lie in the union.

Proof. We prove the result for Γi(A,B). The other sets can be treated in an entirely
identical way.

We use the same trick used for proving the analogous result for the set G(A,B), shown
in [146, Ch.5]. Let Ã = diag(a11, a22, · · · , ann), B̃ = diag(b11, b22, · · · , bnn) and define

A(t) = Ã+ t(A− Ã), B(t) = B̃ + t(B − B̃).

It is easy to see that the Gerschgorin disks Γi(A(t), B(t)) get enlarged as t increases from 0
to 1.

In [146] it is shown in the chordal metric that the eigenvalues of a regular pair (A,B)
are continuous functions of the elements provided that the pair is regular.

Note that each of the regions Γi(A(t), B(t)) is a closed and bounded subset of C in the
chordal metric, and that if a union of k regions Γi(A(t), B(t)) is disjoint from the other
n−k regions in the Euclidean metric, then this disjointness holds also in the chordal metric.
Therefore, if the pair (A(t), B(t)) is regular for 0 ≤ t ≤ 1, then an eigenvalue that is included
in a certain union of k disks

⋃
1≤i≤k Γi(A(t), B(t)) cannot jump to another disjoint region

as t increases, so the claim is proved. Hence it suffices to prove that the pair (A(t), B(t)) is
regular.

The regularity is proved by contradiction. If (A(t), B(t)) is singular for some 0 ≤ t ≤ 1,
then any point z ∈ C is an eigenvalue of the pair. However, the disjointness assumption
implies that there must exist a point z′ ∈ C such that z′ lies in none of the Gerschgorin disks,
so z′ cannot be an eigenvalue. Therefore, (A(t), B(t)) is necessarily regular for 0 ≤ t ≤ 1.

�
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11.4. Examples

Here we show some examples to illustrate the regions we discussed above. As test matrices
we consider the simple n-by-n pair (A,B) where

(11.42) A =




4 a

a 4
. . .

. . . . . . a
a 4


 and B =




4 b

b 4
. . .

. . . . . . b
b 4


 .

Note that Γ(A,B), Γ̃(A,B) and K(A,B) are nontrivial regions if b < 2, and G(A,B) is
nontrivial only if a2+b2 < 8. Figure 11.4.1 shows our results Γ(A,B) and Γ̃(A,B) for different
parameters (a, b). The two crossed points indicate the smallest and largest eigenvalues of
the pair (11.42) when the matrix size is n = 100. For (a, b) = (1, 2) the largest eigenvalue
(not shown) was ≃ 1034. Note that Γ(A,B) = ΓB(A,B) when (a, b) = (2, 1) and Γ(A,B) =
ΓA(A,B) when (a, b) = (1, 2).

Figure 11.4.1. Plots of Γ(A,B) and Γ̃(A,B) for matrices (11.42) with different a, b.

The purpose of the figures below is to compare our results with the known results G(A,B)
andK(A,B). As for our results we only show ΓS(A,B) for simplicity. Figure 11.4.2 compares
ΓS(A,B) with G(A,B). We observe that in the cases (a, b) = (2, 1), (3, 1), Γ(A,B) is a much
more useful set than G(A,B) is, which in the latter case is the whole complex plane. This
reflects the observation given in Section 11.3.2 that Γ(A,B) is always tighter when B ≃ I.

Figure 11.4.3 compares ΓS(A,B) with K(A,B), in which the boundary of Γ̃S(A,B) is
shown as dashed circles. We verify the relation K(A,B) ⊆ Γ̃(A,B) ⊆ Γ(A,B). These
three sets become equivalent when B is nearly diagonal, as shown in the middle graph. The
right graph shows the regions for the matrix defined in Example 1 in [93], in which all the
eigenvalues are shown as crossed points.
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Figure 11.4.2. Plots of ΓS(A,B) and G(A,B) for matrices (11.42) with different a, b.

Figure 11.4.3. Plots of Γ(A,B) and K(A,B)

We emphasize that our result Γ(A,B) is defined by circles and so is easy to plot, while
the regions K(A,B) and G(A,B) are generally complicated regions, and are difficult to plot.
In the above figures we obtained K(A,B) and G(A,B) by a very naive method, i.e., by
dividing the complex plane into small regions and testing whether the center of the region
is contained in each set.

