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ON THE KRONECKER CANONICAL FORM OF SINGULAR MIXED
MATRIX PENCILS*

SATORU IWATAT AND MIZUYO TAKAMATSU#

Abstract. Consider a linear time-invariant dynamical system that can be described as F&(t) =
Ax(t) + Bu(t), where A, B, and F are mixed matrices, i.e., matrices having two kinds of nonzero
coefficients: fixed constants that account for conservation laws and independent parameters that
represent physical characteristics. The controllable subspace of the system is closely related to the
Kronecker canonical form of the mixed matrix pencil (A — sF| B). Under a physically meaningful
assumption justified by the dimensional analysis, we provide a combinatorial characterization of the
sums of the minimal row/column indices of the Kronecker canonical form of mixed matrix pencils.
The characterization leads to a matroid-theoretic algorithm for efficiently computing the dimension
of the controllable subspace for the system with nonsingular F'.
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1. Introduction. A matriz pencil is a polynomial matrix in which the degree
of each entry is at most one. Each matrix pencil is known to be strictly equivalent to
its Kronecker canonical form. The Kronecker canonical form plays an important role
in various fields such as systems control [6, 38] and differential-algebraic equations
[2, 12, 20, 34]. Several algorithms are designed for numerically stable computation of
the Kronecker canonical form [1, 7, 8, 18, 40].

An alternative method for the Kronecker canonical form is based on the so-called
structural approach, which extracts a zero/nonzero pattern of each coefficient in the
matrix pencil, ignoring the numerical values. The structural approach enables us to
compute the Kronecker canonical form of regular matrix pencils efficiently by exploit-
ing graph-algorithmic techniques under the genericity assumption that all the nonzero
coefficients are independent parameters which do not cause any numerical cancella-
tion. A recent work [15] has extended the structural approach to deal with singular
matrix pencils.

The structural approach dates back to the 1970s. In 1974, Lin [21] introduced the
notion of structural controllability, which leads to the development of the structural
approach in control theory [11, 13, 24, 37]. The structural approach has also been
developed in theory of differential-algebraic equations [32, 33]. In the present day,
many modeling and simulation tools for dynamical systems including Dymola [39]
adopt algorithms based on the structural approach.

An advantage of the structural approach is that it is supported by efficient combi-
natorial algorithms that are free from errors in numerical computation. On the other
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hand, however, the genericity assumption is often invalid when we set up a faithful
model of a physical system. This is partly because structural equations such as the
conservation laws can be described with specific numbers. This natural observation
led Murota and Iri [29] to introduce the notion of a mized matriz, which is a constant
matrix that consists of two kinds of numbers as follows.
Accurate Numbers (Fixed Constants) Numbers that account for conservation
laws are precise in values. These numbers should be treated numerically.
Inaccurate Numbers (Independent Parameters) Numbers that represent phys-
ical characteristics are not precise in values. These numbers should be treated
combinatorially as nonzero parameters without reference to their nominal val-
ues. Since each such nonzero entry often comes from a single physical device,
the parameters are assumed to be independent.
The polynomial matrix version of a mixed matrix is called a mized polynomial matriz.
To be more specific, a mixed polynomial matrix is a polynomial matrix D(s) =
Q(s) + T'(s) such that the nonzero entries in the coefficient matrices of Q(s) are fixed
constants and those of T'(s) are independent parameters.

The concept of mixed polynomial matrices may be too broad as a mathematical
tool for describing dynamical systems in practice. Taking the consistency of physical
dimensions in structural equations into account, Murota [22] introduced a class of
mixed polynomial matrices that satisfy the following condition.

(DC) Every nonvanishing subdeterminant of Q(s) is a monomial in s.
This subclass of mixed polynomial matrices has played an important role in the
matroid-theoretic structural approach to dynamical systems [23, 24, 25, 26, 31].

The Kronecker canonical form consists of nilpotent blocks, rectangular blocks,
and the other square blocks. The size of each rectangular block is called the minimal
row/column indices. Under the genericity assumption, [15] provides a combinatorial
characterization of the sizes of the nilpotent blocks as well as the sums of the minimal
row/column indices. The results on the nilpotent blocks have been successfully ex-
tended to the framework of mized matriz pencils, i.e., mixed polynomial matrices with
degree at most one, without imposing the assumption (DC) on dimensional consis-
tency [16]. In this paper, we extend the characterization on the sums of the minimal
row/column indices to the framework of mixed matrix pencils satisfying (DC).

The minimal row/column indices have been characterized in terms of the Wong
sequences by Berger and Trenn [3, 4]. Their method can also deal with mixed matrix
pencils of moderate size with the aid of symbolic computation. The computational
cost, however, can grow explosively when the size increases. In order to overcome this
drawback, we aim at developing a method that does not rely on symbolic computation.
In fact, our characterization leads to an efficient matroid-theoretic algorithm that
consists of graph manipulation and matrix computation over the accurate numbers.

In control theory, the minimal row/column indices are also referred to as the
left /right Kronecker indices [19, 41]. For a linear time-invariant dynamical system
@(t) = Az(t) + Bu(t), the minimal column indices of the matrix pencil D(s) =
(sI —A| B) provides the so-called controllability indices [14, 19, 35, 42, 43], and the
sum of the minimal column indices corresponds to the dimension of the controllable
subspace. The definition of the controllable subspace is generalized to a linear time-
invariant dynamical system in a descriptor form F&(t) = Ax(t) + Bu(t). The study
of the augmented Wong sequences has been developed to characterize fundamental
subspaces including the controllable subspace [2].