11.5. Applications

In this section we describe two applications for which the proposed Gerschgorin theorem
for generalized eigenvalue problems may be useful.

11.5.1. Nonlinear eigenvalue problems. Nonlinear (polynomial) eigenvalue prob-

lems of the form P (λ)x = 0 where P (λ) =
∑k

i=0 λ
iAi arise in many areas of application.

The standard eigenvalue problem Ax = λx and generalized eigenvalue problems Ax = λBx,
on which we have focused so far in this dissertation, can be considered special cases of poly-
nomial eigenvalue problems. There has been significant recent developments in its theory
and numerical solution, see for example [54, 65, 105, 153]. Most approaches to solving
P (λ)x = 0 is to first linearize the problem to obtain an nk-by-nk generalized eigenvalue
problem L(λ)z = (λB+A)z = 0 with the same eigenvalues, then solve L(λ)z = 0, for which
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many reliable methods exist. The most well-known linearization is the companion form

L(λ) = λ




Ak 0 · · · 0

0 In
. . .

...
...

. . . . . . 0
0 · · · 0 In


+




Ak−1 Ak−2 · · · A0

−In 0
. . . 0

...
. . . . . .

...
0 · · · −In 0


 .

Hence if our Gerschgorin theory applied to this generalized eigenvalue problem gives a non-
trivial set (e.g., when Ak is diagonally dominant) we can obtain a simple bound on the
eigenvalues of the polynomial eigenvalue problem P (λ), thereby generalizing the bounds in
[79] which assume Ak = In (or involves A−1

k ). We can apply the same argument to any other
linearization, and in particular we see that a linearization that makes B diagonally dominant
is ideal for estimating the eigenvalues by this approach.

11.5.2. Generalized eigenvalue forward error analysis. The Gerschgorin theorems
presented in Section 11.3 can be used in a straightforward way for a matrix pair with some
diagonal dominance property whenever one wants a simple estimate for the eigenvalues
or bounds for the extremal eigenvalues, as the standard Gerschgorin theorem is used for
standard eigenvalue problems.

Here we show how our results can also be used to provide a forward error analysis for
computed eigenvalues of a n-by-n diagonalizable pair (A,B).

For simplicity we assume only finite eigenvalues exist. After the computation of eigenval-
ues λ̃i (1 ≤ i ≤ n) and eigenvectors (both left and right) one can normalize the eigenvectors
to get X, Y ∈ Cn×n such that

Y ∗AX(≡ Â) =




λ̃1 e1,2 · · · e1,n

e2,1 λ̃2
. . .

...
...

. . . . . . en−1,n

en,1 · · · en,n−1 λ̃n


 = diag{λ̃1, · · · , λ̃n}+ E,

Y ∗BX(≡ B̂) =




1 f1,2 · · · f1,n

f2,1 1
. . .

...
...

. . . . . . fn−1,n

fn,1 · · · fn,n−1 1


 = I + F.

The matrices E and F represent the errors, which we expect to be small after a successful
computation (note that in practice computing the matrix products Y ∗AX, Y ∗BX also in-
troduces errors, but here we ignore this effect, to focus on the accuracy of the eigensolver).
We denote by Ej =

∑
l |ej,l| and Fj =

∑
l |fj,l| (1 ≤ j ≤ n) their absolute jth row sums. We

assume that Fj < 1 for all j, or equivalently that I+F is strictly diagonally dominant, so in
the following we only consider ΓS(A,B) in Corollary 11.3 and refer to it as the Gerschgorin
disk.
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We note that the assumption that both eigenvalues and eigenvectors are computed re-
stricts the problem size to moderate n. Nonetheless, computation of a full eigendecomposi-
tion of a small-sized problem is often necessary in practice. For example, it is the computa-
tional kernel of the Rayleigh-Ritz process in a method for computing several eigenpairs of a
large-scale problem [6, Ch. 5].

Simple bound. For a particular computed eigenvalue λ̃i, we are interested in how close
it is to an “exact” eigenvalue of the pair (A,B). We consider the simple and multiple
eigenvalue cases separately.

(1) When λ̃i is a simple eigenvalue. We define δ ≡ minj 6=i |λ̃i − λ̃j| > 0. If E and F are

small enough, then Γi(Â, B̂) is disjoint from all the other n − 1 disks. Specifically,
this is true if δ > ρi + ρj for all j 6= i, where

(11.43) ρi =
|λ̃i|Fi + Ei

1− Fi

, ρj =
|λ̃i|Fj + Ej

1− Fj

are the radii of the ith and jth Gerschgorin disks in Theorem 11.8, respectively. If
the inequalities are satisfied for all j 6= i, then using Theorem 11.10 we conclude

that there exists exactly 1 eigenvalue λi of the pair (Â, B̂) (which has the same
eigenvalues as (A,B)) such that

(11.44) |λi − λ̃i| ≤ ρi.

(2) When λ̃i is a multiple eigenvalue of multiplicity k, so that λ̃i = λ̃i+1 = · · · = λ̃i+k−1.

It is straightforward to see that a similar argument holds and if the k disks Γi+l(Â, B̂)
(0 ≤ l ≤ k − 1) are disjoint from the other n − k disks, then there exist exactly k
eigenvalues λj (i ≤ j ≤ i+ k − 1) of the pair (A,B) such that

(11.45) |λj − λ̃i| ≤ max
0≤l≤k

ρi+l.

Tighter bound. Here we derive another bound that can be much tighter than (11.44)
when the error matrices E and F are small. We use the technique of diagonal similarity
transformations employed in [165, 146], where first-order eigenvalue perturbation results
are obtained.

We consider the case where λ̃i is a simple eigenvalue and denote δ ≡ minj 6=i |λ̃i− λ̃j| > 0,

and suppose that the ith Gerschgorin disk of the pair (Â, B̂) is disjoint from the others.
Let T be a diagonal matrix whose ith diagonal is τ and 1 otherwise. We consider the

Gerschgorin disks Γj(TÂT
−1, T B̂T−1), and find the smallest τ such that the ith disk is

disjoint from the others. By the assumption, this disjointness holds when τ = 1, so we only
consider τ < 1.

The center of Γj(TÂT
−1, T B̂T−1) is λ̃j for all j. As for the radii ρ̂i and ρ̂j, for τ < Fi, Fj

we have

ρ̂i =
τ |λ̃i|Fi + τEi

1− τFi

≤ τρi,
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and

ρ̂j ≤
|λ̃j|Fj/τ + Ej/τ

1− Fj/τ
, for j 6= i.

Since τ < 1, we see that writing δj = |λ̃i − λ̃j|,
(11.46) ρi + ρ̂j < δj

is a sufficient condition to for the disks Γi(TÂT
−1, T B̂T−1) and Γj(TÂT

−1, T B̂T−1) to be
disjoint. (11.46) is satisfied if

ρi +
|λ̃j|Fj/τ + Ej/τ

1− Fj/τ
< δj

⇔(τ − Fj)(δj − ρi) > |λ̃j|Fj + Ej

⇔τ > Fj +
|λ̃j|Fj + Ej

δj − ρi
,

where we used δj − ρi > 0, which follows from the disjointness assumption. Here, since
δj ≥ δ > ρi, we see that (11.46) is true if

τ > Fj +
|λ̃j|Fj + Ej

δ − ρi
.

Repeating the same argument for all j 6= i, we conclude that if

(11.47) τ > Fj +
maxj 6=i{|λ̃j|Fj + Ej}

δ − ρi
(≡ τ0),

then the disk Γi(TÂT
−1, T B̂T−1) is disjoint from the remaining n− 1 disks.

Therefore, by letting τ = τ0 and using Theorem 11.10 for the pair (TÂT−1, T B̂T−1), we
conclude that there exists exactly one eigenvalue λi of the pair (A,B) such that

(11.48) |λi − λ̃i| ≤
τ0(|λ̃i|Fi + Ei)

1− τ0Fi

≤ τ0ρi.

Using δ ≤ |λ̃i|+ |λ̃j|, we can bound τ0 from above by

τ0 ≤
maxj 6=i{(2|λ̃j|+ |λ̃i|)Fj + Ej}

δ − ρi
≤ maxj 6=i{(2|λ̃j|+ |λ̃i|)Fj + Ej}

(1− Fi)(δ − ρi)
.