For the cases when A, B, and F are mixed matrices, Murota [23] has pre-
sented a matroid-theoretic algorithm for testing the controllability of this system.
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This algorithm, however, does not provide the dimension of the controllable subspace.
Our characterization of the sum of the minimal column indices leads to an algorithm
for computing the dimension of the controllable subspace under the assumption that
F' is nonsingular.

The descriptor form F&(t) = Az (t)+ Bu(t) with nonsingular F' is mathematically
equivalent to @(t) = F~1Ax(t) + F~'Bu(t). We should remark, however, that F~*A
and F~!'B are no longer mixed matrices, and hence we cannot apply our algorithm
to the latter formulation. This is the reason why we should deal with the descriptor
form directly rather than reducing it to the standard form.

In the derivation of our result, we have two difficulties to overcome. In mixed
matrix theory, a problem for a mixed matrix pencil is generally reduced to that for
a certain layered mized matriz pencil, but this straightforward approach does not
work well for the minimal column indices as discussed in [16, section 8]. This is the
first difficulty, which is resolved by Theorem 4.3. The second one occurs in using
the combinatorial canonical form (CCF) decomposition [30]. When we transform
a mixed matrix pencil D(s) into the CCF, the resulting matrix is not necessarily a
matrix pencil. We resolve this problem by showing in section 6 that a part of the CCF,
called the horizontal tail, remains to be a matrix pencil and has the same minimal
column indices as D(s).

The rest of this paper is organized as follows. In section 2, we recapitulate the
Kronecker canonical form. Section 3 discusses which blocks are invariant under equiv-
alence transformations with unimodular matrices. Sections 4 is devoted to mixed
matrix pencils. After expounding the CCF in mixed matrix theory in section 5, we
give a combinatorial characterization of the sums of the minimal row/column indices
in section 6. Section 7 describes an application of our result to controllability analysis
of dynamical systems. Finally, section 8 concludes this paper.

2. The Kronecker canonical form of matrix pencils. In this section, we
discuss matrix pencils over an arbitrary field F. Let D(s) = sX +Y be an m x n
matrix pencil with row index set R and column index set C. We denote by D(s)[, J]
the submatrix of D(s) determined by I C R and J C C. A matrix pencil D(s) is said
to be regular if D(s) is square and det D(s) # 0 as a polynomial in s. It is strictly
regular if both X and Y are nonsingular. The rank of D(s) is the maximum size of its
submatrix that is a regular matrix pencil. A matrix pencil D(s) is said to be strictly
equivalent to D(s) if there exists a pair of nonsingular constant matrices U and V
such that D(s) = UD(s)V.

For > 1 and € > 0, we consider p x p matrix pencils K, N, and an € x (e 4+ 1)
matrix pencil L. defined by

s 1 0 ---0 1s 0---0
o s1 0 ---0
0s 1 -.: 01 s
) . 0 s 1
K, = 0 s Ny = 0 y Le = .
: s 1 : 1 s 0---0 s 1
0-vv--- 0 s 0-vv--- 01

The transpose matrix of L, is denoted by L;. Let us denote by block-diag(D1, ..., Dy)
the block-diagonal matrix with diagonal blocks D1, ..., Dy. A matrix pencil over C is
known to be strictly equivalent to a block-diagonal form called the Kronecker canoni-
cal form [10, Chapter XII|. The corresponding statement applicable over an arbitrary
field F is given as follows.
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THEOREM 2.1. A matriz pencil D(s) over a field F is strictly equivalent to a
block-diagonal form D(s) with

D(s) = block-diag(H,, Kp,, -, K., Ny o3 Ny Leys oo Leyy Ly Ly ),

where C7d7paq > 07 1 > 2 Pec > 17 K1 > 2 Hd > 17 € > 0 2 €p > 07
m > >0 >0, and H, is a strictly reqular matriz pencil of size v. The numbers
vV, ¢ d, P, q, Pry--eyPos Wy slhdy €E1,---5€py M-, 17q are uniquely determined.

When F = C, the strictly regular part H, can further be brought into sI,, + J,
with J, being the Jordan normal form. The resulting block-diagonal form is often
called the Kronecker canonical form. In this paper, however, we use the same term
for a matrix pencil over an arbitrary field F to mean the above block-diagonal form
D(s). We remark that Lg represents a 0 x 1 block. Having such a diagonal block
corresponds to having a zero column. For example, block-diag(Lq, Lo) designates a
matrix (s 1 0).

The matrices Ny, ,...,N,, are called the nilpotent blocks, and pq,...,uq are
called the indices of nilpotency. The numbers €;,...,¢, and 71,...,7, are the min-
imal column indices and minimal row indices, respectively. We collectively call
(U P1y e s Pes By e v s s €15 - -+ 5 €py TH, - - -, T]q) the structural indices of D(s). For the
rank r of D(s), it holds that

c d p q
(2.1) r:u+2pi+2ui+26i+2ni7 p=n-—-r, g=m-—r.
i=1 i=1 i=1 i=1

We denote the degree of a polynomial f(s) by deg f(s), where deg0 = —oo by
convention. A rational function f(s) = g(s)/h(s) with irreducible polynomials g(s)
and h(s) is called a Laurent polynomial if h(s) is monomial. The degree of f(s) is
defined by deg f(s) = deg g(s) —deg h(s). Note that — deg f(s) is equal to the relative
degree of f(s).

Let B(s) be a Laurent polynomial matrix with row index set R and column index
set C. For k =1,...,rank B(s), we denote

0, (B(s)) = max{degdet B(s)[I,J] | |I| =|J|=k,I CR,J C C},
Ck(B(s)) = min{ord det B(s)[I,J] | [I| =|J| =k, I C R,J C C},

where ord denotes the minimum degree of a nonzero term in a Laurent polynomial.
We define d¢(B(s)) = 0 and (o(B(s)) = 0. By (x(B(s)) = —dx(B(1/s)), we obtain

1
(2.2) 0p(X +sY) =k + b <SX+Y> =k—((sX+Y).

For the indices of nilpotency of the Kronecker canonical form, it is known that

(23)  d=r—maxd(D(s), =0 i(D(s) — ri1(D(s)) + 1

hold [28, Theorem 5.1.8]. Since p; (i = 1,...,c) of D(s) = sX +Y coincides with
wi (i=1,...,d") of D'(s) = X 4 sY, it follows from (2.2) and (2.3) that

24)  e=d =r—maxa(D'(s) =+ min(G(D(s)) - b)

(25)  pi= = 5rmi(D(8) = Sr—ir1(D'(8)) + 1 = Groia(D(s)) — Gri(D(s)).
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In addition, it is shown in [15] that the following equation holds:

26) v > e+ 3 = 5.(D(s)) — (D))

Let A(s) be an m x n polynomial matrix. The kth determinantal divisor dj(A(s))
is defined to be the greatest common divisor of all the subdeterminants of order k:

(2.7)  dp(A(s)) = ged{det A(s)[I,J] | [ I|=|J| =k} (k=0,1,... ,rank A(s)),
where dj(A(s)) is chosen to be monic and dy(A(s)) = 1 by convention. The following
lemma characterizes the sum of the sizes of the H, block and K,, blocks.

LEMMA 2.2. For a matriz pencil D(s) of rank r, we have v + > ¢, p;i =
deg d.(D(s)).

Proof. Let D(s) be the Kronecker canonical form of D(s). We now have d,,(H,) =
det H,, d,(K,) = ", du,(N,) =1, de(Le) = ged{s®, s *,...,1} = 1, and d, (L, ) =
ged{s", 5771 ... 1} = 1. Hence d,.(D(s)) = d,(D(s)) = s"1T*Pc det H, holds. Since

H, is strictly regular, this implies degd,(D(s)) = p1 + -+ + pc + V. O
For an m x n matrix pencil D(s) = sX +Y, we consider a (k + 1)m x kn matrix
X O --- O
Y X
wD)=1lo v . o
: " X
o - 0 Y

We denote the rank of ¥y (D) by v5(D). The following equation shows a close rela-
tionship between ¢ (D) and €1, ..., €, [15, Theorem 2.3]:

P
(2.8) er(D) =rk+ Y min{k, ¢}
i=1
We generalize the definition of Wy (D) to that for a polynomial matrix as follows.

Let A(s) = ZlN:O s'A; be an m x n polynomial matrix such that the maximum degree
of entries is N. Given A(s) and an integer [, we define a (k + I)m x kn matrix

Co Cv - Ci

Ry Ay O - 0

Ry A Ay :

: A .0

Vi(4) = R, A T A
R o A A

Ryyi-1 \NO -+ O A

with row index set R = Ry U Ry U---U Ry4i—1 and column index set C=CyUuC,
U - UCk_1. We note that A;, = O for h > N. The matrix \I/,lc(A) coincides with
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Uy (Ag + sA1), and the ranks of Wi (A) for [ > N attain the same value, which we
denote by ¥ (A). The following lemma is a generalization of Corollary 2.4 in [15].

LEMMA 2.3. If an m X n polynomial matriz A(s) is of full-column rank, we have
Y (A) = kn for each k.

Proof. Let N denote the maximum degree of entries in A(s). We assume that
i (A) # kn, which implies that U4 (A) is not of full- column rank. Let hl denote the

Ith column vector of WY (A)[R, C;]. Then we have ZJ 0 ZZGC ALh% = 0 for some M|
such that scalars )\é are not all zero.
Let C denote the column index set of A(s). By the definition of WY (A), a part

of vector hl indexed by R; is equal to the Ith vector of A;_;, denoted by Al ;j» where
weset A;_; =01ifi—j <0ori—j > N. Hence it holds that

k—1
(2.9) DS NAL =0 (i=0,1,....k+N-1).

j=01leC

We denote the Ith vector of A(s) by a;(s). Consider a linear combination b(s) =
Zzgc(zk DL sj)al( ) of vectors in A(s), where each coeflicient is a polynomial in s.

The coefficient of s* in b(s) is expressed as ) ;. Zk_é AL Ai j» which is equal to 0

by (2.9). Hence b(s) = 0 holds. This implies A(s) is not of full-column rank. d

3. Invariance under unimodular equivalence transformations. A polyno-
mial matrix is called unimodular if it is square and its determinant is a nonvanishing
constant. For a polynomial matrix A(s), di(A(s)) is invariant under unimodular
equivalence transformations, that is, di(A(s)) = dix(A'(s)) if A'(s) = U(s)A(s)V (s)
with unimodular matrices U(s) and V (s). The same applies to (;(B(s)) for a Laurent
polynomial matrix B(s).

For a matrix pencil D(s), consider another matrix pencil D’(s) obtained by

s

D'(s) = U(s)D(s)V(s) with some unimodular matrices U(s) and V(s). The struc-
tural indices of D’(s) is denoted by (v, p%, ..., oLt - iy, €15 -, e;,, Ms s Myt )-
We have p = p’ and ¢ = ¢’ by (2.1), ¢ = ¢ by (2.4), and p; = p} (i = 1,...,¢) by
(2.5). Since d,(D(s)) = d,(D’'(s)) with r = rank D(s) = rank D'(s), v = follows

from Lemma 2.2.
Table 1 shows whether the size of each block is invariant or not under the following
three kinds of transformations from D(s) into another matrix pencil D’(s):

(1) D'(s) =U(s)D(s)V(s), (2) D'(s) =UD(s)V(s), (3) D'(s) =U(s)D(s)V,

where U(s), V (s) are unimodular matrices and U, V are nonsingular constant matrices.
The results of (1) in Table 1 follow from the above discussion.