Also observe from (11.43) that

ρi =
|λ̃i|Fi + Ei

1− Fi

≤ max1≤j≤n{(2|λ̃j|+ |λ̃i|)Fj + Ej}
1− Fi

.

Therefore, denoting δ′ = δ − ρi and r = 1
1−Fi

max1≤j≤n{(2|λ̃j| + |λ̃i|)Fj + Ej}, we have

τ0 ≤ r/δ′ and ρi ≤ r. Hence, from (11.48) we conclude that

(11.49) |λi − λ̃i| ≤
r2

δ′
.
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Since r is essentially the size of the error, and δ′ is essentially the gap between λ̃i and any
other computed eigenvalue, we note that this bound resembles the quadratic bound for the
standard Hermitian eigenvalue problem, |λ̃− λ| ≤ ‖R‖2/δ [127, Ch.11]. Our result (11.49)
indicates that this type of quadratic error bound holds also for the non-Hermitian generalized
eigenvalue problems.
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CHAPTER 12

Summary and future work

Here we give a brief account of the topics and developments treated in this dissertation
and mention possible directions for future work.

The efficient, communication-minimizing algorithms proposed in Part 1 are potentially
very attractive on emerging computing architectures. Our treatment here focused more
on the theoretical aspects, the algorithmic development and the stability. The numerical
experiments were all done in MATLAB on a quad-core machine, and did not outperform the
best available algorithm (divide-and-conquer) in speed. A natural avenue to pursue further
is to implement a Fortran code that take full advantage of the communication-minimizing
feature, and test on highly parallel computers.

We showed that with the help of aggressive early deflation the dqds algorithm not only
becomes faster, but parallelizable. The next natural step is to test and optimize such a
parallel version of dqd(s). In doing so we expect that many details will need to be worked
out to get best performance. For example, a shift/split strategy suitable for a parallel version
will certainly need to be reconsidered.

The eigenvalue perturbation bounds we derived for Hermitian block tridiagonal matrices
can be much tighter than existing results. In particular, using our bounds we can conclude
that some of the eigenvalues can be computed accurately from a much smaller submatrix.
Such studies have attracted much attention recently and our contribution may be used to
assist the progress.

We extended two of the most well-known eigenvalue perturbation bounds for Hermitian
eigenproblems to generalized Hermitian eigenproblems. Perturbation theory on Hermitian
eigenproblems has numerous other existing results, and a natural next step is to consider
extending them as well.

The new eigenvector perturbation bounds suggest that eigenvectors computed via the
Rayleigh-Ritz process can be much more accurate than existing results guarantee. We de-
voted a subsection to describe a possible future work of the efficient execution of an inexact
Rayleigh-Ritz process. This has the potential of significantly reducing the cost of an eigen-
solver for large-scale sparse Hermitian matrices.

Gerschgorin’s theorem for standard eigenproblems has found a vast area of applications.
Naturally one may consider using our Gerschgorin-type set for generalized eigenproblems.
One does need to note that the applicable matrices are necessarily restricted, at least one of
A and B being required to be diagonally dominant for each row.
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[125] B. Parlett and C. Vömel. Detecting localization in an invariant subspace. In preparation.
[126] B. N. Parlett. Invariant subspaces for tightly clustered eigenvalues of tridiagonals. 36(3):542–562, 1996.
[127] B. N. Parlett. The Symmetric Eigenvalue Problem. SIAM, Philadelphia, 1998.
[128] B. N. Parlett. A result complementary to Gersgorin’s circle theorem. Linear Algebra Appl., 431(1-

2):20–27, 2009.
[129] B. N. Parlett. Private communication, 2010.



225

[130] B. N. Parlett and E. Barszcz. Another orthogonal matrix. Linear Algebra Appl., 417(2-3):342 – 346,
2006.

[131] B. N. Parlett and J. Le. Forward instability of tridiagonal QR . SIAM J. Matrix Anal. Appl., 14:279–
316, 1993.