TABLE 1
The invariance of structural indices under equivalence transformations, where / represents
that the indices are invariant, and — represents that the indices can be different. Here, U(s), V (s)
are unimodular matrices and U,V are nonsingular constant matrices.

H, | K, [ No [ Le [ LY
M) D)= UEDEVE) | | | — | — | —
(2) D(s) = UD(s)V(s) VIV — =V
(3) D(s) — U(s)D(s)V VIV I =171 =
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We now consider the L. block in Table 1. Let A(s) = Zi]\io A;s" be a polynomial
matrix, U(s) = Y., U;s* be a unimodular matrix, and V be a nonsingular constant
matrix. We denote the maximum degree of entries in U(s)A(s)V by N'(> N). Then

we have UN' (U(s)A(s)V) = Upyn— 19N (A(s)) Vi, where Upy nv—1 is a (k+ N')m x
(k + N')m matrix and Vj is a kn x kn matrix defined by

Us O --- O Vv O --- O

~ U Uy . - oV :
Ugyni—1 = .1 0 s Ve=|

: . .0 : . .0

Upeni—1 -+ U Uy o --- OV

We note that U(s)A(s)V does not have entries with degree N'+1, N'+2, ..., N'+k—1,
because N’ is the maximum degree of entries in U(s)A(s)V. Since U(s) is unimodular,
Uy is nonsingular, which implies that (NJ;H N’—1 is nonsingular. In addition, V is also
nonsingular by the nonsingularity of V. Hence we obtain

(3.1) Ur(U(s)A(8)V) = dr(A(s))-

Let D'(s) = U(s)D(s)V be a matrix pencil described in (3) in Table 1. By (3.1),
we have ¥i(D’) = (D). Thus, D(s) and D’(s) have the same minimal column
indices by (2.8). For (2) in Table 1, we can prove that D(s) and UD(s)V (s) have the
same minimal row indices in a similar way. Thus, we complete Table 1.

4. Mixed matrix pencils and LM-matrix pencils. Let K be a subfield of a
field F. A typical setting of (K, F) is that K and F are the fields of rational and real
numbers. A subset Y = {y1,...,yn} of F is said to be algebraically independent over K
if there exists no nontrivial polynomial p(X7, ..., X}3) over K such that p(y1,...,yn) =
0, where p(X7, ..., X}p) is called nontrivial if some of its coefficients are not zero.

A matrix A(s) is called a mized polynomial matriz with respect to (K, F) if A(s)
is given by A(s) = Q(s) + T'(s) with a pair of polynomial matrices Q(s) over K and
T'(s) over F that satisfy the following two conditions.

(MP-Q) The coefficients of nonzero entries of Q(s) belong to K.
(MP-T) The coefficients of nonzero entries of T'(s) belong to F, and the set of

nonzero coefficients of T'(s) is algebraically independent over K.

Q(s)

If A(s) is expressed as (T(S)

), A(s) is called a layered mized polynomial matriz (LM-
polynomial matriz).

In order to reflect the dimensional consistency in conservation laws of dynamical
systems, Murota [22] introduces the following condition on Q(s), which is a formal
version of (DC) in section 1.

(MP-DC) Every nonvanishing subdeterminant of Q(s) is a monomial in s over K.
Let diagla1, ag, . . ., ap] denote a diagonal matrix having diagonal entries a1, ag, . . . , ap.
It is known [22, 24] that an m x n matrix Q(s) satisfies (MP-DC) if and only if

(4.1) Q(s) = diag[sPt,sP2, ..., sP™] - Q(1) - diag[s™ 9, s %2, ..., s 1]

for some integers p; (i =1,...,m)and ¢; (j=1,...,n).

We call a mixed polynomial matrix A(s) satisfying (MP-DC) a dimensionally
consistent mized polynomial matriz (DCM-polynomial matriz). If A(s) is an LM-
polynomial matrix, we call it a dimensionally consistent LM-polynomial matriz
(DCLM-polynomial matriz).
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A mixed polynomial matrix and an LM-polynomial matrix are called a mized
matriz pencil and an LM-matrixz pencil if the degree of each entry is at most one.
If they satisfy (MP-DC), we call them a dimensionally consistent mized matriz pen-
cil (DCM-matriz pencil) and a dimensionally consistent LM-matriz pencil (DCLM-
matriz pencil), respectively.

Several efficient algorithms have been developed [17, 27, 36] for computing &y (A(s))
of a mixed matrix pencil A(s). If A(s) is an m x n DCM-matrix pencil, the com-
putation of d5(A(s)) is reduced to a weighted matroid intersection problem [28, Re-
mark 6.2.10], which can be solved with O(m?2nk) arithmetic operations over K. With
the aid of the fast matrix multiplication, one can improve this bound to O(m*~nk),
where w < 2.38.

Ezample 4.1. Let D(s) = (g( )) be a DCLM-matrix pencil with respect to (Q, R)

(s)

defined by
1 00 O O
Q(s)y | O 1 10 s 1
(4.2) (T(s) | =% 0 [hn o0 o |
0 —t4 0 0 tQS

where Y = {t1,t2,1t3,t4} C R is algebraically independent over Q. We can see that
(MP-DC) is fulfilled as Q(s) = diag[1,s] - Q(1) - diag[1,s71,1,1,s71].