[132] B. N. Parlett and O. A. Marques. An implementation of the dqds algorithm (positive case). Linear
Algebra Appl., 309(1-3):217–259, 2000.

[133] M. Petschow. Private communication, 2010.
[134] Y. Saad. Numerical Methods for Large Eigenvalue Problems. SIAM, Philadelphia, PA, USA, second

edition, 2011.
[135] Y. Saad, J. R. Chelikowsky, and S. M. Shontz. Numerical methods for electronic structure calculations

of materials. SIAM Rev., 52(1):3–54, 2010.
[136] G. L. G. Sleijpen, J. van den Eshof, and P. Smit. Optimal a priori error bounds for the Rayleigh-Ritz

method. Math. Comput., 72(242):677–684, 2003.
[137] G. L. G. Sleijpen and H. A. Van der Vorst. A Jacobi-Davidson iteration method for linear eigenvalue

problems. SIAM Rev., 42(2):267–293, 2000.
[138] F. Song, A. YarKhan, and J. Dongarra. Dynamic task scheduling for linear algebra algorithms on

distributed-memory multicore systems. Technical Report 221, LAPACK Working Note, 2009.
[139] D. Sorensen. Deflation for implicitly restarted Arnoldi methods. Technical Report 98-12, Rice Univer-

sity, CAAM, 1998.
[140] G. W. Stewart. Gershgorin theory for the generalized eigenvalue problem Ax = λBx. Math. Comput,

29(130):600–606, 1975.
[141] G. W. Stewart. On the perturbation of pseudo-inverses, projections and linear least squares problems.

SIAM Rev., 19(4):634–662, 1977.
[142] G. W. Stewart. Matrix Algorithms Volume I: Basic decompositions. SIAM, Philadelphia, 1998.
[143] G. W. Stewart. A generalization of Saad’s theorem on Rayleigh-Ritz approximations. Linear Algebra

Appl., 327:115–119, 1999.
[144] G. W. Stewart. A Krylov-Schur algorithm for large eigenproblems. SIAM J. Matrix Anal. Appl., 23:601–

614, 2001.
[145] G. W. Stewart. Matrix Algorithms Volume II: Eigensystems. SIAM, Philadelphia, 2001.
[146] G. W. Stewart and J.-G. Sun. Matrix Perturbation Theory (Computer Science and Scientific Comput-

ing). Academic Press, 1990.
[147] G. W. Stewart and G. Zhang. Eigenvalues of graded matrices and the condition numbers of a multiple

eigenvalue. Numer. Math., 58(7):703–712, 1991.
[148] J. F. Sturm. SeDuMi 1.02, A MATLAB toolbox for optimization over symmetric cones. Optimization

Methods and Software, 11&12:625–653, 1999.
[149] J.-G. Sun. Eigenvalues of Rayleigh quotient matrices. Numer. Math., 59:603–614, 1991.
[150] J.-G. Sun. On condition numbers of a nondefective multiple eigenvalue. Numer. Math., 61(2):265–275,

1992.
[151] J.-G. Sun. On worst-case condition numbers of a nondefective multiple eigenvalue. Numer. Math.,

69(3):373–382, 1995.
[152] The NAG Toolbox for MATLAB, http://www.nag.co.uk/numeric/MB/start.asp.
[153] F. Tisseur and K. Meerbergen. The quadratic eigenvalue problem. SIAM Rev., 43:235–286, 2001.
[154] L. N. Trefethen. Approximation Theory and Approximation Practice. SIAM, Philadelphia, 2013.
[155] L. N. Trefethen and D. Bau. Numerical Linear Algebra. SIAM, Philadelphia, 1997.
[156] L. N. Trefethen and M. Embree. Spectra and pseudospectra: the behavior of nonnormal matrices and

operators. Princeton University Press, 2005.
[157] R. A. Van De Geijn. Deferred shifting schemes for parallel QR methods. SIAM J. Matrix Anal. Appl.,

14(1):180–194, 1993.
[158] R. S. Varga. Matrix Iterative Analysis. Springer-Verlag, 2000.
[159] R. S. Varga. Gerschgorin disks, Brauer ovals of Cassini (a vindication), and Brualdi sets. Information,

14, 14(2):171–178, 2001.



226
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