Let Dym(s) = s(Xg + Xr) + (Yo + Yr) be an m x n mixed matrix pencil with
Q(s) =sXg + Yy and T'(s) = sXp + Yp. Consider an LM-matrix pencil

_ I SXQ + YQ
(43) D(s) = ( ~7Z  sXr+Yr ) 7

where Z is a diagonal matrix with the (4,4) entry being a new parameter ¢; € F. The
following corollary shows the relation between Dy;(s) and D(s).

COROLLARY 4.2. The minimal row indices of Dyi(s) coincide with those of D(s).
Proof. Let Tj;(s) denote the (4, ) entry of T(s) = sX7 + Yp. We define D(s) =
( I sXo+Yo
—I sXr+Yy
redefining T;;(s)/t; to be T;;(s). Since the Kronecker canonical form is invariant

), which is obtained by dividing (m + i)th row of D(s) by ¢; and

under this transformation, D(s) and D(s) have the same Kronecker canonical form.
Let us define a nonsingular constant matrix U and a unimodular matrix V(s) by
U = (§ ?) and V(s) = (é _(SXQI+ YQ)). Then we have UD(s)V(s) =

I )
(O Du(
UD(s)V(s) have the same minimal row indices. The Kronecker canonical form of
UD(s)V (s) consists of m copies of Ny and the Kronecker canonical form of Dy(s).
Therefore, D(s) and Dy (s) have the same minimal row indices. |

According to (2) in Table 1, N, and L, blocks of Dyi(s) and D(s) can be different.
However, their sum has the following relation.

s)) This transformation corresponds to (2) in Table 1. Hence, D(s) and

THEOREM 4.3. Let us denote the structural indices of Dy(s) and D(s) by

/ / / / / / / / /
(Vap1a--~79017H17--~7ﬂd/7617~--aep/a7717~-~77lq/) and (V7p17"'ap07,u1a"'7,u’d7€17"'a
€ps M, - - -5 1g), Tespectively. Then we have
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d p’ d p
IS SVNS S SIS o
i=1 =1 1=1 i=1

Proof. As shown in the proof of Corollary 4.2, the transformation from a mixed
matrix pencil into the associated LM-matrix pencil is regarded as the transformation
(2) in Table 1. Hence we have ¢ =¢, ¢ =¢q, vV =v, p, =p; (i =1,...,¢), and
n,=mn; (i=1,...,q). Let " and r denote the ranks of Dy(s) and D(s), respectively.
Due to the proof of Corollary 4.2, r = rank D(s) = rank( Dl\?(s)) =m+r" holds. It

follows from (2.1) that Z?Zl wit+ >t e =m+ Z?;l W+ Zf/:l €. |

5. The combinatorial canonical form in mixed matrix theory. In this
section, we expound the CCF in mixed matrix theory [26, 30]. In particular, we focus
on a DCLM-polynomial matrix D(s) = (28)

An LM-admissible transformation is defined to be an equivalence transformation
in the form of

(5.1) P, (Wés) ?) (%3) P,

where P, and P, are permutation matrices, and W(s) is a unimodular matrix. We
remark that the resulting matrix is an LM-polynomial matrix but is not necessarily

a matrix pencil even if D(s) = (gé:;) is an LM-matrix pencil.

We denote the row index set and the column index set of D(s) = (%3) by R and
C, and the row index sets of Q(s) and T'(s) by Rg and Rp. Consider a set function
o :2¢ — Z defined by

o(J) = rank Q(s)[Rq, J] + || {i € Rr | T;(s) # 0} — |J],

jeJ

where T;;(s) denotes the (¢, j) entry of T'(s). Then the set function o is known to be
submodular, that is, o(J1)+0(J2) > o(J1 UJ2) +0(J1NJ3) holds for Jy, Jo C C. The
family of minimizers Luyin(c) ={J C C | o(J) < o(J') VJ' C C} forms a sublattice
of 20, ie., Ji,Jo € ‘Cmin(0> implies J1 U Jy, J1 N Jy € £min(0)-

Let C: Jog C J1 € -+ € Jp be a maximal chain in Ly, (o). Put Cy = Jy, Ck =
J\Jg_1 for k=1,...,b, and C, = C'\ J, to obtain a partition (Cp; Cy, ..., Ch; Cs)
of C. Based on this partition, D(s) can be brought into the CCF by an LM-admissible
transformation as follows.

THEOREM 5.1 (see [26, Lemma 3.1]). Let D(s) = (gg) be a DCLM-polynomial
matriz. By an LM-admissible transformation, D(s) can be brought into another LM-
T
(B1) D(s) is block-triangularized, i.e., D[Ry, Cj] = O if 0 <1 < k < oo with respect to

partitions (Ro; R1,. .., Ry; Ro) and (Co; Ch,...,Cy; Co) of the row/column
index sets of D(s), where b >0, Ry # 0, and Cp # 0 for k =1,...,b, and
Ry, Rs, Cy, and Cs can be empty.
(B2) The sizes of the diagonal blocks satisfy (1) |Ro| < |Co| or |Ro| = |Co| = 0,
(i) |Rk| = |Ck| > 0 for k=1,...,b, (iii) |Reo| > |Coo| 07 |Reo] = |Co| = 0.
(B3) The diagonal blocks satisfy (i) rank D[Ry, Co] = |Ro|, (ii) rank D[Ry, Ci] =
|Rp| = |Cy| for k=1,...,b, (iii) rank D[Ru, Coo] = |Cool.

polynomial matriz D(s) = ( ;) with the following properties.
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(B4) The diagonal blocks also satisfy (i) rank D[Ry,Co \ {j}] = |Ro| (j € Cy),
(ii) rank D[Ry \ {i},Cx \ {j}] = |[Rx| =1 = |Cx| =1 (i € Ry,j € Cy) for
k=1,...,b, (iil) rank D[R \ {i}, Cxo] = |Co| (i € Reo).

(B5) b(s) is the finest proper block-triangular matriz among LM-polynomial matrices
connected by an LM-admissible transformation.

We call D(s) in Theorem 5.1 the CCF of D(s), and Dy(s) := D[Ry, Cp] the
horizontal tail.
Recall the definition of dj(A(s)) in (2.7). We now have the following lemma.

LEMMA 5.2 (see [28, Theorem 6.3.4 and Remark 6.3.7]). Let D(s) = (gég) be a
DCLM-polynomial matriz of rank r. The rth monic determinantal divisor d,(D(s))
can be expressed by d.(D(s)) = a, - g(s) - H?Zl det D(s)[Ry, O], where o, € F is a
constant, g(s) is a monomial in s, and D(s)[R;,Cj] (I =1,...,b) are the square blocks
which appear in the CCF of D(s).

If D(s) is a DCLM-matrix pencil, we can construct a CCF such that the horizontal
tail Dy(s) is also a DCLM-matrix pencil. In the expression (4.1) of Q(s), we can
assume p; < po < -+ < ppand ¢1 < g2 < -+ < g, without loss of generality. We
now briefly describe the algorithm for computing Dy(s), which is given in [26, §3.2].

Step 1. Determine the partition (Cp; Cy, ..., Ch; Cx) of C' with reference to the set
function o by solving a matroid intersection problem.

Step 2. Find a basis of the row vectors of the submatrix Q(1)[Rg, Co] by collecting
independent row vectors according to the ordering with reference to p; in such a
manner that p; < py < -+ < p,,. This ordering guarantees that W(s) of (5.1) is a
unimodular matrix. We denote the basis by Rqo.

Step 3. Output Ry = RQO U Rro and Cy, where Rpq = {Z € Rr | rfij (S) 75 0,5 € Co}

The bottleneck part is Step 1, which requires O(n3 logn) arithmetic operations [5]
over K, where n = |C| and we assume |R| = O(n) for simplicity. The complexity can
be improved to O(n?%2) by adopting the algorithm of Gabow and Xu [9].

In Step 2, we have assumed that an ordering of rows h and h’ with py = pp is

arbitrary. By determining this ordering based on ¢1, qo, - . . , ¢, we prove the following
lemma.
LEMMA 5.3. If D(s) = (%3) is a DCLM-matriz pencil, one can construct a CCF

of D(s) such that the horizontal tail Do(s) is also a DCLM-matriz pencil.
Proof. Since Q(s) is a matrix pencil, Q(1)[Rg, Co] is in the form of

Col(0) Col(1) --- Col(y—2) Col(y—-1)
Row(0) * O e e 0
Row(1) *% * :
Q° = Row(2) 0 ok
. . } . O
: : . Kok *

for some v, where Row(h) = {i € Rg | pi = h} and Col(h) = {j € Cy | ¢; = h}. Here,
x and *x* denote a constant matrix and a coefficient matrix of s, respectively.
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We can find a basis of the row vectors of the submatrix Q°[Rg, Co] by collecting
independent row vectors from the top row to the bottom row, as explained below.
We first find R? C Row(0) satisfying rank Q°[R?, Col(0)] = rank Q°[Row(0), Col(0)],
which means that R? is a basis of Row(0). By row transformations, we obtain Q'
from Q° such that

+ Col(0) — Col(1) ---
RY I * * @) @)

Q'[Row(0) URow(1),Cy] = Row(0)\R2 | O O O O O |,
Row(1) 0 Kk Kk * )

because the row vectors of Q°[Row(0)\ R?, Cp] can be expressed as linear combinations
of those of Q°[R?, Cy].

Next, we find R!, C Row(1) satisfying rank Q'[R!,, Col(0)] = rank Q'[Row(1),
Col(0)]. Then we obtain Q? from Q! such that

+~ Col(0) — Col(1) ---

RO I * * O O

, _Row()\R?2 O O O O O
Q?[Row(0) URow(1),Cy] = R., 1) I sk * @)
Row()\ R, \O O O = O

by row transformations. Then, we apply the same procedure to Q*[Rg \ (Row(0) U
RL,),Cy \ Col(0)].

As a result, we obtain

Col(0) Col(1) --- Col(y—2) Col(y—1)
Row/(0) égg o) 0]
O T *x % *x %
Row(l) | O O O I = =
O O O O O O
O 1
Row(2) (0] o O *5
QI: * * * 5
I * @)
O O O
O I #*x * % %
O O O I *x *
O O O O O O
o 1
Row(7) o) 10 o o g‘

where the row index sets of I in Q'[Row(h), Col(h)] and Q'[Row(h), Col(h — 1)] corre-
spond to R and R",, respectively. This transformation preserves Q' [Row(h), Col(l)] =
O for any h,l satisfying 0 < h < ~, 0< [ <~v—1,and h —1 # 0,1. We define
Roo = U (RTYURL,). Then Rgo is a basis of the row vectors of Q' as well as
Q(1)[Rg, Co) = @°.

Let W be a nonsingular constant matrix such that Q" = WQ. We define W (s) in
(5.1) by W(s) = diag[sP*, sP2, ..., sPm]- W -diag[s~P1,s P2, ..., s Pm]. The horizontal

tail Dg(s) is given b
e (WQ)[Rgn. G
0(5) = ( T(S)[RTo,Co] ) s

where Rpyg is defined in Step 3 in the algorithm for computing Dg(s).
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To prove that Dp(s) is a matrix pencil, it suffices to show that W (s)Q(s)[Rqo, Co]
is also a matrix pencil, because T'(s) is a matrix pencil. We now have

W(s)Q(s) = diag[sP, sP2,...,s""] - WQ(1) - diag[s ™9, 87 ... s~ ]

and WQ(1)[Rg,Co] = WQ° = Q. Hence W(s)Q(s)[Rg,Co] is a matrix pencil,
which implies that the submatrix W (s)Q(s)[Rgo,Co] of W(s)Q(s)[Rg,Co] is also
a matrix pencil. Moreover, Dy(s) satisfies (MP-DC), because W(s)Q(s) satisfies
(MP-DC). O

Example 5.4. Consider a DCLM-matrix pencil

o= [+ s 1)

0 0 ts )

with respect to (Q,R), where {t1,t2} C R is algebraically independent over Q. By
setting W (s) = ( 1, 9), we obtain the CCF represented as

1 1|0 s
0 0] 1 —s?
0 0 tls tQ

The horizontal tail remains a matrix pencil, while the square block is not.

6. The Kronecker canonical form via CCF. In this section, we investigate
the Kronecker canonical form of DCLM-matrix pencils via the CCF decomposition.
For a DCLM-matrix pencil D(s) = (ggi;) of rank 7, we construct its CCF D(s) so
that the horizontal tail Dy(s) is also a DCLM-matrix pencil. The existence of such
CCF is assured by Lemma 5.3. The rank of Dg(s) is denoted by rg.

LEMMA 6.1. We have ¢y (D) = (Do) + k(r — ro).

Proof. We define D,(s) = D(s)[R\ Ro,C \ Co]. Since D.(s) is of full-column
rank, it holds that ¢x(D.) = k|C' \ Co| = k(r — 70) by Lemma 2.3. We also have
Yr(D) = ¥x(Do) + i (Dx) by D(s)[R\ Ro,Co] = O. By (3.1) and the definition

of an LM-admissible transformation (5.1), (D) = 9%(D) holds. Thus we obtain
V(D) = ¥ (Do) + k(r — o). O

We now investigate the Kronecker canonical form of Dy(s).
LEMMA 6.2. The monic determinantal divisor d.,(Do(s)) is a monomial in s.

Proof. By rank Dy(s) = 19, we can apply Lemma 5.2 to d,,(Do(s)). Since the
CCF of Dy(s) has no square blocks, d.,(Do(s)) is a monomial in s by
Lemma 5.2. O

We obtain the following theorem on the sum of the minimal column indices.

THEOREM 6.3. The sum of the minimal column indices of a DCLM-matrixz pencil
D(s) is obtained by

(6.1) €i = 0ry(Do(8)) = Cro (Do (5))-

i=1
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Proof. The horizontal tail Dy(s) has the Kronecker canonical form, because Dy(s)
is a matrix pencil by Lemma 5.3. By (2.8) and Lemma 6.1, the minimal column indices
of D(s) coincide with those of the horizontal tail Dy(s). Let Dy(s) be the Kronecker
canonical form of Dy (s). Since Dy(s) is of full-row rank, Dy(s) contains no rectangular
blocks L;. In addition, Dy(s) does not contain a strictly regular block by Lemma, 6.2.
Hence we obtain (6.1) by (2.6). |

Theorem 6.3 indicates that the computation of > -¥_, €; for a DCLM-matrix pencil
D(s) reduces to that of 6., (Do(s)) and (-, (Do(s)). We now discuss the time complex-
ity of computing >%_, €; of an m x n DCLM-matrix pencil D(s), assuming m = O(n)
for simplicity. Recall that the CCF of D(s) can be found in O(n?%2) time. Then one
can compute &,,(Do(s)) and (., (Do(s)) in O(rg3¥ng) time, where ng = |Cp|. Thus
the total running time bound is O(n?*%2 + r3-3¥ng). Note that ro and ng are smaller
(and sometimes much smaller) than n.

Theorem 6.3 combined with Theorem 4.3 enables us to compute the sum of the
minimal column indices of a DCM-matrix pencil, as explained below. Let Dy(s) =
s(Xq + Xr) + (Yo + Yr) be an m x n DCM-matrix pencil and D(s) its associated
LM-matrix pencil defined by (4.3). We denote the structural indices of Dy(s) by
(T T VR S ,e;,,ni7 e ,n;,). It follows from Theorem 4.3 that

Zf;l €i=Y" &+ Z?:l Hi — Z;il t'; —m. In the right-hand side, Y7, ¢; of the
LM-matrix pencil D(s) can be computed by Theorem 6.3. We can also find 25:1 i

of D(s) and Zjlzl w'; of Dy(s) based on (2.3), because ) is computed efficiently
as explained in section 4. It should be noted that, in the computation of Jj, the
transformation from a mixed matrix pencil into an LM-matrix pencil is different from

’

(4.3). Thus we can obtain » 7_, €’; of the DCM-matrix pencil Dy(s).

In order to compute the sum of the minimal row indices, we apply Theorems 4.3
and 6.3 to D(s) ", because the minimal row indices of D(s) coincide with the minimal
column indices of D(s)".

We conclude this section with an example.

Ezample 6.4. Consider a DCM-matrix pencil Dy(s) = (4 9, 2 ;) with respect
to (Q,R), where {t1,t2} C R is algebraically independent over Q. Its associated LM-
matrix pencil D(s) is given by (4.2). The Kronecker canonical forms of Dy(s) and
D(s) are in the forms of block-diag(/N1, L1) and block-diag(Ny, N1, Lo), respectively.
As described below, we can find the sums of the minimal column indices without
computing the Kronecker canonical form, based on Theorems 4.3 and 6.3.

We first find the horizontal tail Do(s) = (%, § L) in the CCF of D(s) by the
procedure in section 5. Then it follows from Theorem 6.3 that

D i =02(Do(s)) = G2(Do(s)) =2 - 0=2.

3

We can obtain ), p1; = 2 and ), ¢i/; = 1 by executing any of the algorithms given in
[17, 27, 36] or reducing to a weighted matroid intersection problem [28, Remark 6.2.10].
Thus it follows from Theorem 4.3 that > . €/; =2+2—-1—-2=1.

7. Application to controllable subspace. Consider a linear time-invariant
dynamical system in a descriptor form

(7.1) Fa(t) = Az(t) + Bul(t),

where F' and A are n x n matrices and B is an n x [ matrix. For the unique solvability,
we assume that A — sF' is a regular matrix pencil. In this section, we present an
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application of our main result to controllability analysis of (7.1) with (4 — sF' | B)
being a DCM-matrix pencil.
Van Dooren [41] introduced the controllable subspace of (7.1) defined by

C = inf{S | dim(FS + AS) =dim S,im B C F'§ + AS},

where the infimum can be proven to exist. In fact, the controllable subspace C is
obtained as follows. With an appropriate nonsingular constant matrix S, one can
transform (A — sF | B) into
o Ao — SFO 0]
S(A—SFB)( . Bo>

so that By is of full-row rank. Since Ay — sFy is of full-row rank, its Kronecker
canonical form does not contain L;;— blocks. Therefore one can further transform
Ay — sFy with an appropriate pair of nonsingular constant matrices U and V into

A1—8F1 o >

U(Ao—SFo)V—< 0 A2—8F2

where Ay — sF is regular and the Kronecker canonical form of Ay — sF5 consists only
of L. blocks. Then the column index set of As — sF5 corresponds to the controllable
subspace C, and the number of columns is equal to dimC.

The system (7.1) is controllable iff dimC = n. Murota [23] presented a matroid-
theoretic algorithm for testing the controllability of a dynamical system (7.1) described
by a DCM-matrix pencil (A —sF| B). The algorithm, however, does not provide the
dimension of the controllable subspace.

The following lemma shows that dimC is characterized by the rank of the
(n+ 1)n x (n? + nl + 1) matrix

B -F O O --- O O O O
O A B -F : C
S(F, A, B) = O O O A .0 O O O
O O O o . —-F O 0O O
: : : : . A B —-F O
o o o o --- 0O O A B

LEMMA 7.1. It holds that dimC = rank %(F, A, B) — n?.

Proof. We denote the row index sets of Ay — sFy, As — sFy, and By by Ri, Ro,
and R3. Since A; — sFy is a regular matrix pencil, we have dimC = n — |Ry]|.
The rank of X(F, A, B) is invariant under the above equivalence transformation.
~ A O ~ o ~ o
By putting A = ( o AQ), F= (% F2), and B = (g ), we have rank X(F, A, B) =
* ok *x ok 0

rank ©(F, A, B). Since By is of full-row rank, we have

. A4, O F, O
rankz(F,A,B)—(nH)le+rank‘1’n(<o A2>_S<O Fz))
U, (A — sF) 0] )

:(n+1)|R3+rank( 0 U, (A — 5Fy)
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Since A; — sF} is regular, it follows from Lemma 2.3 that v, (A1 — sFy) = n|Ry|.
By (2.8), we have 9, (A2 — sF>) = n|Ra| + Y 4_  min{n, €/} = n|Rs| + > 5_, €}, where

i=1 >
€1,€,...,€, denote the minimal column indices of Ay — sFy. Since the Kronecker
canonical form of As; — sF5 consists only of rectangular blocks L, it holds that
f/:1 ¢, = |Ra|. Thus we obtain rank X(F, A, B) = (n+1)|Rs|+n|R1|+ (n+1)|Rs| =
n? +dimC by n = |Ry| + |R2| + |Rs| and dimC =n — |Ry]. O

The following theorem states that if F’ is nonsingular, the computation of dim C is
reduced to the computation of the sum of the minimal column indices of (A —sF| B).

THEOREM 7.2. Let C be the controllable subspace of the system (7.1), and e,
€,...,€p be the minimal column indices of a matriz pencil D(s) = (A—sF | B). If
F is nonsingular, the dimension of C is given by dimC = >_Y_, ¢;.

Proof. Since we have

-F O --- O

A
-] O

Vi1 (D) = . X(FAB) |’

0

Un11(D) = n+rank X(F, A, B) holds by the nonsingularity of F'. Then t,4+1(D) =
n(n+1)+> " min{n+1,¢6} =n?4+n+>"_, € follows from (2.8) and rank D(s) = n.
Thus we obtain dimC = rankX(F, A, B) — n? = ¢,41(D) —n—n? = Y7 € by
Lemma 7.1. O

By Theorem 7.2, if F' is nonsingular, the computation of the dimension of the
controllable subspace C is reduced to that of the sum of the minimal column indices
of D(s) = (A— sF | B). If in addition D(s) is a DCM-matrix pencil, one can obtain
dim C by solving a weighted matroid intersection problem as described in section 6.

8. Conclusion. For mixed matrix pencils satisfying the assumption on dimen-
sional consistency, we have characterized the sums of the minimal row/column indices
of the Kronecker canonical form. An efficient matroid-theoretic algorithm for com-
puting them is derived from this characterization. The algorithm can be used to
compute the dimension of the controllable subspace in a linear time-invariant system
(7.1) whose coefficient matrix F' is nonsingular. An extension to the case of singular
F is left for future investigation.

Our ultimate target is to present an algorithm based on structural approach for
computing the minimal row/column indices. We anticipate that the characterization
of the sums is useful for design of such algorithms.
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